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Preface 


The purpose of this book is to give a self-contained and unified presentation 
of the methods of quantum collision theory, with applications to atomic, 
nuclear and high-energy processes. It is primarily aimed at graduate students 
in theoretical physics, although it is hoped that any physicist whose main 
interest lies in microphysics will also find it useful. 

The book is divided into four parts. The first one is devoted to the presenta¬ 
tion of the basic definitions and to the study of collision kinematics. The former 
is done in Chapter 1, where the various types of collisions and the concepts 
of channels and cross sections are defined. Chapter 2 entirely deals with 
kinematical questions, first in the non-relativistic case and then for relativistic 
collisions. 

The second part (Chapters 3-12) contains a detailed discussion of the 
simplest collision problem, namely the non-relativistic scattering of two 
particles interacting through a potential which depends only on their relative 
coordinate. Because of its simplicity, this problem provides a good intro¬ 
duction to the methods of collision theory. Moreover, since “exact” solutions 
can often be readily obtained in this case, potential scattering is a convenient 
“laboratory” in which one can test approximation methods that become 
unavoidable in more complicated situations. 

The general features of potential scattering are first discussed in Chapter 3. 
The following chapter is devoted to the method of partial waves, while the 
Lippmann-Schwinger equation for potential scattering is studied in Chapter 5. 
The particular case of the Coulomb potential is treated in Chapter 6. It is 
followed in Chapter 7 by an analysis of the potential scattering of identical 
particles. A number of important approximation methods are studied in 
Chapters 8-10: the Born series is discussed in Chapter 8, semi-classical 
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approximations are taken up in Chapter 9 and variational methods are con¬ 
sidered in Chapter 10. The next chapter, which is of a more advanced nature, 
is entirely devoted to the analytic properties of scattering amplitudes . It 
provides an introduction to some of the most fruitful techniques recently 
used in elementary particles physics. Finally, the time-dependent approach to 
potential scattering presented in Chapter 12 paves the way for the general 
treatment of quantum collisions developed in Part III. 

With the exception of Chapter 11 and of Section 2.2 on relativistic kine¬ 
matics (which may both be studied at a later stage), the material contained 
in Parts I and II constitutes the basic subject matter of quantum scattering 
theory. Graduate students in physics may be expected to have already 
encountered parts of this material in various courses, but I believe that the 
unified approach given in this book will help them to gain a deeper under¬ 
standing of the subject. I have also stressed in the first two parts the peda¬ 
gogical approach to scattering theory, the beginning sections being purposely 
designed to have a minimum of notational complication. In the same spirit I 
have also included a series of problems at the end of both Parts I and II. 
Having mastered the basic material contained in these first two parts, the 
student is then prepared to go on to the more advanced topics contained in 
the remaining parts of the book. 

The general treatment of quantum collisions is the subject of Part III. This 
part begins in Chapter 13 with general notions of quantum dynamics . This 
formalism is then applied in Chapter 14 to analyze quantum collisions from a 
time-dependent point of view. It leads to the central concepts of S- and T - 
matrices. The calculation of the transition probabilities and cross sections is 
carried out in Chapter 15. This chapter also contains a discussion of the 
Lorentz invariance of the cross sections, together with an investigation of 
some important consequences of the unitarity of the S-matrix. 

Chapter 16 is devoted to the determination of the S- and T-matrices. It 
contains the derivation of the general Lippmann-Schwinger equations, 
together with a discussion of Born expansions, variational principles and 
the Low equations. The reaction matrix is then introduced and the Heitler 
equations are proved. The modifications necessary to treat general collisions 
involving identical particles are then given, and the chapter ends with a 
study of the role played by invariance principles in the determination of the 
collision matrix. Chapter 17, which concludes Part III, deals with an important 
application of formal scattering theory, namely the problem of two-potential 
scattering . 

Part IV of the book (Chapters 18-21) is devoted to the application of the 
general theory developed in Part III to selected problems in atomic, nuclear 
and high-energy physics. Two-body collisions are first considered in Chapter 
18, first for central forces and then for non-central interactions. Generalized 
partial wave expansions are obtained for the collision matrix, and a detailed 



PREFACE 


IX 


discussion is given for the case of spin zero-spin one-half scattering. The 
Regge pole concept introduced in Chapter 11 is also used to describe some 
features of two-body collisions of hadrons at high energies. 

Chapter 19 deals entirely with the three-body problem. In particular, an 
introduction to the Faddeev theory is given, together with a discussion of 
various multiple scattering expansions. Two important problems are studied 
in detail: electron collisions with atomic hydrogen and high-energy hadron- 
deuteron scattering. In the next chapter the optical potential method is 
presented and applied to high-energy hadron-nucleus scattering and to the 
elastic scattering of charged particles by atoms. Finally, in Chapter 21, a 
few typical multiparticle scattering processes are considered, such as electron- 
helium collisions and nuclear stripping or pick-up reactions. Also discussed 
in the last chapter is the theory of final state interactions. 

This book is the outgrowth of lectures which I have given at the Universities 
of California (Berkeley), Brussels and Louvain over the past nine years. 
I wish to thank my colleagues and students at these institutions for numerous 
fruitful discussions and remarks. I am particularly indebted to Professor 
F. W. Byron, Jr. for a careful reading of the manuscript and for many 
helpful suggestions and comments. The proofreading of the manuscript by 
Dr. E. H. Mund and Dr. K. H. Winters has been of great help. It is also a 
pleasure to thank Mr. C. Depraetere, who drew most of the figures of this 
book, and Mmes G. Janssens, T. Koke, G. Mobers and E. Pean for their 
expert and careful typing of the final manuscript. 


CHARLES J. JOACHAIN 
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Basic Definitions 


This chapter contains a simple, descriptive introduction to quantum collision 
processes. We first classify the various types of collisions in Section 1.1. 
The concept of channel is then introduced in Section 1.2 and the cross sections 
are defined in Section 1.3. 


1.1. Types of collisions 

Let us consider a typical collision experiment which is illustrated by the 
schematic drawing of Fig. 1.1. A beam of particles A, well collimated and 
nearly monoenergetic, is directed towards a target. The incident beam should 
be neither too intense - so that the interaction between the incident particles 
may be neglected - nor too weak, because one wants to observe a reasonable 
number of “events” during the experiment. 

The target usually consists of a macroscopic sample containing a large 
number of scatterers B. The distances between these scatterers are in general 


beam of 
particles A 



detector 



direction of 
incident beam 


Fig. 1.1. Schematic drawing of a collision process. 
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quite large with respect to the de Broglie wavelength of the incident particle, 
in which case one can neglect coherence effects between the waves scattered 
by each of the scattering centers [1]. In addition, if the target is sufficiently 
thin, multiple scattering by several scatterers can be neglected. One may then 
consider that each scatterer B acts as if it were alone, and focus one’s attention 
on the study of a typical collision between a particle A of the incident beam 
and a scatterer B of the target [2]. 

After the collision, some or all outgoing particles are registered by detectors 
[3], located at a macroscopic distance from the target. Several processes can 
occur: 

1) Elastic scattering: the two particles A and B are simply scattered without 
any change in their internal structure, 

A + B-> A + B. (1.1) 

2) Inelastic scattering: the two particles A and B undergo a change of their 
internal quantum state during the collision process [4]. Denoting by A' and B' 
these new internal states, we may have 

A + B -> A' + B 
or 

A + B A + B' (1.2) 

or 

A + B -> A' + B'. 

3) Reactions: the composite system (A + B) splits into two particles 
different from A and B, or into n > 2 particles. That is, 


A + B -> C + D 


0.3) 

A + B —> C^ + C 2 + . 

■■ C„. 

0.4) 


It is convenient at this point to define the terms “elementary” and “compo¬ 
site” particles. Since the rigorous definition of an “elementary particle” is 
presently rather arbitrary we shall use a practical definition and decide that 
a particle is elementary if ,‘ in the particular phenomenon under study we may 
suppose that it is not a bound system of other particles. For example, in low 
energy atomic collisions the atomic nuclei may be considered as elementary, 
while they appear as composite structures in nuclear reactions. 

Let us now return to the reaction (1.3). If the particles A, B, C and D are 
all “elementary”, we shall call this process a two-body reaction. If on the 
contrary the particles A and (or) B are composite so that the reactions (1.3) 
and (1.4) occur because of the exchange of one or several elementary 
constituents, we shall call these processes rearrangement collisions. Chemical 
reactions are rearrangement collisions between atoms, ions and molecules; 
nuclear reactions are rearrangement collisions between atomic nuclei. In 
particular, we shall call binary rearrangement collisions those of the type 
(1.3), where two particles emerge in the final state. 
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As an illustration of these various types of collision processes, consider a 
positron e + incident on an hydrogen atom in its ground state, for energies 
above the ionization threshold. Among the processes which can occur are 
e + + H-*e + + H : elastic scattering 

-> e + + H* : inelastic scattering 

-»e + + p + e”: reaction: ionization . (1.5) 

-» p + 2y : reaction: annihilation 
-*p + (e + e“) : binary rearrangement collision 
(formation of positronium) 

where H* denotes an hydrogen atom in an excited state, p is a proton, e~ an 
electron, y a photon and (e + e“) represents positronium, a bound state of the 
electron-positron system. 

In many experimental situations it is difficult to keep track of all the out¬ 
going particles. For example, in high energy collisions of hadrons [5], neutral 
particles are difficult to detect. Therefore, following Feynman [6], it is 
convenient to define exclusive experiments , where the nature and momenta of 
all outgoing particles are measured, and inclusive experiments where only some 
of the outgoing particles are detected. For example the two-body reaction 
(1.3) is an exclusive experiment, whereas the reaction 

A + B-* C + • •• (1.6) 

-where the particle C is produced together with some other outgoing 
particles - is an inclusive reaction. 

Before we conclude this section, it is worth pointing out that many experi¬ 
mental settings may differ appreciably from the simple one shown in Fig. 1.1. 
For example, in experiments with colliding beams (as in the case of “inter¬ 
secting storage rings”), crossed beams [e.g. 7] or merged beams [e.g. 8], the 
target itself consists of a beam of particles B. We shall return to this question 
in Chapter 2. 

7 . 2 . Channels 

A channel is a possible mode of fragmentation of the composite system 
(A + B) during the collision. It is characterized by the number and the 
nature of the fragments into which the system (A + B) can be decomposed. 
For example, we have listed above in (1.5) five possible final channels into 
which the composite system (e + + H) may dissociate. The definition of the 
channels contains some arbitrariness, related to our way of specifying the 
precise “nature” of the fragments. For example, in the inelastic process 

e + + H-*e + + H* (1.7) 

we may consider each of the excited states H* as corresponding to a different 
channel, or group them into one “inelastic” channel. Ambiguities of this type 
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also arise in particle physics, where two particles may often be equally well 
considered as “different”, or “different states” of a same particle. 

One of the possible modes of fragmentation of the system gives back the 
two original particles A and B, i.e. the initial channel. In an elastic collision, 
the two colliding particles remain in the initial channel. A channel is open if 
the corresponding collision is allowed by known conservation laws (energy 
conservation, charge conservation, etc.). Otherwise it is closed. 

As an example, consider proton-proton scattering at energies below the 
threshold for production of two pions. Four possible open final channels 
are then 

P + P -» P + P 

-► p + p + n° (1.8) 

-» p + n + n + 
d + n + . 

1.3. Cross sections. Laboratory and center of mass systems 

The results of collision experiments are usually expressed in terms of 
characteristic quantities called cross sections. They are defined as follows: 
The cross section of a certain type of event in a given collision is the ratio of 
the number of events of this type per unit time and per unit scatterer , to the 
relative flux of the incident particles with respect to the target. 

To illustrate this definition, let us first consider the case of total cross 
sections. We assume that the initial channel consists of two particles A and B 
which are both in well defined quantum states [2]. We also suppose that the 
incident beam of particles A satisfies the physical requirements stated in 
Section 1.1. Thus a sufficiently large (but not too large) number N A of 
particles A reach per unit time the target (made of particles B) with nearly 
parallel directions and a kinetic energy distribution sharply peaked about a 
given value. Let us denote by Jf A the average number of particles A per unit 
volume in the incident beam and by the average magnitude of their velocity 
with respect to the target. The flux <P A of incident particles relative to the 
target (i.e. the number of particles A crossing per unit time a unit area 
perpendicular to the direction of the incident beam and at rest with respect to 
the target) is then given by 

= NJS (1.9) 

where S is the cross-sectional area of the incident beam, as shown in Fig. 1.2. 

Next, let us assume that the target is sufficiently thin and denote by n B the 
number of particles B within the “effective” target volume interacting with 
the incident beam. For example, if we imagine the target to be a very thin 
layer of thickness / perpendicular to the incident beam (see Fig. 1.2) we have 

n B = S • / • JT B = SJT B (1.10) 
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where Jf B is the number of particles B per unit volume in the target and 
J /'b = Jfs l is the (average) surface density of the target particles. 



Fig. 1.2. Illustration of various quantities used in the definition of cross sections. 


Let us now denote by Mot the total number of particles A which have 
interacted per unit time with target scatterers. Under the experimental 
conditions assumed here, the quantity Mot is directly proportional to the 
relative incident flux and the number n B of target scatterers. We may then 
write 

N M = ( 1 - 11 ) 

According to the definition given above, the quantity cr tot is called the total 
cross section for scattering of the particle A by the particle B. We note from 
eq. (1.11) that (7 to t has the dimension of an area. We also remark that if we 
define 

Ptot = Wtot IN a (1.12) 

as the total probability that an incident particle has interacted with a target 
scatterer and has therefore been removed from the incident beam, then by 
using eqs. (1.9)—(1.11) we have 

Ptot = N B^tot- (1-13) 

We emphasize that the definition (1.11) of <7 tot only holds for the case of a 
thin target (such that P t ot 1). Corrections must be applied when this 
condition is not satisfied [9]. 

It is important to note that in contrast with Ptot which depends upon 
various experimental parameters (such as the values of N A , J^ B , /), the 
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quantity <7 to t depends only on the energy of the collision and refers to an 
intrinsic, microscopic property of the quantum system (A + B). It gives a 
measure of the tendency of the particles A and B to interact at a given energy. 
In fact, we may consider c ioi as an “effective area” which picks up a certain 
amount of the incident beam [10]. 

Having defined the total, complete cross section, let us now introduce 
total [11] cross sections corresponding to various particular processes. For 
example, in the case of elastic scattering, we write 

Mol = <Mb<- (1.14) 

Here Mot is the total number of particles A which have been scattered elasti¬ 
cally per unit time and crfj t is the total elastic cross section. Of course, if 
only elastic scattering between the particles A and B can happen at the 
particular collision energy considered, then a tot = In general, however, 
other collision processes can occur. In this case one defines the quantity 

fffot = fftot-fffo't (1-15) 

which corresponds to all non-elastic collision processes and is often called 
the total reaction cross section. 

When several channels are open, the quantity <7[ ot is itself a sum of cross 
sections corresponding to particular non-elastic processes. For example if 
the two-body reaction (or binary rearrangement collision) 

A + B -» C + D (1.16) 

is allowed, we may associate with it a total cross section <r tot (A + B -► C + D) 
by counting all the particles C which, together with the particles D, have been 
produced per unit time in the collision between the beam particles A and the 
target particles B. Calling Nfc t this number, we have 

MSt = + B C + D). (1.17) 

We shall not discuss here the problems raised by the experimental 
determination of the total cross sections (i.e. the measurement of the quantities 
# A , w b> Mot, MSl> etc.). We simply mention that the total (complete) cross 
section c i0 1 may be obtained by performing an attenuation measurement, in 
which the intensity of the transmitted beam is compared with that of the 
incident beam. However, since the area of counters is finite, it is not possible 
in practice to distinguish between incident particles which have been scattered 
elastically through very small angles 6 and those which have experienced no 
interaction. Thus the number of particles counted in the transmitted beam 
also accounts for particles which have been scattered elastically near the 
forward direction. A possible way of eliminating this difficulty is to perform 
several measurements at smaller and smaller solid angles and to extrapolate 
to the value 0 = 0. Let us denote by N r the extrapolated value of the number 
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of transmitted particles per unit time corresponding to the number N A of 
incident particles per unit time. Then, since Mot = N A — N T we may use 
eqs. (1.12) and (1.13) to write for a thin target 

Ptot = 1 - N t IN a = i> tot (1-18) 

A 

so that <7 to t may be deduced from the knowledge of N A , N r and Jf B . We 
note that the quantity N T /N A is simply the transmission probability through 
the layer [12]. 

The total cross sections which we have considered so far provide useful 
information about the interactions experienced by the colliding particles. 
However, more detailed insight into the nature of these interactions may be 
gained if differential cross sections are known. 

Suppose, for example, that with the help of counters placed at a given 
(macroscopic) distance from the target, we are able to measure the number 
of particles of a certain kind (produced in the collision of “beam” particles A 
with “target” particles B) which emerge from the collision region in different 
directions. To analyze this angular distribution , we first have to choose a 
coordinate system or reference framework. Two very convenient choices, 
which are frequently used in the description of collision processes are the 
laboratory (L) system and the center of mass (C.M.) system. The laboratory 
system is the framework in which the target particle B is at rest before the 
collision. In what follows we shall use the subscript L to denote quantities 
expressed in that system. The center of mass system or barycentric system is 
defined as that coordinate system in which the center of mass of the composite 
system (A + B) is at rest. In both systems we assume that the z-axis has been 
chosen* to be parallel to the incident direction. 

We shall study at length in Chapter 2 the relationships between various 
quantities expressed in the laboratory and in the center of mass systems. 
For the moment, we note that observations are often made in the laboratory 
system (with important exceptions such as colliding beam experiments). 
As an example, we have represented in Fig. 1.2, for a typical experiment, the 
laboratory system O x L y L z L together with the polar angles (0 L , (f> L ) which 
define a “laboratory” direction Q L . Calculations , on the contrary, are often 
performed in the center of mass system, since the three degrees of freedom 
attached to the center of mass of the system (A + B) may then be ignored. 

Let us now return to the analysis of angular distributions and the definition 
of differential cross sections. We consider first the case of elastic collisions 
and work in the laboratory system. Let dJV e i be the number of particles A 
scattered elastically per unit time within a solid angle d Q L centered about a 
direction (0 L , 0 L ), as shown in Fig. 1.2. Then, for a sufficiently thin target, we 
have [compare with eq. (1.14)] 


dAel — $l) d(2 L . 


(1.19) 
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The proportionality factor <7 e i(0 L , </> L ) is called the laboratory differential 
cross section for elastic scattering. We shall also write 

^elC^LJ $l) = “^~(0l> (1.20) 

Since the quantity <P A represents the relative flux of the projectile with 
respect to the target, we may readily transpose the definition (1.19) to the 
center of mass system. Thus, if Q = (0, </>) refers to the direction of emission 
of particle A in the center of mass system when this particle is scattered in 
the direction Q L = (0 L , $ L ) in the laboratory system, we have 

dN eI = # A n B <7 el (0, </>) ( 1 - 21 ) 

where 

oje, 4>) = ^'( 0 , <t>) ( 1 - 22 ) 

is the center of mass differential cross section for elastic scattering . Upon 
comparison of eqs. (1.19) and (1.21) we deduce that 

^r( e L , d = ^(0, 4 >) dfl. (i.23) 

The total elastic cross section afj, is simply obtained by integrating the 
elastic differential cross section over all scattering angles. From eq. (1.23) we 
see that [13] 

< = |^(0L, 4>i) d= J 4>) dQ (1.24) 

and we verify that <7f 0 ' t is independent of the reference frame, as any total 
cross section should. 

The above discussion of differential cross sections may be directly genera¬ 
lized to the case of two-body reactions (or binary rearrangement collisions) of 
the type (1.16). Thus, if dN c is the number of particles C emitted per unit time 
into the laboratory solid angle d Q L (centered about the direction 0 L , $ L ), 
the corresponding laboratory differential cross section is given by 

W - iN ' ... 
dQ L L ’ <P A n B dO L 

while in the center of mass system 

d °c, n d N c 


(1.25) 
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and the total cross section 

tffot = ff tot (A + B -* C + D) is given by 


*=j 

da L (0U ^ l) d ° L ~ j dn (e ’ ^ dQ ' 

(1.28) 


Until now we have considered differential cross sections which characterize 
the number of particles emitted into a solid angle centered about a direction 
defined by polar angles. In certain situations it is convenient to use different 
kinematical variables, as we shall illustrate in Chapter 2 for the case of two- 
body relativistic collisions. The corresponding differential cross sections are 
then readily defined by analogy with the above discussion. For reactions with 
more than two particles in the final state a variety of differential cross sections 
may be introduced, since the number of kinematical variables necessary to 
describe the collision grows rapidly with the number of particles present in 
the final state. We shall also consider this problem in Chapter 2. 

We now return to the basic definition of cross sections given at the beginning 
of this section. Since this definition and the subsequent discussion [see for 
example eqs. (1.11), (1.17) or (1.19)] imply that the cross sections are 
independent of the number of incident particles striking the target per unit 
time, we may choose this number to be equal to one. Therefore the cross 
sections may be equally considered as transition probabilities per unit time , 
per unit target scatterer and per unit relative flux of the incident particles with 
respect to the target . 

In atomic physics, where the scattering centers have linear dimensions of 
the order of lA = 10" 8 cm, one usually uses as the unit of length the “radius 
of the first Bohr orbit” of the hydrogen atom, namely 

a Q = 5.29 x 10“ 9 cm. 

Using this atomic unit of length, the cross sections are expressed in units of 
al = 2.80 x 10" 17 cm 2 [14]. 

In nuclear and particle physics, where the scattering centers have linear 
dimensions of the order of 1 fermi = 1 fm = 10” 13 cm, one measures the 
cross sections in fm 2 , in barns or in millibarns, where 

1 barn = 1 b = 10” 24 cm 2 = 10 2 fm 2 , 

1 millibarn = 1 mb = 10” 27 cm 2 . 
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[13] We shall often use the symbol j dQ to denote jo* d jo ^ sin 0, where the direction Q 
is characterized by the polar angles (0, </>) and we recall that dQ = sin 0 dO d<£. 
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Kinematics 


The purpose of collision kinematics - by contrast with dynamics - is to study 
collision phenomena independently of the interactions which induce them. 
One of the most important of these kinematical problems consists in trans¬ 
forming the results of calculations or measurements from one frame of 
reference to another. This will be done first for non-relativistic collisions and 
then for relativistic processes. All we shall use, in fact, will be the conservation 
of momentum and energy together with the transformation laws from one 
system of reference to the other. We devote particular attention to the case of 
two-body reactions for which, in the relativistic case, we introduce the 
Mandelstam variables [1]. We also consider briefly relativistic collisions with 
three or more particles in the final state, and define some variables which are 
particularly useful in describing such processes. More details about kinema¬ 
tical questions may be found for example in the books of Baldin, Goldansky 
and Rosental [2], Hagedorn [3] and Michalowicz [4]. 


2.1. Non-relativistic kinematics 

2.1.1. Laboratory and center of mass systems 

We have already defined in Chapter 1 the laboratory and center of mass 
coordinate systems. We recall these definitions here for convenience. We 
consider a collision between a “beam” particle A and a “target” particle B. 
The laboratory system is the framework in which the target particle B is at 
rest before the collision. The center of mass (C.M.) system or barycentric 
system is defined as that coordinate system in which the center of mass of the 
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composite system (A + B) is at rest. Hence, if p A and p B are the momenta of 
particles A and B in the C.M. system, we have 


Pa + Pb = 0. (2.1) 

In what follows we shall continue to use the subscript L to denote quantities 
in the laboratory system. Let us choose the incident direction as the z-axis in 
both C.M. and laboratory systems. Calling z the unit vector along this z-axis, 
we denote by 

V L = V L z (2.2) 

the velocity of the center of mass in the laboratory system. Since the center of 
mass always maintains its uniform rectilinear motion, it is clear that the 
laboratory and C.M. systems are in uniform translational motion of velocity 
V L with respect to each other. Assuming that the collision between the two 
particles A and B is non-relativistic, one passes from the center of mass 
system to the laboratory system by the Galilean transformation 


r L = r + V L t 
t h = t 


or, more explicitly - with a suitable choice of x and y axis 


(2.3) 


x h = x 

y L = y 

Z L = z + V L t 
K = t. 


(2.4) 



Fig. 2.1. Illustration of the velocities v, v h and and the angles (0, <f >) and ( 0 h , <f> L ) of 

the text. 


Therefore, if v is the velocity of a particle in the C.M. system, pointing in the 
direction (0, 0), and v L its velocity in the laboratory system, corresponding 
to a direction (0 L , 0 L ), one has 

»L = « + V h 


(2.5) 
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so that 

v L cos 0 L = v cos 0 + V L 
v L sin 0 L = v sin 0 

<t> L = <£• 

Eliminating t; L from the first two of eqs. (2.6), we obtain 


tan 0 T = 


COS 0 + T 


cos 0 L = 


COS 0 + T 

(1 + 2t cos 0 + t 1 2 3 ) 1/2 


where 


T = V\jv, 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 


We shall show below how to calculate explicitly the quantity t as a function 
of the masses of the particles and of the initial and final kinetic energies 
associated with the relative motion in the C.M. system. For the moment, we 
note that the relations (2.6) suggest a simple geometrical construction [5] of 
0 L as a function of 0 which is illustrated in Fig. 2.2. We see from this figure 
that three cases must be considered: 





r < 1 t = 1 r> 1 

Fig. 2.2. Geometrical construction of the laboratory scattering angle 0 L as a function of 

the .C.M. scattering angle 0. 


1) For t < 1, eq. (2.7) shows that 0 L increases monotonically from 0 to n 
as 0 grows from 0 to n. We also note that < 0 L < 6. Moreover, 0 L -> 6 as 
t —* 0, i.e. when the C.M. coincides with the target particle and remains 
therefore at rest in the laboratory system. 

2) If r = 1, then 0 L = £0. In this case 0 L varies from 0 to as 0 varies 
from 0 to n. 

3) Finally, when r > 1, 0 L first grows from 0 to a maximum value 0Lmax 
= sin _1 (l/T), which is less than as 0 increases from 0 to cos _1 (— 1/t); 
then 0 L decreases to 0 as 0 grows further to reach n. We note that there are 
two values of 0 that correspond to a particular value of 0 L between 0 and 
sin (1 /t). If we denote the smaller of these two values of 0 by 0< and the 
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larger by 0> we see from Fig. 2.2 that 0 L = %{6< + 6> — n). We also note 
from this figure that the angles 6< and 6> giving rise to the same 0 L correspond 
to different values of the velocity v L of the detected particle; the larger 
velocity is associated with the smaller value of 6. 

What is the relation between the initial kinetic energy in the laboratory 
system and in the C.M. system? Since a non-relativistic particle of mass m , 
velocity v and momentum p = mv has a kinetic energy K = \mv 2 = p 2 /2m, 
the initial kinetic energy in the laboratory system is given by 


_ G>a)l _ (P)t 

( i)L 2 m A 2 m A 


( 2 . 10 ) 


Here m A is the mass of the particle A and (p A ) L its momentum in the 
laboratory system, such that 

C Pa)l = (P)l (2.11) 

where ( P) L is the total momentum in the laboratory system. 

Let us now calculate the initial kinetic energy K x available in the C.M. 
system. Since the center of mass is at rest in that system, we obtain K y by 
subtracting from (^) L the kinetic energy of the center of mass in the 
laboratory system. Thus, introducing the total mass M = m A + m B , we have 

= (Ki)l - C P)ll2M (2.12) 

where we have used the fact that the center of mass moves in the laboratory 
system as a free particle of mass M, momentum (P) L and energy (P)l/2M. 
Using eqs. (2.10) and (2.12), we also find that 


K { = 


m A + m 


(*i) L . 


(2.13) 


Because the center of mass always moves as a free particle, “unconcerned” by 
the collision process, we see that it is the quantity K { , namely the kinetic 
energy in the C.M. system, which characterizes physically the collision. For 
example, in electron-atom scattering, where m A , the electron mass, is much 
smaller than m B , the mass of the atom, the relation (2.13) gives 

- (Kd L (2.14) 

so that almost all the initial kinetic energy in the laboratory system is available 
for the collision in the C.M. system. On the contrary, for proton-proton 
scattering (m A = m B ), we have 

Ki = «*i) L . (2.15) 

Thus, only one half of the initial kinetic energy in the laboratory system is 
transformed into C.M. kinetic energy, the other half being “dissipated” into 
the motion of the center of mass. 

We shall now obtain another useful expression of K x . We first define the 
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relative momentum p of two particles 1 and 2 having masses and m 2 and 
momenta p t and p 2 . It is such that 


P = 


M 2 />1 ~ Wi /> 2 
+ m 2 


(2.16) 


and is easily seen from eqs. (2.3) to be invariant with respect to a Galilean 
transformation. The initial relative momentum of two colliding particles A and 
B is therefore given by 

Pi = Pa = ~Pb ( 2 - 17 ) 

or 


Pi = 


m A + m 


(Pa)l- 


(2.18) 


In obtaining eqs. (2.17) and (2.18) we have used the definition (2.16), the 
momenta of the colliding particles A and B being evaluated successively in 
the C.M. and in the laboratory system. The kinetic energy available in the 
C.M. system may then be written as 

K t = A + A _ 1 (2.19) 

1 2 m A 2 m B 2ft 

where 

jx { = ?n A m B /(m A + m B ) ( 2 . 20 ) 

is the reduced mass of the two particles A and B appearing in the initial 
channel. We verify that by using eqs. (2.18) and (2.10) in eq. (2.19) we find 
again the relation (2.13) between K { and ( K { ) h . 

Having studied the relationship between the C.M. and laboratory kinetic 
energies in the initial channel, we may easily repeat this analysis for the various 
final channels corresponding to the collisions listed in Section 1.1. As an 
example, consider the binary rearrangement collision (or two-body reaction) 

A + B -> C + D. (2.21) 

In Fig. 2.3 we have represented this process in the laboratory system, 
while in Fig. 2.4 the collision is described in the C.M. system. 



Fig. 2.3. A binary rearrangement collision or two-body reaction A + B -> C + D in the 

laboratory system. 
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The kinetic energy available in the C.M. system for the final channel is 
simply [6] 

K { = (K t ) L - (P)U2M. (2.22) 

Here 

(K t \ = (Pc)tl2m c + (p D )H2m D (2.23) 


is the final channel kinetic energy in the laboratory system, while 

(P)l = (Pa)l = (Pc)l + (Pd)l (2-24) 

is the total momentum in the laboratory system. 



Fig. 2.4. A binary rearrangement collision or two-body collision A+B^-C+Din 

the center of mass system. 


We also have in the C.M. system 

P — Pa + Pb = Pc + Pd = 0 (2.25) 

so that, from eq. (2.16) we deduce that the final relative momentum is given 
by [compare with eqs. (2.17) and (2.18) for the initial relative momentum] 

Pi = Pc — ~Pd (2.26) 

and 


Pc = 


m p(Pc)L ~ m c(Pp)L 

m c + m D 


(2.27) 


Hence, for a two-body reaction of the type (2.21), we may also write the final 
kinetic energy in the C.M. system as 

K t = p|/2m c + pl/2m D = p f 2 /2/t f (2.28) 

where 

p { = m c m D /(m c + m D ) (2.29) 

is the reduced mass of the particles C and D appearing in the final state. 

The foregoing analysis is even simpler for elastic collisions (1.1) or 
inelastic processes (1.2). It is more complicated, however, for reactions of the 
type 


A + B -> C, + C 2 + • • • C, 


(2.30) 
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with more than two particles in the final state. In this case the final C.M. 
kinetic energy is still given by eq. (2.22), with 

C^t)l = (Pl)hl^ m l + + {pn)il^ m n (2.31) 

where (p^u (Pi)u • • • (p n ) l are the laboratory momenta of the n outgoing 
particles and m u m 2 ,... m n are their masses. Furthermore, we now have 

(P)l = (Pa)l = (Pi)l + (Pi)l + * * ’ (Pn) l (2.32) 

while in the C.M. system 

p = Pa + Pb = Pi + P2 + '"Pn = 0. (2.33) 

It is worth noting that the simple formula (2.28) does not apply to reactions 
(2.30) with more than two particles in the final state, since more than one 
relative vector is clearly necessary in that case. 

2.1.2. Exothermic and endothermic collisions . Thresholds 
We have already applied extensively the law of conservation of momentum. 
We now make use of the conservation of energy. Let us consider a general 
reaction (2.30) with n ^ 2 and denote respectively by w A , w B , w u w 2 ,.. . w n 
the internal energies [7] of the particles A, B, C 1? C 2 .. . C„. We then have in 
the C.M. system 

K { + w A + w B = K f + + w 2 + • • • w n . (2.34) 

We can rewrite this equation as 

K f = K i+ g if (2.35) 

where 

Qif = w>A + w B - (w>! + w 2 + • • • W n ) (2.36) 

is the change in internal energy due to the reaction. Clearly a necessary 
condition for the reaction to occur is that 

K f > 0. (2.37) 

Therefore: 

i) If g if > 0, the reaction is always possible from energy considerations. 
(It can be prevented from occurring because of other conservation laws.) 
Such a reaction is called exothermic , since a certain amount of internal 
energy is converted into kinetic energy during the collision. 

ii) If g if < 0, the reaction is endothermic . The necessary condition (2.37) 
then reads with the help of eq. (2.35) 

K { >K\= -Q jf . (2.38) 

The quantity K\ is therefore the minimum value of K x such that the reaction is 
energetically allowed. It is called the threshold of the reaction in the C.M . 
system . We note that when K { = K{ all the outgoing particles have a vanishing 
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kinetic energy in the C.M. system ( K f = 0). The corresponding threshold 
energy (AJ) L in the laboratory system may easily be found by using eq. (2.13). 
It is given by 


(K\\ = 


m B 


(2.39) 


Clearly, at threshold all the outgoing particles have in the laboratory system 
a velocity V L equal to that of the center of mass. 


2.1.3. Relations between cross sections 
Let us consider again the reaction (2.21) with two particles C and D in the 
final state (see Figs. 2.3 and 2.4). From the definition of the cross sections 
given in Section 1.3, we know that the same number of particles C are emitted 
into the solid angle d Q about the direction (0, (j )) as are emitted into d Q L 
about (0 L , (j ) L ). Thus [see eq. (1.27)] 

^(0l, <£l) dQ L = ^ C (0, 4>) d Q (2.40) 

or 

^(0 L , 4> l ) sin 0 L d0 L d<l> L = ^(0, 4>) sin 0 d0 &<t>. (2.41) 

diiSL df2 


From the last of eqs. (2.6) we immediately note that d (j) L = d<£. Moreover, 
we may also use eqs. (2.8) and (2.9) which we rewrite more explicitly in our 
case as 


with 


_ COS 0 + T C 

COS " L "(l + 2l c COS 0 + Tc) 1/2 

T c — VJv c . 


(2.42) 

(2.43) 


Before we proceed with eq. (2.42), let us first obtain a more useful expression 
of t c . We first remark that since 


(P) L = M(V) l = m A (v A ) L 


we have 


Vl = 


, (Pa)l 

Ml = 


m A + m B ' m K + m B 

or, using eqs. (2.10) and (2.13) 

2m A Ki "| 1/2 


r 


_m B (m A + m B )J 
We may also obtain eq. (2.46) by noting that 


(2.44) 

(2.45) 


(2.46) 


Vl = v B = p t /m B 


( 2 . 47 ) 
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and then using eqs. (2.19) and (2.20) to express in terms of K h m A and m B . 
On the other hand, from eq. (2.28) and the fact that p f = p c = m c v c , we 
deduce that 


Pf _ 2m D Kf 

m c m c (m c + m D )_ 


(2.48) 


Hence, from eqs. (2.35), (2.43), (2.46) and (2.48), we find that 


T c — 


m K m c Kj T /2 
m B m D K-, + Q if _ 


(2.49) 


where we have used the fact that the collision is non-relativistic to set the ratio 
(m A + m B )/(m c + m D ) equal to one [6]. A similar calculation for the emission 
of particle D yields 


Vl = |^A^D_^i _] 1/2 
v D m B m c Kj + g if 


(2.50) 


It is important to note that only for collisions with two particles in the final 
state are the quantities t c = VJv c and i D = VJv D fixed at a given initial 
energy [8]. For these collisions we may therefore readily differentiate eq. (2.42) 
and obtain with the help of eq. (2.41) 


d On 

^(0 L , M 

dQ L 


(1 + T c + 2 t c cos fl) 3/2 do~ c 
|1 + t c cos 9\ d(2 


(2.51) 


Since in the C.M. system the two particles C and D move in opposite 
directions (see Fig. 2.4) it is clear that the differential cross section for 
observation of the particle D in the direction ( 6 , </>) is just 

“T7t( 0 > ~ 0,$ + n) (2.52) 


while the corresponding differential cross section for emission of the particle 
D in the laboratory system is given by 


_ (1 + Tg + 2x p cos 
dG L L ’ |1 + t d cos e\ d 


(2.53) 


Finally, we recall [see eq. (1.28)] that the total cross section for emission of 
particles C (or D) is the same for both laboratory and center of mass systems. 

The above formulae have been obtained in the case of a reaction (2.21) 
with two particles C and D in the final state. These formulae evidently simplify 
for elastic collisions (1.1) or inelastic processes of the type (1.2). On the 
contrary, the case of reactions with n ^ 3 particles in the final state is more 
involved, since the number of kinematical variables grows rapidly with in¬ 
creasing n and a variety of differential cross sections may be defined, depending 
on the quantities which are held fixed during the experiment. We shall return 
to this question in Section 2.2.4 and also in Chapter 15. 
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2 . 2 . Relativistic kinematics [ 9 ] 

2.2.1. Preliminaries 


The energy E , rest mass m and momentum p of a particle are now related by 

E = y/m 2 c 4 + p 2 c 2 , 

(2.54) 

where c is the velocity of light. In terms of the velocity 

v of the particle, we 

have 


p — myv 

(2.55) 

and 


E = myc 2 

(2.56) 

where we have defined the quantity 


y = (1 — v 2 /c 2 y 1/2 . 

(2.57) 

We can also write 


* 

H 

(2.58) 

where 


v = dE/dp = c 2 p/E. 

(2.59) 

Relativistic phenomena are described within the 

framework of the 

Minkowski space-time. An “event” or world point is specified by the set of 

four space-time coordinates 


X = (ct, x, y, z) 

(2.60) 

or 


X = (x 0 , x lf x 2 , * 3 ) = (*o> X) 

with 

(2.61) 

x 0 = ct, X = (x t , X 2 , x 3 ). 

(2.62) 


The four component object X is called a four-vector while the “ordinary” 
three component vector X is often denoted as a three-vector. The squared 
norm of the four-vector X is defined [10] as 


X 2 = xl- \X\ 2 = c 2 t 2 - x 2 - y 2 - z 2 (2.63) 

where we have denoted by \X\ 2 the squared norm of the three-vector X. 
Similarly, the lengths of the three- and four-vectors X and X will be written 
respectively as \X\ and X [11]. 



Fig. 2.5. Illustration of a special proper Lorentz transformation. The coordinate system 
(OV/z') moves with respect to (0 xyz) with a velocity v in the direction of the *-axis. 
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Lorentz transformations are real, linear transformations of space-time 
coordinates leaving invariant the quadratic form c 2 t 2 — x 2 — y 2 — z 2 (i.e. 
the distance between points in Minkowski space-time). Such transformations 
express the fact that the velocity of light is the same in all inertial systems 
(Lorentz frames). Excluding the translations in space-time [12] together 
with reflections in space alone, time alone, or both, we are left with proper 
Lorentz transformations. If we still disregard the rotations in ordinary space, 
we obtain special proper Lorentz transformations. An example of these is 
given in Fig. 2.5, where the Lorentz frame (O'x'y'z') moves with respect to 
(0 xyz) with a velocity v = vx. Furthermore, the axes of the two systems are 
parallel. The corresponding special proper Lorentz transformation, also 
called a “boost” in the x-direction, is given by [3] 


x = y(x' + Pet') 

y = y' 

z = z' 

ct = y(ct' + px') 


(2.64) 


where y is given by eq. (2.57) and P = v\c. Obviously, since the frame (0 xyz) 
moves with respect to (O'x'y'z') with a velocity — v , we have also the inverse 
relations 


x' = y(x — Pet) 

y’ = y 

Z = Z 

ct' = y(ct — Px). 


(2.65) 


The general proper Lorentz transformation may be obtained by combining 
a number of special proper Lorentz transformations and ordinary rotations 
about the x, y and z axis. All quantities which consist of a set of four numbers 
transforming under a Lorentz transformation as the components of X = (ct, 
x, y, z) are called four-vectors. Since the squared norm (2.63) of X is an 
invariant under Lorentz transformations, and because any four-vector 
a = (a 0 , a x , a y , a z ) transforms like X , the squared norm of a , namely 

a 2 = a\ — a 2 — a 2 — a 2 (2.66) 

must also be an invariant. Furthermore, if a and b are four-vectors, so is 
their sum (a + b). Thus the quantity (a 4- b) 2 = a 2 4- 2 ab + b 2 is an 
invariant and therefore also the scalar product 


ab = a 0 b 0 — a* b = a 0 b 0 — a x b x — a y b y — a z b z . (2.67) 

Four-vectors such that a 2 < 0 are called space-like. Those with a 2 > 0 
are time-like, while those with a 2 — 0 are null vectors. This classification 
corresponds to the position of the four-vector with respect to the light cone 

c 2 t 2 - x 2 - y 2 - z 2 = 0. (2.68) 
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Of particular importance is the time-like energy-momentum four-vector 
(or four-momentum) p = ( E/c,p ) such that, according to eq. (2.54) 

p 2 = E 2 /c 2 - \p\ 2 = m 2 c 2 . (2.69) 

In what follows, and in order to simplify the formulae, we shall frequently 
choose units such that c = 1. 


2.2.2. Laboratory and center of mass systems 

Let us consider a relativistic collision between the two particles A and B. 
We still define the laboratory system as that coordinate system where particle 
B is at rest before the collision. In the laboratory system the four-momenta of 
particles A and B are respectively (/>a) l = (CE^l, (/>a)l) and (/> b )l = (™b> 0). 
The center of mass , center of momentum (C.M.) or barycentric system is the 
coordinate system for which 


Pa + Pb = ® (2.70) 

where p A = ( E A , p A ) and p B = (E B , Pb) denote the four-momenta of particles 
A and B in the C.M. system. The laboratory and C.M. systems are therefore 
two particular Lorentz frames, such that the velocity of the C.M. system in 
the laboratory system is V L . Let us choose the incident direction as the 
z-axis in both coordinate systems, so that in the laboratory system 


Vl = 


(2.71) 


and let the directions of the axes of the two frames be parallel (see Fig. 2.6). 
Then the Lorentz transformation from the C.M. system to the laboratory 
system is a special proper Lorentz transformation, namely a “boost” in the 
z-direction. Comparing Figs. 2.5 and 2.6 and using eqs. (2.64) we see that 
(with c = 1) 


with now 


r L = 

X 


IA = 

y 


l z L = 

y{z + 

v L t) 

A = 

y(t + 

V L z) 

y = 

= (i - 

vir 


(2.72) 


(2.73) 


Clearly, since the laboratory system moves with velocity — V L as seen in the 
C.M. system, we also have 


\x = x L 

y = y L 

z = y( z L - vjl) 

t = y(4 - v L z L ). 


(2.74) 
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Fig. 2.6. The two Lorentz frames (OlJC l ^ l z l ) and (0 xyz) of the text. The C.M. system 
( Oxyz ) moves with respect to the laboratory system (OlXlJ'lZl) with constant velocity 

V l = VjJt. 


We have already noted above that the four-momentum p = (E r , p) trans¬ 
forms as the coordinates X = (x 0 , X). Therefore, using eqs. (2.72) we see that 


(Px) L = Px 
(Pyk = Py 

(Pz)l = yip* + Vl e) 

E l = y(E + V L p z ). 


(2.75) 


How do the velocities transform ? Let us call v the velocity of a particle in 
the C.M. system and v L its velocity in the laboratory system. We assume that 
the velocities v and v L make angles 6 and 0 L , respectively, with the z-axis (see 



Fig. 2.7. Illustration of the velocities v L and v of the text. 


Fig. 2.7). Furthermore, we choose the coordinate axes so that v lies in the 
(xz) and (x L z L ) planes. Then, by differentiating eqs. (2.72) we obtain 


and 


(Vz)l = v L cos 0 L = 


v cos 6 + V L 
1 + V L v cos 0/c 2 


(v x)l = v L sin 0 L 


v sin 6 

1 + V L v cos 0/c 2 


(2.76) 

(2.77) 
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where we have written explicitly the velocity of light c and used the fact that 
y = (1 — Vl/c 2 )~ 1/2 . If the two velocities v and V L are parallel, then 


v + V L 
1 + V L v/c 2 ' 


(2.78) 


We note that eqs. (2.76)-(2.78) reduce to the simple Galilean results (2.5)- 
(2.6) when both v/c <? 1 and VJc <? 1. From eqs. (2.76) and (2.77) we also 
find that 


where 


tan 0 L = 

t = 


1 sin 6 
y cos 6 + t 

Vjv 


(2.79) 

(2.80) 


so that eq. (2.79) gives the transformation of scattering angles from the 
C.M. to the laboratory system. We note that this formula correctly reduces 
to eq. (2.7) in the non-relativistic limit. 

How is the velocity V L related to the momenta and energies of the particles 
participating in the collision? For a channel containing n particles, we can 
use eqs. (2.75) to write the z-component of the total momentum in the 
laboratory system as 

(P z )l = yV L E (2.81) 


where E is the total energy in the C.M. system. In obtaining eq. (2.81) we have 
used the fact that P = 0 in the C.M. system. From eqs. (2.75) we can also 
write the total laboratory energy as 


so that 


E l = yE 

y = (PX = 12=1 [pAcos (6j)l 
L El Yj=i(Ej)l 


(2.82) 

(2.83) 


where (0,-) L is the angle between the vector (pj) L and the z-axis in the labora¬ 
tory system. In particular, for the initial channel (A + B) 


Vl = 


IPaIl 

(EjJl + Mb ’ 


(2.84) 


Since the norm of a four-vector is a Lorentz-invariant, the total C.M. 
energy E = E A + E B is also a Lorentz-invariant. This follows from the fact 
that the invariant quantity s = ( p A + p B ) 2 may be written as 


s = (Pa+ Pb) 2 = (E a + E b ) 2 - (p A + p B ) 2 = (E a + E b ) 2 (2.85) 


since p A + p B = 0 in the C.M. system. The same quantity s evaluated in the 
laboratory system is given by 

S = [(£ a )l + W B ] 2 - (p A )l 
= (£a)l + 2m B (£ A ) L + ml- (p A )l 


( 2 . 86 ) 
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But 


(E A )l - (p A )l = ml 


and therefore 


s = ml + ml + 2 m B (£ A ) L . 

(2.87) 

Introducing the kinetic energy of the incident particle 
system 

in the laboratory 

(*a)l = (£a)l - m A 

(2.88) 

we also have 


s = (m A + m B ) 2 + 2m B (K A ) L . 

(2.89) 

At very high energies, where 


Ml > m A , m B 

(2.90) 

and 


(^a)l — 1 Pa 1L 

(2.91) 

we note that eq. (2.87) becomes 


5 ~ 2m B \p A \ L 

(2.92) 


so that the square of the C.M. energy grows linearly with the laboratory 
incident momentum at ultra-relativistic energies. 

As a first application of these formulae, let us consider a colliding beam 
experiment in which two protons, of mass m p ~ 0.94 GeV, move towards 
each other with C.M. three-momenta of magnitude |/>xl = I/>bI = 30 GeV/c. 
Thus 

E a = E b = ^0.88 + 900 GeV ~ 30 GeV 
and the invariant quantity s is given by 

s = (E a + E b ) 2 ~ 3600 GeV 2 . 

According to eq. (2.92), we see that the same value of s would require a 
laboratory [13] three-momentum of magnitude 

\p A \ L ~ S/2m p ~ 1900 GeV/c. 

This clearly shows the interest of using colliding beam experiments to explore 
the domain of such high-energy collisions. 

As another example, let us calculate the value of (E A ) L at the threshold of 
a reaction 

A + B -> C x + C 2 + ... + C n (2.93) 

with n particles of masses m t (i = 1, 2,... n) in the final state. At threshold, 
all outgoing particles have no momentum in the C.M. system, so that 

s = ml + ml + 2m B (E\) L = ^ £ m/j 
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where 0 E£)l * s the threshold value of (£ a )l- Thus, 


<£, « v =i [(|, m ) - < - m [ ■ 


A similar calculation for the threshold value of the kinetic energy (J^) L 
yields 

(Ktt. - -a, '' 1 * + m ; + g - "" (2.95) 


where 


Gif = m A + m B - £ m f 


is the relativistic equivalent of the change of internal energy (“reaction heat”) 
defined in eq. (2.36). 

We may also evaluate the magnitude of the initial relative three-momentum 
vector Pi in the C.M. system in terms of invariants. Defining as in eq. (2.17) 

Pi = Pa = Pb (2.97) 

we have 

s = (E a + E b ) 2 = (yjml + pf + V m B + pf) 2 (2.98) 

so that 

\Pi\ = 2^V( s ~ m l ~ m lf ~ 4 ™l™l (2.99) 

Introducing the “triangle function” [e.g. 14, 15] 

A(x, y, z) = (x - y - z) 2 - 4yz = x 2 + y 2 + z 2 - 2xy - 2yz - 2zx, 

( 2 . 100 ) 

which is symmetric in all its arguments, we have 


IPil = 2^V a ( s ’ m i> m B>- 

From eq. (2.101) we obtain at once 


Ea = V m l + l/hl 2 = ^( s + m l~ m B> 


( 2 . 101 ) 


( 2 . 102 ) 


Eb = V m i + |/>i| 


-(s - mi + mi). 


(2.103) 


To conclude this section we shall discuss the transformation of differential 
cross sections from one Lorentz frame to another. For collisions with two 
particles C and D in the final state we may follow a method similar to that 
used in Section 2.1.3 in the non-relativistic case. Indeed, from eq. (2.79) and 
the fact that the quantity t c = VJv c does not depend on 6 (since there are 
only two particles in the final channel), we may write 

#) ( 2 ., 04 ) 

dfl L U,W y|l + t c cos 0\ d£2 K,VJ y ’ 
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Fig. 2.8. Illustration of the spherical polar coordinates ( p , 0, <f>) of the text. 


with y = (1 — Vl/c 2 )~ i/2 . A similar formula relates the C.M. and laboratory 
differential cross sections corresponding to the emission of the particle D, 
with t c replaced by t d = VJv D . 

A more general way of looking at the transformation of differential cross 
sections from one Lorentz frame to the other may be devised as follows [16]. 
Let us suppose that the cross section of a given kind of particles is expressed 
in both systems in terms of solid angle and momentum. In this case the 
number of particles of that kind going into the solid angle element d Q and 
having a momentum between p and p + dp in the first Lorentz frame must 
be the same as the number of these particles going into the corresponding 
solid angle d Q' with a corresponding momentum between p' and p' + dp' in 
the other Lorentz frame. Thus 


d 2 d(p, Q) 
dp GQ 


dp d Q = 


d 2 o\p O') 
Op' GQ' 


dp 'd Q' 


(2.105) 


with d Q = sin0 d0 d(f) and dQ' = sin0' d0'd 4>'. A simple calculation, using 
the special proper Lorentz transformation along the z-axis 


Px = Px 
» Py = Py 

Pz = y(p’z + PE') 

E = y(E' + pp’ z ) 


(2.106) 


together with the relations defining the spherical polar coordinates (p, 0, 0) 
and (p\ 0', <£'), namely (see Fig. 2.8) 


) p x = p sin 0 cos (j) 
p y = p sin 0 sin $ 
p z = pcosO 


(2.107) 


p' x = p' sin0' cos (f)' 
p' y = p' sin0 r sine/)' 
p' z = p' cos 9' 
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yields the 

Jacobian 



8(pQ) E sin 2 6 p' 2 E 

d(p'Q') E' sin 2 O' ~ p 2 E'' 

(2.108) 

Therefore 

d 2 a(p, Q) d 2 o\p', Q') E' sin 2 9' 

(2.109) 


dp 8Q ~ dp' dQ' E sin 2 9 ' 

Similarly, if the differential cross sections are expressed in 
frames in terms of solid angle and energy, one finds that 

both Lorentz 


d 2 o(E, Q) _ d 2 o\E', Q') sin0' 
dEdQ ~ dE'dQ' sin0 ' 

(2.110) 


2.2.3. Collisions with two particles in the final state 

We now concentrate on the relativistic kinematics of two-body reactions 

A + B-> C + D. (2.111) 

We denote respectively by m A , m B , m c and m D the rest masses of the particles 
A, B, C and D, while their four-momenta are called P A , P B , P c and P D . 
Capital letters are used here to emphasize that these four-momenta are not 
necessarily evaluated in the C.M. or laboratory systems. When we wish to 
indicate that the four-momentum of particle A is evaluated in the C.M. 
system we shall use the symbol p A as in the previous sections. Similarly, the 
corresponding laboratory four-momentum will be called (p A ) L . 

Conservation of energy and momentum gives 

P A + P B = Pc + Pd (2.112) 

with the additional constraints [see eq. (2.69)] 

Pa = “a. p b = m *> Pc = »»c> Pi = ml (2.113) 

which are called “mass-shell conditions”. It is convenient to introduce the 
three Lorentz invariant Mandelstam variables [1] 

s = (P A + Pb ) 2 = (Pc + Pd) 2 , (2.114) 

^ = (Pa - Pc ) 2 = (Pb - Pd ) 2 (2.115) 

and 

u = (P A - P D ) 2 = (Pc - Pb) 2 - (2.116) 

We now observe that one can only form six independent invariants with the 
three independent four-vectors P A , P B and P c (or P D ). Moreover, since the 
four constraints (2.113) must be obeyed, the three Mandelstam variables s , t 
and u are not independent. Indeed, one directly obtains from eqs. (2.114)- 
(2.116) the following linear relation between s, t and u: 

s + t + u = m\ + m B + me + m£. 


(2.117) 
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What is the physical interpretation of the Mandelstam variables? We have 
already seen that the quantity s is the square of the total energy in the C.M. 
system. Eqs. (2.115) and (2.116) show that t and u are squares of four- 
momentum transfers. From eq. (2.115) we have 

t = m\ + yy\q — 2 P A P C = ml + ml — 2P B P D . (2.118) 

Next, working in the C.M. system, and using the initial and final relative 
three-momenta 


and 

we have (see Fig. 2.4) 


Pi = Pa = ~P b 
Pi = Pc = ~Pd 


t = m\ + ml — 2 E a E c + 2\p { \ \p ( \ cos 0 = ml + ml — 2E B E D 

+ 2\ Pi \ \p { \ cos 9 

where \p^ is given by eq. (2.101) and 


(2.119) 


IPfl = 2 m o (2.120) 

Similarly, we deduce from eq. (2.116) that 

u = ml + ml — 2 E a E d - 2|pi| \p { \ cos 0 = ml + ml — 2E B E C 

- 2\ Pi \ \p t \ cos 0, (2.121) 

Using eqs. (2.119) and (2.121), we can express cos0 in terms of the Mandel¬ 
stam variables as 


cosO = 


1 


™l)2(s, ml, ml) 

We note that for an elastic collision, where 


{s(t - u) + (ml - ml)(ml 


ml)}. 

( 2 . 122 ) 


m A = m c , m B = m D , \p { \ = \p f \ = \p\ 

we simply have 

t = -2\p\ 2 (\ - cos 6) = —4\p\ 2 sin 2 %6 (2.123) 

while 

u = — 4\p\ 2 cos 2 i0. (2.124) 

Other useful relations may be obtained by evaluating the quantities t and u in 
the laboratory system. For example, we see from eq. (2.118) that 

t = ml + ml - 2m B (E D ) L = (m B - m D ) 2 - 2m B (K D ) L (2.125) 

where (A^l = (E D ) L — m D is the kinetic energy of the particle D in the 
laboratory system. 
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Apart from the fact that the Mandelstam variables are very convenient to 
transform kinematical quantities between the C.M. and the laboratory 
system, they also allow a symmetric description of the reactions 


A + B —► C + D, 

(2.126) 

A + C -» B + D 

(2.127) 

A + D-> B + C 

(2.128) 


linked by crossing symmetry [e.g. 17]. Here B is the antiparticle of B, etc. 
A loose way of formulating the crossing assumption is that the transition 
amplitude for a process containing a particle of four-momentum p in the 
initial (final) channel is identical with the transition amplitude for the 
“crossed” reaction containing the corresponding antiparticle of four- 
momentum —p in the final (initial) channel. Thus the Mandelstam variable t , 
defined by eq. (2.115) for the process (2.111) [or (2.126)] becomes 

t = (Pa- Pc ) 2 - (Pa + Pc ) 2 (2.129) 

for the crossed process (2.127). It now has the meaning of the square of the 
total energy for the reaction (2.127), which is called therefore the channel”. 
The original process (2.126), where the Mandelstam variable s defined by 
eq. (2.114) corresponds to the square of the total C.M. energy is called the 
‘\y channel”. Similarly, the process (2.128) is the “w channel” because, on 
invoking our crossing arguments 

u = (P a -P d ) 2 -+(Pa + Pd) 2 - (2.130) 


As an example, let us consider the case of nucleon-nucleon scattering, 
neglecting the mass differences between neutron and proton. Choosing as our 
“*y channel” the reaction 

n + p -* n + p “s channel”, (2.131) 

we then have 

n + n p + p “t channel” (2.132) 

and 

n + p -> n + p “u channel”. (2.133) 

In the physical region of the “s channel” reaction (i.e. that domain of the 
variables s 9 t 9 u where the reaction (2.131) can occur) we have 

5- = 4 (m 2 + \p\ 2 ) ^ 4m 2 , 

while 

t = — 4|/?| 2 sin 2 ^0 < 0 
and 


u = — A\p\ 2 cos 2 i0 ^ 0. 

Similarly, in the physical region of the “/ channel” reaction we have t > 4m 2 
while s 9 u < 0. Finally, in the physical region of the “w channel” reaction, 
one has u > 4m 2 and s 9 1 < 0. 
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This situation can be clearly illustrated by using a diagram suggested by 
Mandelstam [1], which describes the variables s, t and u in a symmetric way 
on a two-dimensional plot. The Mandelstam diagram for the symmetric case 
considered here is illustrated in Fig. 2.9. 



Fig. 2.9. The Mandelstam diagram for equal mass elastic scattering. 


This analysis has been extended by Kibble [18] to the case of four arbitrary 
masses, with the following results. The physical regions corresponding to the 
three processes (2.126)—(2.128) do not overlap and are delimited by the three 
branches of a cubic curve. (In the equal mass case the cubic “degenerates” 
into three straight lines). In general, there exists also a central loop in any 
Mandelstam diagram (for example the central triangle in Fig. 2.9). This loop 
corresponds to the physical region of the decay process 

A -» B + C + D (2.134) 

provided this process is energetically possible, i.e. if 

m A > m B + m c + m D . (2.135) 


2.2.4. Collisions with three and more particles in the final state 
We now consider relativistic collisions of the type 

A + B -» C t + C 2 + • •• C„. (2.136) 

For such a reaction one can form 3n — 4 independent Lorentz-invariant 
variables [19]. We define again 

S = (Pa + Pb) 2 = (P l +P 2 + ■■■ P n ) 2 s P\ (2.137) 
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We may also consider the quantities 

s u = (Pi + Pj) 2 = mf + m) + 2 Efij - 2\P t \ \Pj\ cos 0 y 

(ij = (2.138) 

where 0 y is the angle between the three-vectors and The effective mass 
of particles i and j is defined as the square root of s u . A separate C.M. 
system for particles / and j can be defined by requiring that 

P t + Pj = 0 (2.139) 

so that, in this frame, the effective mass of particles / and j is simply 

y /J^=E i + E j . (2.140) 

This frame is particularly convenient to discuss the decay process 

X C, + C y (2.141) 

because it coincides with the rest frame of the unstable particle X. 

We may extend the concept of effective mass to an arbitrary number of 
particles. For example, the quantity 

Sijk = (Pi + Pj + Pk) 2 = s,j + S jk + s ik - mf - m) - mf (2.142) 

is the square of the effective mass of particles ij and k. If there are only three 
particles in the final state, we have, 

Su = (Pk + Pi) 2 = (P~ Pi) 2 = s + ml — 2E 3 Js (2.143) 

where E 3 is the energy of particle 3 in the (over-all) C.M. system and we have 
used the fact that P = 0 in that frame. We see from eq. (2.143) that the C.M. 
energy of one of the three particles is determined by the total C.M. energy 
together with the effective mass of the two other particles. 

Finally, we can also introduce the 2 n four-momentum transfers 

tAi = (Pa ~ Pt) 2 , i = 1,2,... n (2.144) 

and 

tm = (P B ~ Pd 2 , i= 1,2,... n. (2.145) 

Since there are only 3n — 4 independent Lorentz-invariant variables, the 
effective masses and four-momentum transfers defined above are not all 
independent. The best choice of variables often depends on the particular 
process being considered. In fact, although the effective masses and four- 
momentum transfers defined above are obvious candidates to describe 
multiparticle reactions of the type (2.136), it is sometimes convenient to 
introduce other kinematical variables [e.g. 20 , 21 ]. 

There exists also a variety of ways to “represent” processes of the type 
(2.136) on two-dimensional diagrams. For example, in the case of a reaction 

A + B —■* Cj + C 2 + C 3 (2.146) 

X C, + C 2 + C 3 (2.147) 


or a decay 
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each “event” can be plotted as a point in the (E u E 2 ) plane or equivalently 
[see eq. (2.143)] as a point in the (y 23 , ^ 13 ) plane. This is called a Dalitz plot 
[22], an example of which is given in Fig. 2.10. Another important diagram 



Fig. 2.10. Dalitz plot for a production process A + B Ci + C 2 + C 3 . Dots indicate 

observed events. 

for the production process (2.146) is the Chew-Low plot [23], where events are 
plotted in the (t A3 , ^ 12 ) plane. In the case of four particles in the final state, 
a frequently used diagram is the scatter plot , such that events are recorded in 
the plane Cy 12 , s 34 ). 
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Problems to Part I 


1. A thin foil of gold of surface density 9.2 x 10~ 4 g/cm 2 is bombarded by 
electrons of 150 MeV energy coming from a linear accelerator. The 
accelerator produces pulses at a rate of 60 per second and each pulse 
contains 10 9 electrons. After focusing, the cross sectional area of the 
incident beam is 3 mm 2 . 

a) Compute the incident electron flux and the average number Jf A 
of electrons per cm 3 in the incident beam. 

b) Assume that a (100% efficient) detector of surface area 20 cm 2 , 
placed at 50 cm of the target, and at a laboratory angle of 50° has detected 
on the average 1.3 elastically scattered electrons per second. What is the 
corresponding elastic differential cross section ? [Note: the atomic mass 
of gold is 197 a.m.u. and Avogadro’s number is N 0 = 6.02 x 10 23 .] 

2. Consider the scattering of K + mesons of momentum 2 GeV/c, incident on 
protons. These are contained in a bubble chamber target of length 1 m, 
filled with liquid hydrogen (whose density is 0.071 g/cm 3 ). The average 
number of interactions per cm path for a K + meson is measured to be 
0.08. What is the corresponding total cross section? 

3. Show that in a non-relativistic two-body collision the kinetic energy K h 
of a particle in the laboratory system is related to its kinetic energy K in 
the center of mass system by the relation 

K l = K(l + t 2 + 2t cos 0) 

where r is given by eq. (2.9) and 6 is the angle between the center of mass 
velocity v of the particle and the incident direction. 
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4. Let (TQl = (A" a ) l be the initial kinetic energy in the laboratory system 
of a non-relativistic binary reaction A + B -> C + D. Prove that the 
center of mass kinetic energies of the two outgoing particles C and D are 
given respectively by 

r , _ ™ D (K; + Qif) ^ _ m c (Ki + Q if ) 

A c — -;-, — --- 

m c + m D m c + m D 

where K { = m B {K^J{m x + m B ) is the initial kinetic energy available in 
the C.M. system and Q i{ is the change of internal energy occurring in 
the reaction. Find the corresponding laboratory energies ( K C ) L and 
(*d)l- 

5. Consider a non-relativistic elastic scattering collision between two 
particles A and B, of masses m A and m B . 

a) Obtain the laboratory scattering angles of the two outgoing particles 
in terms of their respective center of mass scattering angles. Show in 
particular that in the laboratory system the “target” particles B always 
recoil in the forward hemisphere. 

b) Calculate the ratios (d<j/dQ L )/(d<T/dQ) for both outgoing particles. 

6. Use the results of the preceding problem to analyze the kinematics of 
low-energy neutron-proton scattering. Neglecting the mass difference 
between the proton and the neutron, find the ratio of the differential cross 
sections in the laboratory and center of mass systems. Assuming that the 
angular distribution is isotropic in the center of mass system, plot the 
quantity dcr/d^2 L . 

7. Consider a merging beam experiment in which two beams containing 
particles of equal mass M travel along a common axis with different 
(non-relativistic) velocities. Calling A K the energy difference of the two 
beams while v t and v 2 are their respective velocities in a coordinate 
system (S) where the observer is at rest, show that the center of mass 
kinetic energy K is given by 

K = 0AK) 2 /8K 

where K = Mv 2 / 2, with v = (v i + i? 2 )/2. 

8. Assume that a proton is scattered elastically by a deuteron, the incident 
laboratory energy of the proton being (Ai) L = 10 MeV. 

a) Obtain the center of mass velocities and kinetic energies of the 
proton and deuteron after the collision. 

b) Find the laboratory kinetic energy of an outgoing proton scattered 
at an angle 6 = 60° in the center of mass system. What is the laboratory 
kinetic energy of a deuteron recoiling at a laboratory angle 0 L = 30° ? 
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9. A beam of protons is incident on a gas of deuterium which we assume to 
be at rest. The binding energy of the deuteron is 2.2 MeV. What energy 
must the incident protons have in order to induce the break-up reaction 
p + d-*p+p + nl 

10. Consider the inelastic collision 

He + (ls) + H(ls) -> He + (ls) + H(2p) 

in which He + ions excite hydrogen atoms from the ground state to the 2p 
states. 

a) Obtain the laboratory kinetic energy of the He + ions at the threshold 
of this collision. 

b) Calculate the recoil kinetic energy of the H(2p) particles in the 
laboratory system, at an angle of 30° and for incident He + particles having 
a laboratory energy of 5 keV. 

11. Consider the nuclear reaction 

a + ^N->p + 17 s O 

induced by alpha particles of 50 MeV laboratory energy. Calculate the 
kinetic energy in the laboratory system 

a) of the protons emitted in the forward direction and at a laboratory 
angle of 45°; 

b) of the nuclei recoiling at a laboratory angle of 30°. 

[Note: The value of Q 1{ for this reaction is —1.18 MeV.] 

12. A beam of monochromatic photons of wavelength A is scattered by a 
target of free electrons (Compton effect). Let A' be the wavelength of 
a photon scattered at a laboratory angle 0 L . Show that the wavelength 
shift AA = A — A' is given by AA = 2A C sin 2 ^0 L , where A c = hjmc is the 
Compton wavelength and m the rest mass of the electron. Obtain the 
laboratory recoil kinetic energy of the electron and the energy loss of the 
photon when A = lA(10~ 8 cm) and 0 L = 30°. 

13. Consider a collision between two particles A and B, having masses m A 
and m B . Prove that in the laboratory system the energy (E A ) L , the 
magnitude of the three-momentum \p A \ h and that of the velocity |t> A | L of 
particle A are given respectively in terms of invariant quantities by 

(£a)l = “ Wa ” m * ) ’ I/7aIl = 2^V^( s . m i> m i) 

and 

KIl = m\, m|)/(s - ml - m\) 

where the quantity s is defined by eq. (2.85) and A is the “triangle” function 
defined by eq. (2.100). 
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14. Consider a two-body reaction A 4- B -» C 4- D for which the Mandel¬ 
stam variable t is defined by eq. (2.115). 

a) Starting from eq. (2.119), find the maximum and minimum values 
allowed for t in terms of (fixed) s and the masses m A , m B , m c and m D . 

b) Prove eq. (2.122). 

15. Study the kinematics of pion-nucleon elastic scattering (^-channel 
process), together with the related /- and w-channel reactions. Determine 
the corresponding physical regions and represent them on the Mandelstam 
diagram. 

16. Prove that for a two-body reaction A 4- B -» C 4- D between spinless 
particles the quantity da/dt is related to the center of mass differential 
cross section da/dQ by 

da 4ns da 

dt 

17. Consider a relativistic two-body reaction A + B -> C + D. Let (E A ) L 
be the laboratory energy of particle A. 

a) Show that the center of mass energies of the two outgoing particles 
are given respectively by 

E c = (E 2 + ml - ml)/2E = {El 4- y\m% - ml)}/2yE L 

and 

E d = (E 2 + ml - ml)/2E = {El 4- y\ml - ml)}/2yE L 

where E h = (E A ) L + m B is the total laboratory energy, E = y~ 1 E L is the 
total center of mass energy and y = (1 — Vl/c 2 )~ 1/2 . 

b) Let 6 be the center of mass scattering angle between the incident 
direction and that of the outgoing particle C. Obtain expressions for the 
laboratory energies (E c ) h and (E D ) L in terms of E C 9 E d and other 
known quantities. 

18. Consider the reaction p + p -* d + n + 9 induced by a beam of protons 
having a kinetic energy of 800 MeV and incident on protons at rest. The 
masses of the particles involved in the reaction are respectively (in MeV): 
m p = 938.2, md = 1875.4 and m n + = 139.7. Let 6 be the center of mass 
scattering angle between the incident direction and that of the outgoing 
deuterons. 

a) Find the center of mass kinetic energy and the magnitude of the 
velocity of each of the outgoing particles. 

b) Obtain as a function of 6 (varying from 0° to 180° in steps of 30°): 
the laboratory scattering angles, the kinetic energies and the ratios 
(da/dQi/)/(da/dQ) for both outgoing particles. 
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19. Show that for a reaction (or a decay) leading to three particles C l5 C 2 , C 3 
in the final state (with masses m u m 2 , m 3 and center of mass energies 
E u E 2 , E 3 ), the limiting curve of the Dalitz plot (E u E 2 ) satisfies the 
equation 

s - 2 > J~s(E 1 + E 2 ) + 2 E x E 2 + m\ + m\ - m\ 

± 2 y]{E\ - m\)(E\ - ml) = 0. 

20. Assume that in a certain two-body reaction A + B -> C + D one is able 
to detect the particles C together with their laboratory kinetic energy K L , 
so that the quantity do-/di^ L is known. Find the relationship between 
d<7/dAT L and the center of mass differential cross section (i) in the non- 
relativistic case and (ii) in the relativistic case. 
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Potential Scattering: General Features 


We begin in this chapter our study of the simplest collision problem: the 
non-relativistic scattering of two particles which interact through a potential 
V(r) depending only on their relative coordinate. The dynamical problem to 
be solved is to calculate the cross sections. This can be accomplished in two 
different ways. We shall first follow the time independent method, in which one 
assumes that the incident beam has been acting for a long time, so that the 
whole system has reached a stationary state. After separating the motion of 
the center of mass in Section 3.1, we introduce the stationary scattering wave 
function in Section 3.2 and show in Section 3.3 how the cross sections are 
related to the asymptotic behaviour of this wave function. An important relation, 
called the optical theorem is derived in Section 3.4 from the conservation of 
probability. Finally, we consider in Section 3.5 the scattering of wave packets. 
This allows us to look more closely into the physics of a scattering problem 
and to discuss in particular our use of stationary scattering wave functions. 
It also provides a useful transition towards the time-dependent methods which 
will be developed in Chapter 12 for potential scattering and in Part III for 
general collisions. 

We assume that the reader is already familiar with the basic notions of 
quantum theory. However, in order to make our presentation reasonably 
self-contained and also to agree on terminology and notation, we have given 
in Appendix A a brief review of the general features of quantum mechanics. 

5.7. Separation of the center of mass motion in a two-body 
problem 

Let us consider a non-relativistic system of two particles A and B, with masses 
m A and m B , coordinates r A and r B measured from some fixed origin 0 (see 
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Fig. 3.1) and momenta P A , P B . We assume that these particles interact through 
a real potential V(r A — r B ) which depends only upon the relative coordinate 
r A ~ r B • The classical Hamiltonian of the system is therefore given by 

H = P\\2m A + P\\2m B + V(r A - r B ). (3.1) 

A 


B 


Fig. 3.1. Illustration of the vectors #*a, **b, r and R of the text. 

According to the principles of quantum mechanics, the dynamics of this 
two-body system is governed by the time-dependent Schrodinger equation 

H9(r A , r B , t) = i h ^ V(r K , r B , t) (3.2) 

where ^(r A , r B , t ) is the wave function of the system and the Hamiltonian 
operator H , written in the coordinate representation {r A , r B }, is obtained by 
making the substitutions P A -> — ih and P B — ift V PB on the right- 
hand side of eq. (3.1). It is therefore given by [1] 

" - - + <3 3) 

and the time-dependent Schrodinger equation (3.2) may be written explicitly 
as 

+ y( ' A - 0 ~ *4 n,A> r » <3 - 4) 

This is a partial differential equation in seven variables, namely the six 
spatial coordinates and the time. Fortunately, however, several important 
simplifications can be made. First of all, since the Hamiltonian operator 
(3.3) is time-independent , we may directly separate out the time dependence 
of the wave function. Indeed, we see that eq. (3.4) admits particular solutions 
of the form 

V'Oa. »b> 0 = <p(? A, »b) expj— , (3.5) 

namely stationary states for which the total energy iTtot of the system has a 
definite value. A general solution of eq. (3.4) can then be obtained as a sum of 
such particular solutions. Substituting the expression (3.5) of W into the 
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Schrodinger equation (3.4), we find that the time-independent wave function 
(p(i - A , r B ) satisfies the equation 

[- 2 -^V r \ - A-V*. + F(r A - r B )Jcp(r A , r B ) = E tot cp(r A , f B ). (3.6) 

This is the time-independent Schrodinger equation of our two-body problem. 

We now proceed to simplify eq. (3.6) by using the fact that the potential 
only depends on the difference of coordinates r A — r B . We introduce the 
relative coordinate 

r = r A - r B (3.7) 

together with the vector 

R = {m A r A + m B r B )/(m A + m B ) (3.8) 

which determines the position of the center of mass of the system (see Fig. 
3.1). Changing variables from the coordinates (r A , r B ) to the new coordinates 
(r, R), we find that eq. (3.6) can be rewritten in terms of the new coordinates 


as [2] 

/ h 2 , h 2 , \ 



( ~2M Vr ~ 2n? r + V{r) r R ’ r) = r) 

(3.9) 

where 

\ / 

M = m A + m B 

(3.10) 


is the total mass of the system and 


m = m A m B /(m A + m B ) (3.11) 

is the reduced mass of particles A and B. In order to avoid the introduction 
of a new symbol we have adopted here a rather loose notation, writing 
<P(r A , r B ) = (p(R , r). 

We may also obtain eq. (3.9) in the following way. Let us introduce the 
relative momentum 


P = (m B P A - m A P B )/(m A + m B ) (3.12) 

together with the total momentum 

P = P A +P B . (3.13) 

These are the conjugate momenta of the coordinates r and R , respectively. 
Since 

Rll^ m A + F B /2m B = F 2 /2M + p 2 j2m , (3.14) 

we can write the classical Hamiltonian (3.1) as 

H = P 2 I2M + p 2 /2m + V(r). (3.15) 

Then, making the substitutions P -* — i h\R and p -* — i h\ r we obtain the 
Hamiltonian operator in the { R , r } representation as 

h 2 * h 2 * 

H= ~ —Vi - —V P 2 + Vir) (3.16) 


and therefore the Schrodinger equation (3.9). 
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Let us now analyze eq. (3.9) in more detail. Since the potential only depends 
on r, a separation of the wave function (p(R, r ) can be made into a 
product of functions of the relative coordinates and the center of mass 
coordinates. In fact, eq. (3.9) has a complete set of solutions of the form [3] 

<p(R 9 r) = <P(R)iKr) (3.17) 


where the functions <P(R) and satisfy respectively the equations 

h 2 


;VW = E cm $(R) 


and 


with 


2 M 

-V, 2 + V(r)Wr) = Eil/(r) 
Etot = Ec. m. + E. 


{-& +v ^y 


(3.18) 

(3.19) 

(3.20) 


We see that eq. (3.18) is a time-independent Schrodinger equation describing 
the center of mass as a free particle of mass M and energy Ec.yi.. The other 
time-independent Schrodinger equation (3.19) corresponding to the relative 
motion yields a wave function \J/(r) which represents a particle of mass m in 
the potential V(r). We have therefore “decoupled” the original two-body 
problem into two one-body problems, that of a free particle (the center of mass) 
and that of a single, “relative” particle of reduced mass m in a potential V(r). 
Furthermore, if we elect to work in the C.M. system of the two colliding 
particles, as we shall do in what follows, we need not be concerned by the 
motion of the center of mass, whose coordinates are thus eliminated. The 
problem of the scattering of two particles, interacting through a potential 
V(r ) which depends only on their relative coordinate r is therefore entirely 
equivalent, in the C.M. system, to the scattering of a particle of reduced 
mass m by the potential V(r). 


3.2. The stationary scattering wave function 

Let us consider the non-relativistic scattering of a spinless particle of mass m 
by a potential V(r). The time-dependent Schrodinger equation of the system, 
namely 

( t 2 \ ^ 

_ 2^ V ' + V(r) ) nr ’ 0 = ih dt nr ’ 0 (121) 

admits stationary state solutions of the form 

^(r, t ) = \fj{r) exp(—, (3.22) 

where the wave function i j/(r) is a solution of the time-independent 
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Schrodinger equation (3.19) and the energy E of the particle has the definite 


value 




E = p 2 \2m — h 2 k 2 jlm = mv 2 \ 2. 

(3.23) 

Here 




Pi = hki = mv i 

(3.24) 


is the initial momentum of the particle, k x its initial wave vector and v x its 
initial velocity. The magnitudes of these vectors are given respectively by p 9 k 
and v. Introducing the “reduced potential” 

U(r) = (2 m/h 2 )V(r) (3.25) 

we may rewrite eq. (3.19) as 

\yl + k 2 - U(ry]xKr) = 0. (3.26) 

We shall assume that the potential V(r) tends to zero faster than r~* as 
r -» oo, leaving the analysis of the scattering by a Coulomb potential to 
Chapter 6. We may then look for a particular solution of eq. (3.19) or eq. 
(3.26) which we shall call the stationary scattering wave function and denote 
by ij/i+Xr). This function satisfies the asymptotic boundary condition 

^(exp(ifei-r) + f(0, . (3.27) 

r-*oo \ J 

Here A is independent of r and the angles 6 and (j) are illustrated in Fig. 3.2, 
together with our choice of the polar z-axis along the direction of the 
incident wave vector k { . The origin 0 coincides with that of the vector r. 


0 



We may easily verify that for any function f(6, 0) the expression (3.27) 
satisfies eq. (3.19) asymptotically through terms of order 1 /r in the region 
where V(r ) can be neglected, provided that the potential V(r) vanishes faster 
than r -1 as r -» oo. 

Let us now investigate the physical meaning of eq. (3.27). We see that at 
large distances the stationary scattering wave function ifri+Xr) is the super¬ 
position of a plane wave of wave vector k x and an outgoing spherical wave 
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with an amplitude depending on 0 and cj) and inversely proportional to r . 
That the spherical wave is an outgoing one can easily be checked by returning 
to the time-dependent wave function (3.22) and noting that the expression 

* exp{i(/cr — cot)} 

indeed describes a spherical wave with positive phase velocity [4] 

dr/dt = co/k. (3.28) 

The physical interpretation of the quantity A and the angular function / 
appearing in eq. (3.27) will be discussed in the next section. We shall however 
postpone until Chapter 5 the proof of the existence and uniqueness of a 
stationary scattering wave function xj/^ satisfying the boundary condition 
(3.27). In fact, the form of the boundary condition (3.27) itself may be 
questioned, since the incident beam is not really a plane wave, but a narrow 
beam. Nevertheless, we shall show in Section 3.5, using a wave packet 
description, that the boundary condition (3.27) is essentially correct. 


3.3. Cross sections 


According to the definition given in Section 1.3, the quantity 

<7(G) dQ = ^-dQ (3.29) 

d(2 

is the number of particles emitted per unit time and unit incident flux within 
the solid angle d Q about the direction (2(0, <£) (see Fig. 3.2). It is therefore 
equal to the outgoing flux of particles scattered through the spherical surface 
r 2 dQ (for r -* oo), divided by the incident flux. 

In order to obtain these quantities, let us consider the probability current 
density associated with the Schrbdinger equation (3.19), namely 

j(r) = *(»•)( vx»-)) - (v r iA*(r))t/K»-)} 


= Re|^*(r)V>(r)j. (3.30) 

It satisfies the continuity equation 

\rj + dp/dt = 0 (3.31) 

where p = \ift\ 2 is the probability density. Since op jet = 0 in our stationary 
case, eq. (3.31) reduces to 

V,/ = 0. (3.32) 

Because the gradient operator \ r in spherical polar coordinates is given by 


8 A U. 1 8 ± 

dr r 86 r sin 6 8(j > v 


(3.33) 
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where the unit vectors P, 6 and <j> are shown in Fig. 3.2, we can write the 
radial part of the probability current density corresponding to the wave 
(or the radial outgoing flux through a unit surface normal to P) as 

j-P = Re|~A*^—.{exp( —i/crcosfl) + 

L r J 

x !{exp(i*r cos 0) + m . (3.34) 

Consider now the incoming plane wave 

&ki(r) = A exp(i&i.r). (3.35) 

Its flux through a unit area normal to the incident wave vector k t is given by 

Jinc'bi = Re\A*A—. exp( —i kz) exp(ifcz)} = A*A— = A*A v (3.36) 

l mi dz J m 

where we have used the fact that v = hk/m. The radial flux of the outgoing 
spherical wave considered alone may be written as 

or 

j out -P = A* A v~lf(Q)l 2 + ■■■ (3.37) 

where we have neglected terms of higher order in 1/r. We may therefore 
rewrite eq. (3.34) as 

j f = Uinc + /out + Jim) ■ * (3-38) 

where the interference term j in fP is given by 

1. exp(ifc r cos 0)Jj 

= Re|yl*yl^|^ife/((2)- exp{i/cr(l — cos 0)} 

+ i k cos 0 /*(£)?- exp{—ifcr(l — cos 0)}J + • • • j . (3.39) 

Again the terms of higher order in 1 /r have been neglected. 

Let us now examine more closely the angular dependence of this inter¬ 
ference term [5]. We see that it is completely different from that of the other 
two terms /i nc and /out- Indeed, unless 0 = 0 (forward direction scattering), it 
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is clear that/j nc oscillates very rapidly as a function of r as r becomes large. 
Now let us take into account the fact that the incident wave vector k { is 
never sharply defined but that we have instead a superposition of waves with 
wave vectors in an interval Ak around k { (i.e. a wave packet). The oscillatory 
terms may then be neglected for M 0, since 


Ck+Ak 

J k 


exp{ikr(l — cos 0)} d k = 


ir(i ~ c “ 


(3.40) 


and therefore 

pfc+Ai 

lim exp{ifcr(l — cos 0)} dk = 0, 0 # 0. (3.41) 

r-*oo J k 


Thus, except for the case 0 = 0 which we shall consider in more detail 
below, the interference term (3.39) may be dropped so that the incident and 
outgoing fluxes can be computed separately. The outgoing flux of particles 
passing through a spherical surface element r 2 dQ for very large r is then 
given by 

A*A v\f(Q)\ 2 dQ. (3.42) 

Dividing by the incident flux (3.36) and by d Q we therefore obtain the 
differential cross section 

%-\mf <3-43) 

while the total cross section is given by 

= J^(G)dfl. (3.44) 

The quantity f(Q) is called.the scattering amplitude. Eq. (3.43) is the desired 
relation between the asymptotic behaviour of the wave function i/^ and 
the differential cross section. It is of fundamental importance since it links 
our theoretical knowledge - contained in xj/^ - to the experimental quantity 
do/dQ. 

Although we have indicated explicitly the dependence of the scattering 
amplitude on the angles 6 and <£, it is also in general a function of the energy 
E of the particle (or equally well of its wave number k or of the magnitude p 
of its momentum or v of its velocity). Thus we may write for example 


^(£, e, 4>) = \f(E, e, tfoi 2 


(3.45) 


or 


77 ik, M) = | f(k, e, tf>)| 2 


(3.46) 
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where we have used again the same notation to avoid the introduction of new 
symbols. Similarly, the total cross section (3.44) may be written explicitly as 

°tot(E) = I o dO sin 0 J ^ d</> g (£, 0, cj>) (3.47) 

with similar expressions for <r tot (k), a tot (/?), <r tot (v), etc. 

At this point it is worth emphasizing the differences between scattering 
problems and bound state problems [6]. In the bound state case the most 
important quantities are the discrete energy eigenvalues E n , which are obtained 
by solving the eigenvalue Schrodinger equation (3.19) with the appropriate 
boundary conditions. These include the requirement that the eigenfunctions 
ij/ n (r) corresponding to the eigenvalues E n be square integrable, so that the 
normalization condition 

JWr)| 2 dr = 1 (3.48) 

leads to the consideration of absolute probability densities \ij/ n \ 2 . 

On the other hand, in scattering problems, the energy E is a given value 
lying in the continuous spectrum of the Hamiltonian operator H , and the 
basic theoretical quantity is the scattering amplitude which, from eq. (3.27) 
is related to the behaviour of the stationary wave function xj/^ at large 
distances from the origin. We also note from eq. (3.27) that the wave 
function \j/^ is not square integrable. A way to avoid this difficulty is to 
work with wave packets, as we shall illustrate in Section 3.5. Alternatively, we 
can adopt other types of “normalization” for our scattering wave functions, 
for example the delta function normalizatipn [7] and define only relative 
probability densities. It is worth noting in connection with this point that 
the cross sections are independent of the “ normalization ” coefficient A of 
eq. (3.27). We may therefore choose this quantity as we please. For example, 
if A = 1 the incident plane wave has unit density in r space, while the choice 
A = v~ 1/2 corresponds to a wave function “normalized” to unit incident flux. 

3.4. The optical theorem 

We now return to our analysis of the radial flux, but concentrate on the 
forward direction 0 = 0. We consider an area r 2 6Q centered about the z 
axis, with a small opening angle <50 (see Fig. 3.3). 
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Let us integrate the expression (3.39) for the interference current over this 
angular interval, with all smoothly varying factors put equal to their value at 
0 = 0. Since 


cosdO 


d(cos 6) exp{i/cr(l — cos 6)} 


= exp(ifcr)—(exp( — ifcr) — exp( —ifcrcos SO)} 

1/i/ 


= i jkr -1- oscillating terms, (3.49) 

we have 

r 2 I dQj int P = — 4^*^4—Im f(6 = 0) (3.50) 

J<5ft m 

where we have used the fact that the scattering amplitude is independent of $ 
in the forward direction. 

Let us now return to the continuity equation (3.32), namely 

V r *y = 0. (3.51) 

By integrating over a sphere around the origin we deduce that 

r 2 f d Qj-P = 0 (3.52) 

a relation which expresses the conservation of flux, in the absence of sources 
or absorbers of particles within the sphere. Remembering that 

J = Zinc + Zou, + Zin. (3.53) 

and letting r -* oo, we obtain from eqs. (3.37), (3.38), (3.50) and (3.52) 

TP 

A*A-{k J \f(Q)\ 2 dS2 - 4 n Im f(9 = 0)} = 0 (3.54) 

where we have also used the fact that J d£J j m c P = 0. With the help of 
eqs. (3.43) and (3.44), we may then write 

fftot = (4n/k) Im f(6 = 0). (3.55) 

This is the optical theorem [8], sometimes called the Bohr-Peierls-Placzek 
relation. It is clearly a direct consequence of the conservation of the probability 
flux . We shall see later that a relation of the type (3.55) is valid in much more 
general circumstances than for potential scattering. At present we simply note 
that eq. (3.55) arises because of the destructive interference between the 
incident and the scattered waves behind the scattering region (6 ^ 0). 
In other words, the “shadow” cast by the target in the forward direction 
reduces the intensity of the incident beam, so that the scattered particles are 
removed from it in an amount proportional to cr to t- 
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5.5. Potential scattering of wave packets 

In this section we want to justify our use of stationary scattering wave 
functions and investigate in detail the boundary condition (3.27). We shall do 
this by considering the scattering of wave packets [9]. Although our discussion 
deals with the simple case of non-relativistic scattering of a spinless particle 
by a potential, the main results obtained can easily be generalized. 

It is obvious that the use of a stationary scattering wave function 

il*kV(r) exp(—i Et/h) (3.56) 

to describe the actual physical situation is an idealization. In fact, because of 
the inevitable spread in the direction and magnitude of the incident wave vector 
k i9 each particle which participates in the scattering should be represented by 
a wave packet built by superposing stationary waves with wave vectors k 
slightly different from k { . 

Let us first discuss the free particle wave packet , which we construct as a 
superposition of stationary-state eigenfunctions for the free particle. Thus we 
write 

<P(r , t) = (2n )~ 3/2 J A(k) exp{i (k r — cot)} d k (3.57) 

where [10] 

co(k) = E(k)/h = hk 2 / 2 m (3.58) 

and the amplitude A{k) can be determined by Fourier inversion if the wave 
packet is known at some particular time, say t = 0. Indeed 

A(k) — (2n)~ 3/2 j exp(— ik-r)<P(r, 0) dr (3.59) 

so that A(k) is in fact the wave function in momentum space (or rather in 
“wave vector space”) representing our wave packet at t = 0. We note that 
each individual plane wave exp (iA; • r — cot) contributing to the wave packet 
(3.57) travels in the direction of its wave vector k with constant phase 
velocity - the velocity of propagation of planes of equal phase - 

v 4 , = co(k)/k = hk/2m (3.60) 

and has a reduced wavelength X = k" 1 . 

We shall normalize our wave packet in such a way that 

j 1 4>(r, t) | 2 dr = j \A(k )\ 2 dk = 1. (3.61) 

We also assume that the experimental situation is such that the spreading (in 
direction and magnitude) of the wave vector k is small. In that case A(k) 
exhibits a strong peak about k = k i9 with a small spread in wave number 

A k < k t (3.62) 

and the wave packet <P(r, t ) is practically concentrated in a region 

Ar - 1/A k. (3.63) 
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Writing 


A(k) = \A(k)\ exp{ia(&)} 
we have, from eq. (3.57) 


Let 


<P(r, t) = (2n) 3/2 J \A(k)\ exp{i[£-r — co(k)t + a(A;)]} dk. 
j 3(k) = kr — co(k)t + ot(k) 


(3.64) 

(3.65) 

(3.66) 


be the phase of the exponential. Since <P(r, t) clearly reaches its largest 
(absolute) values when the phase /? is practically constant, we define the 
center of the wave packet by the condition 

(V k m)u= kl = 0. (3.67) 


This point travels therefore with a uniform motion according to the law 

r = V + ^0 (3.68) 

where 

Vi = (\ k (o) k = kl = hk-Jm (3.69) 


is the group velocity of the packet and 

To = (-V fc a (*))*=*, (3.70) 

More generally, if we shift the time origin at t = t 0 , we have 

r = i?i(/ - t 0 ) + r 0 . (3.71) 

Let us examine in more detail the motion of the wave packet (3.65). We 
first note that, as it leaves the collimator, the packet will have a transversal 
width d of the order of the size of the collimator (say about 10“ 1 cm). 
Calling D the size of the region in which the experiment is performed (see 
Fig. 3.4), we assume that 

d < D (3.72) 

so that the scattered particles can be distinguished from the transmitted ones. 



Fig. 3.4. Schematic drawing of the characteristic lengths describing the scattering of a 

wave packet by a potential. 

Of course the wave packet also has a longitudinal width / which is directly 
related to the spread in energy since 

/ - 1/A k. 


(3.73) 
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In what follows we shall assume that 

d~ l = Ar. (3.74) 

We now return to the expression (3.65). Expanding c o(k) in powers of 
(k — ki) and keeping only the first two terms, we find with the help of .eq. 
(3.69) that 

co(k) = co(ki) + v(fc — *i) + * * * (3.75) 

or, since v { k x = 2<o(A; i ) 

co(k) = — co(ki) + v x k + • • • . (3.76) 

Similarly, we have 

a(k) = a(&i) - r 0 -(k - k { ) + • • • (3.77) 

where we have used eq. (3.70). Thus, dropping an irrelevant constant phase 
vector, we may write 

0(r, t) = (2n)~ 3/2 expjico^i)/} J \A(k)\ exp{iA-(r — v x t — r 0 )} dA: (3.78) 
so that 

<f>(r, t) = exp|^£(fcj)(f - t 0 )j<£0 - «,(£ - t 0 ), ( 0 ). (3.79) 

Hence a free wave packet centered around the point r 0 at time t 0 will have 
the same shape at time t and be centered about the point r = ^(f — / 0 ) + 

(as we expect from eq. (3.71)). This result is only valid if we may neglect higher 
order terms in the expansions (3.75) and (3.77). In particular, we must require 


that 

A( k - lift 4 1. 

2m 

(3.80) 

Since 

(k - kf < (A k) 2 

(3.81) 

and 

t < 2 D/Vi — 2Dmlhk l 

(3.82) 

we can rewrite the condition (3.80) as 



{(Ak) 2 /ki}D < 1. 

(3.83) 


Now, using the uncertainty relation ArAk~ 1 [see eq. (3.63)] and the fact 
that = kr l , we also have 

(XiD ) 1 ' 2 < Ar. (3.84) 


This requirement is easily met in most experiments dealing with micro¬ 
scopic systems. For example, with = 10" 8 cm and D = 10 2 cm, we have 

D ) 1/2 = 10" 3 cm Ar ~ 10" 1 cm. (3.85) 
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So far, we have considered a free wave packet “centered” about the point 
r 0 at the time t 0 , and whose “center” moves according to the relation (3.71). 
In what follows it will prove convenient to choose the time origin in such a way 
that at t = 0 the center of the packet strikes at the position b a plane perpendi¬ 
cular to k { and passing through the origin. The vector b is called the impact 


incident wave 
packet 



(b) 

Fig. 3.5. The scattering of a wave packet by a potential (a) before the collision; (b) after 

the collision. 

parameter vector ; its length b is shown in Fig. 3.4. The corresponding wave 
packet, which we call <P b (r, t), is then given from eq. (3.65) by 

®b(r, t) = (2n)~ 3/2 J \A(k)\ exp{i[A>(r - b) - co(k)t]} dk (3.86) 
or 

<P b (r, t) = exp{i[&i-(r — b) — co{kdt]}x{r - b - v) (3.87) 

where the function 

X(r - b - V) = (2ny 3/2 j \A(k)\ exp{i (k - k^) (r - b - V)} dk (3.88) 
determines the shape of the wave packet. According to eq. (3.61) we have 

f |*(*)| 2 ds = 1. (3.89) 



POTENTIAL SCATTERING: GENERAL FEATURES 


59 


It is apparent that the “center” of the wave packet $b(r 9 1) now moves 
according to the law r = vj + b. 

Having discussed the free particle wave packet, we now turn to a wave 
packet description of the scattering experiment (see Fig. 3.5). Let us denote 
by a the linear dimension of the scatterer. Since Ar > a in microphysics, the 
detailed shape of the wave packet does not affect the results of the experiment, 
and we may assume that all particles are described by packets of the same 
shape, each characterized by the quantity b which determines the motion of 
its center. 

As in the free particle case, we now write the wave packet of the complete 
problem as 

Wb(r,1) = (2tt)" 3/2 | \A(k) | exp(— ik-b)^\r) exp{ — \a)(k)t} d k (3.90) 

where we have simply replaced the plane wave exp(iA>r) by the stationary 
scattering wave \r) in eq. (3.86). Clearly Tbir, t) is a solution of the time- 
dependent Schrodinger equation (3.21) since it is a superposition of solutions 
of that equation. 

First of all, let us show that Whir, t) is identical to $b(r, t) before the col¬ 
lision occurs (i.e. when t — oo). Since A r D and the potential tends to 
zero sufficiently fast as r -* oo, the packet does not overlap the target when 
their centers are far apart. Therefore, we may use the asymptotic form (3.27) 
of the scattering wave in this case and write 

n(i% 0 - Mr, t) + n c (r, t) (3.91) 

where 4>*(i*, t) is the incident wave packet and 

n%r, o = (2n)~ 312 J \A(k)\ exp(-i k ■ b)f(k, Q) ex ^' (kr ~ w(/c)t) ^ dfc. 

(3.92) 

When t — co, the phase of the integrand in eq. (3.92) cannot be stationary 
in the region k ~ k x where \A{k)\ exhibits its peak. The integral (3.92) is 
therefore negligible and we may write 

n(M) -* *«,(»% 0- (3.93) 

t-* — 00 

For t -+ + co, in the detection region, we may again write eqs. (3.91) and 
(3.92). In this case, however, the phase of the integrand in eq. (3.92) may be 
stationary in the region k ~ k { and we must examine the expression of 
W s b c in more detail. To this end, let us write the quantity f(k, Q) as 

f(k, Q) = | f(k, Q) | exp {i/1 (A:, Q)}. (3.94) 

Moreover, we shall assume that the function f(k, Q) is slowly varying in a 
region of linear dimension A k about the point k = k { . Specifically, we shall 
write 

I/(*, G)l = l/(*i, «)l (3.95) 
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A(k, Q) ~ A(k u Q) + p{Q) {k - k { ) 

where 

p(Q) = [V k A(k, Q)] k =ki 

and we assume that 

\p\ < A r. 

Then if we also develop 

k = • (k — k { ) + 

and use eq. (3.75), we find that 

nwc- .X .. r„. rt\ ex p{i[^i r - /_ .... , 


n c (r, 0^/(*i,«) 


x[£iO - + p - *]• 


(3.96) 

(3.97) 

(3.98) 

(3.99) 

(3.100) 


It is apparent from eq. (3.100) that if b > Ar the scattered wave T s b c can be 
neglected, since the function % is very small. On the other hand, if b < Ar, 
then W s b c represents a wave packet of outgoing spherical waves moving away 
from the target with the velocity In fact, we note that such a wave packet is 
centered at time t at the distance 

r ~ v x t — p H l (3.101) 

so that the quantity i /v i is a measure of the time delay (or advance) 
occurring during the passage of the scattered wave in the interaction region. 
The probability that a detector, placed in the direction Q = (0, (j>), will record a 
scattered particle is given by the probability of finding this particle within the 
solid angle (Q, Q + d£2) at a time / = t > Arjv { such that the collision process 
has ended. Thus we have 

P b {Q) = j“i n c (r, T)| V dr (3.102) 

or using eq. (3.100) 

Pb( Q ) = l/( fc i> fi )l 2 J o I Xlh(r ~ t) + p - b~\\ 2 dr. (3.103) 

Changing variables to z = r — v { x, and using the fact that > Ar so that we 
may integrate on the z variable from — oo to + oo, we have 

P b (Q) = \m, Q)\ 2 f + ” \x(HiZ + p- b) I 2 dz. (3.104) 

J - oo 

We have thus far considered a particular wave packet corresponding to the 
impact parameter vector b. For a beam of particles of unit flux, the proba¬ 
bility of scattering in the direction Q is obtained by integrating the expression 
(3.104) over all the impact parameters b. The differential cross section is 
therefore given by 

^ = \f(k„ Q)\ 2 j* dz | d 2 b\x(KiZ + p - b) | 2 . 


(3.105) 
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Hence, if we set 

s = k { z + p — b 

and use eq. (3.89), we finally obtain 

% - !/»■• Q )l ! 

which is the fundamental relation (3.43). 


(3.106) 

(3.107) 
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The Method of Partial Waves 


We have shown in Chapter 3 that the scattering amplitude and the cross 
sections are determined by the asymptotic behaviour of the stationary 
scattering wave function. In this chapter we shall learn how to use this 
property and to obtain explicitly the scattering amplitude and cross sections 
when the potential is central (i.e. depends only on the magnitude r of the 
vector r ). In this case the solutions of the Schrodinger equation (3.19) may 
be separated in spherical polar coordinates, and a simple connection between 
the radial solutions and the asymptotic form of the stationary scattering 
wave function may be found. This procedure, which is called the method of 
partial waves [1], is exposed in Section 4.1. Two important results, namely the 
optical theorem and the unitarity relation , are derived in Section 4.2 within 
the framework of the partial wave analysis. The computation of the phase 
shifts , which play a key role in the method of partial waves, is the subject of 
Section 4.3. Various examples are studied in Section 4.4, while resonances are 
examined in Section 4.5. Finally, the method of partial waves is extended in 
Section 4.5 to the case of complex potentials , which allow for the removal of 
particles from the incident (elastic) channel. 

4.1. The partial wave analysis 

4.1.1. The radial equations 

Let us consider the scattering of a spinless particle of mass m by a real, 
central potential V(r). As in Fig. 3.2 we adopt a spherical coordinate system 
with the z-axis along the incident direction, while the origin 0 coincides with 
that of the vector r. As shown in Fig. 4.1, the Cartesian or rectangular 
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coordinates of the vector r are then related to its spherical polar coordinates 
by 

x = r sin 6 cos </>, 

y — r sin0 sin</>, (4.1) 

z — r cos0. 



Fig. 4.1. Relation between the Cartesian and spherical polar coordinates of the vector r. 


The Hamiltonian operator H = — (fe 2 /2m)V^ + V now reads in spherical 
polar coordinates 


—£F 


n 8f 2 8\ 1 3/ . „ 0\ 

r 2 8r\ dr) + r 2 sin 6 80\ &m ° do) 


+ ^rew] + nr) <4 ' 2) 

and the Schrodinger time-independent equation (3.19) for the stationary 
scattering wave function can be written as 
h 2 ri 8f 2 d\ 1 df. n d\ 

2m|_r 2 8r\ 8r) + r 2 sin 6 86\ 6 ~8b) 

+ ^2 0 + V(r)^Xr) = E^Xr). (4.3) 

Let us consider the orbital angular momentum operator 

L = rx p (4.4) 

where p is the momentum of the particle. We have, using the fact that 
p -► — i hS r together with eqs. (4.1): 


L x = yp z - zp y = -i h 
Ly = zPx ~ xp z = -i h 



L z = xp y - yp x = -i h 



ae+ M0co^Ey 


- * I) - i *(- cos * m + M 6 sin * $ • 

(4S 
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The operator “square of the orbital angular momentum” is then given by 


L — L 2 + L 2 + L 2 



1 c 2 ' 
sin 2 0 8(j) 2 _ 


(4.6) 


One easily verifies that 



[L x , L y ] — ihL z 



[L y , L z ] = i hL x 
[L zi L x ] = i hLy 

(4.7) 

and 


[L\ L x ] = [L\ L y ] = [L\ L z ] = 0 

(4.8) 

where 


[A, B] = AB - BA 

(4.9) 


denotes the commutator of the operators A and B. From the relations (4.7) 
and (4.8) we deduce that one can find eigenfunctions which are common to 
the operators L 2 and one of the components of L. These are the spherical 
harmonics Y lm (6 , <£) [2] such that 



L 2 Y lm (6, <f>) = /(/ + l)h 2 Y lm (6, 4>) 

(4.10) 

and 

L z Y lm (0, 4>) = mhYje, 4>), 

(4.11) 

where / and m are called respectively the orbital angular momentum quantum 
number and the magnetic quantum number. 

We now return to the Hamiltonian (4.2) which we rewrite with the help of 
eq. (4.6) as 



(4.12) 

so that 

[H,L 2 ] = [H,L Z ] = 0. 

(4.13) 


Because the operators H , L 2 and L z all commute, we can look for eigen¬ 
functions common to these three operators. We may therefore expand the 
scattering wave function in partial waves corresponding to given values 
of the quantum numbers / and m as 


*X\k, r) = I I cjk) R lm (k, r) Y lm (0, <£)• (4.14) 

1 = 0 m=-l 


Here we have explicitly displayed the dependence of the function of the 
radial functions R im and of the expansion coefficients c im on the wave number 
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k = (2 mE) 1/2 /h. The central problem of the method of partial waves is to take 
advantage of the expansion (4.14) in order to obtain a convenient expression 
of the scattering amplitude. Before we do this, however, it is necessary to 
analyze several important questions. 

First of all, we note that by using the expansion (4.14) in the 
Schrodinger equation (4.3) and making use of eqs. (4.10) and (4.12) we 
obtain for every radial function the equation 

- ^t( r2 £) " r) + V (r)R,(k, r) = ERflc, r). (4.15) 

Here we have written R t (k, r ) instead of Ri ttn (k, r) since there is no dependence 
on the magnetic quantum number m in eq. (4.15). 

It is convenient to use the new unknown function 

u t (k 9 r ) = rR t (k 9 r ) (4.16) 

and introduce the reduced potential U = 2mV/h 2 [see eq. (3.25)]. The new 
radial equation which we obtain from eq. (4.15) is then 

[d 2 /dr 2 + k 2 - /(/ + l)/r 2 - U(r)]u t (k 9 r ) = 0. (4.17) 

It is worth noting that there is no loss of generality in assuming that u t (k 9 r) is 
real, since both the real and the imaginary parts of a complex w, would 
separately satisfy eq. (4.17). 


4.1.2. The radial equations for a free particle 

In order to solve eq. (4.17) for the radial wave functions u t it is necessary to 
specify the boundary conditions which must be satisfied by these functions. 
Before we do this, however, let us first examine the solutions of eq. (4.17) 
for U{r) = 0, namely 

[d 2 /dr 2 + k 2 - /(/ + l)/r 2 ]yi(k, r) = 0 (4.18) 

so that eq. (4.18) is simply the radial equation for a free particle. 

Changing variables to p = kr and defining the function 


Mp) = yjp 


(4.19) 


we see that the analogue of eq. (4.15) without interaction potential reads 



2 d 

H- J -h 

pdp 



1(1 + 1 )' 


)] 


fi(P ) = 0. 


(4.20) 


This equation is known as the “spherical Bessel differential equation 55 . 
Particular solutions of this equation which are often used in scattering theory 
are the spherical Bessel function j i9 the spherical Neumann function n t and 
the spherical Hankel functions h\ Y) and h\ 2) . The definitions and some 
important properties of these functions are given in Appendix C. The 
general solution of eq. (4.20) is then a linear combination of two linearly 
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independent particular solutions. Since the pairs of functions (jb n i) and 
{h\ l) 9 h\ 2) ) are linearly independent solutions of eq. (4.20) we may write the 
general solution y t of eq. (4.20) as 

y t (k 9 r ) = kr\C\ l \k)j t {kr) + C\ 2 \k) n t (kr )] (4.21) 

or 

y t (k, r) = kr[p\ l \k) h\ l \kr) + D\ 2 \k) h\ 2 \kr)~\ (4.22) 

where the two pairs of “integration constants” (C/°, C, (2) ) and (Z), (1) > A (2) ) 
may still, of course, depend on k. 

The examination of the behaviour of the spherical Bessel function j t (p) as 
p -> 0 shows that this function is regular at the origin, where it is proportional 
to p l [see Appendix C, eq. (C.lla)]. The other functions n h h\ l) and h\ 2) have 
a pole of order (/ + 1) at p = 0 and are called irregular solutions of eq. (4.20). 
By analogy, a function v t (k, r) which is given (up to a ^-dependent multiplica¬ 
tive factor) by 

v t (k, r) ~ rj t (kr) (4.23) 

is called a regular solution of eq. (4.18). We note that it vanishes at the origin, 
namely 

v t (k, 0) = 0. (4.24) 

More precisely, we have 

u t (k,r) ~ r ,+ 1 . (4.25) 

r -*0 


Solutions of eq. (4.18) which fail to vanish at r = 0-for example rn t (kr), 
rh\ l) (kr) or rh\ 2) (kr) - are called irregular solutions of that equation. 

Returning to eq. (4.20), we see that the only solution [3] of that equation 
which is finite everywhere is (up to a /^-dependent factor) the function j\{kr). 
For every positive energy value there exist therefore eigenfunctions 
ji(kr) Y lm (6 , </>) common to the free Hamiltonian 


fi 2 u2 

-V 2 

2m r 


and to the operators L 2 and L z . We note that each solution of this kind is 
labelled by the value of k (varying from 0 to oo) and by the two indices / and 
m which take on discrete values. Furthermore, it may be shown that the 
eigenfunctions j t {kr) Y lm (6 , <f) constitute a complete orthogonal set, the 
orthogonality of the functions j t (kr) for different values of the continuous 
index k being ensured by eq. (C.19) of Appendix C. 

Now, the plane wave exp(i k { • r) which represents a free particle of well 
defined momentum p x = hk x is clearly a solution of the Schrodinger equation 


H 0 t = Eij/ 


( 4 . 27 ) 
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for positive values of the energy such that E = h 2 k 2 /2m (with k = \k { \). 
In fact, this plane wave exp(i k r r) is an eigenfunction common to the free 
Hamiltonian (4.26) and the (linear) momentum operator of the particle; it is 
labelled by the three (continuous) components of the vector k { . Since the 
eigenfunctions ji(kr)Yi m (6, </>) form a complete set, we may develop the plane 
wave exp(ifci-r) in a series of these functions. Choosing the z-axis along the 
direction of k { so that expOkj-r) = exp(ikr cos 6) is independent of the 
azimuthal angle (f> one readily obtains the well known formula [e.g. 4] 

exp(iki-r) = exp(ifcz) = £ (21 + l)i l j t (kr) P t (cos 6) (4.28) 

1 = 0 

which is the partial wave expansion of the plane wave exp(ikz). Here the 
functions P t ( cos 6) are the Legendre polynomials 

/ 4tt \ i/2 

Pl(COS 6) = (2TM ) Yl ' o(6) * (4 * 29) 

Using the addition theorem of the spherical harmonics [see eqs. (B. 39) of 
Appendix B], namely [5] 

4tt +l 

p ,(c°s 6) = —— X YUk-MJP) (4.30) 

11 + 1 m = -l 

we note that eq. (4.28) may also be written as 

exp(ifc| • r) = 4n Y ^ i l ji(kr)Yf m (Ki)Y lm (P), (4.31) 

1 = 0 m = —l 

a formula which is valid for any choice of z-axis. In what follows we shall 
continue to choose the z-axis along the direction of Jq. Then, if we compare 
eqs. (4.14) and (4.28) and use eq. (4.29), we verify that for a free particle 
the radial functions R im (k , r) are indeed identical to the spherical Bessel 
functions j t (kr) [up to a ^-dependent factor]. Choosing this factor to be 
equal to one, we see that the coefficients c lm of the partial wave expansion 
(4.14), which we denote in this case by c? m , are given by 

C? m = [4n(2l + 1 )] 1 ' 2 (4.32) 

4.1.3. The boundary conditions 

Let us now return to the radial equation (4.17) and examine the boundary 
conditions which we must impose upon the radial functions u t (k 9 r). On the 
basis of the above discussion we would expect that outside the “range 55 [6] 
a of the potential we may use eq. (4.21) to express u t (k, r) as 

u t (k 9 r) = kr[C\ l) (k)j£kr) + C (2 \k) «,(kr)], r > a. (4.33) 

In order to investigate this question in more detail, let us assume that r is 
so large that the terms U(r) and /(/ + l)/r 2 may be neglected in eq. (4.17). 
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An “asymptotic 55 solution is then obviously of the form exp(±iAr). More 
precisely, we may write for large r 

u t (k, r) = F t (k , r) exp(±ifcr) (4.34) 

where 1F t (k, r ) is a slowly varying function of r to be determined. Substituting 
eq. (4.34) into eq. (4.17) we find that 

F' l 'IF l ± 2i kF\IF t = Wir) (4.35) 

where we have set 

W,(r) = U(r) + /(/ + l)/r 2 (4.36) 

and we have written F{ = dFJdr, F" = d 2 F l jdr 2 . Since the function F t is 
slowly varying, we may drop the term F"/Fi in eq. (4.35) and write 


±2\kF'i!F l ~ W t (r) 

so that for large r 

F,(k, r) = expj ±~ f W,(r') dr'l. 

V. J J 

(4.37) 

(4.38) 

Therefore, if 

lim \U(r)\ < 4r- e 

(4.39) 


r->oo 


where Mis some constant and e is greater than zero, we deduce from eq. (4.38) 
that the function F t is independent of r for r -> oo. Thus, if the condition (4.39) 
is satisfied the general solution of eq. (4.17) for large r is given by 

w,(/c, r) = B\ l \k ) e ifcr + B\ 2 \k ) e“ ifcr (4.40) 

where Bj l \k) and B[ 2) (k) are independent of r. Using the fact that [see eqs. 
(C.12) of Appendix C] 


j,(x) -> - sin(x - %ln) 

(4.41a) 

JC—► CX5 % 


n t (x) -* - cos (x — \In ) 

*->00 X 

(4.41b) 

hj"(x) -> i 

*-> oo X 

(4.41c) 

on X 

(4.41d) 


X->00 


we may also rewrite eq. (4.40) in the form of eqs. (4.21) or (4.22). Thus we 
have, in accordance with eq. (4.33), 

u,(k, r) -> krlC^ikjj^kr) + CS 2) (fe)«,(fcr)] (4.42) 

r-> oo 

or 

u,(k, r ) kr[D\ l Xk)h\ l Xkr) + D\ 2 Xk)h\ 2 Xkr )]. (4.43) 
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We note, however, that the Coulomb field, which falls off like r" 1 as r oo 
does not satisfy the condition (4.39) so that eqs. (4.42)-(4.43) are not valid 
for the Coulomb interaction. We shall study the Coulomb potential separately 
in Chapter 6. 

We may also use eqs. (4.41) to express the boundary condition (4.42) or 
(4.43) in slightly different manners. For example, from eqs. (4.41a) and 
(4.41b), we obtain 



u t (k, r ) -»• A,(k) sin [kr — \ln + <5,(A:)] 

r-*co 

(4.44) 

with 


A,(k ) = {[ c , a ) ( k )] 2 + [ cm ] 2 }*/ 2 

(4.45a) 

and 


tan <5,(fe) = - C\ 2 \k)IC\ l \k). 

(4.45b) 


We note that eqs. (4.16), (4.42) and (4.45b) also imply that we may write 
R t (k, r ) -> A t (k)[j t (kr) - tan d^nfkr)] (4.46) 

r-> oo 

where Afk) is independent of r. We shall return shortly to the role of the 
“constants” A t (k) and A t (k ) in eqs. (4.44) or (4.46). For the moment, we note 
that the quantities S h which are called the phase shifts , display the influence of 
the interaction. Indeed, in the absence of interaction, the regular solution 
v t (k,r ) of the radial equation (4.18) (i.e. the analogue of eq. (4.17) for 
U(r ) = 0) is just given by v t (k , r ) ~ rj t (kr) [see eq. (4.23)], so that 

v t (k 9 r ) - sin (kr-iln). (4.47) 

r~* oo 

Upon comparison of eqs. (4.44) and (4.47) we see that the interaction is 
clearly responsible for the presence of the phase shifts <5,. Notice that the 
phase shifts are measured in radians or degrees. 

It is also convenient to express the boundary condition for u t (k , r ) as 
r -> oo in the form of eq. (4.40) or (4.43), i.e. in terms of radially incoming 
[exp(— ikr)] and outgoing [exp(iAr)] waves. Upon comparison with eq. (4.44) 
we may write for example 

u t (k, r ) - mi-i-y e ~' kr + S t (k) e'* 1 '] (4.48) 

r~* oo 

with 

A t (k) = A t (k) i' exp{-i^,(A:)}(-)'/2i (4.49) 

while the coefficient of the outgoing wave is given by 

S t (k) = exp {2/<5 *(&)} (4.50) 

and is called an S-matrix element [7]. 

Let us now examine the boundary condition which must be satisfied by 
the radial functions u t {k 9 r) at the origin r — 0. This boundary condition is 
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determined by the requirement that all the possible physical states are de¬ 
scribed by a complete , orthogonal set of wave functions [8]. A detailed examina¬ 
tion of this question [e.g. 9] shows that two physically allowed solutions 
u t (k 9 r) and u t (k\ r) must satisfy the condition 

lim | u t (k, r) ^ uf(k', r) - uf(k', r) ^ u,(k, r)j = 0. . (4.51) 

For a large class of potentials the requirement (4.51) may be simplified as 
follows. Let us assume that near the origin the interaction has the form [10] 
U(r) = r p (a 0 + *!#■+••-) (4.52) 

where p is an integer such that p ^ — 1. We then expand the solution u t in 
the vicinity of r = 0 as 

u t = r s (c 0 + cpr + ...), c 0 ^ 0. (4.53) 

Upon substitution of eqs. (4.52) and (4.53) in the radial equation (4.17) we 
find by looking at the coefficient of the lowest power of r (i.e. r s ~ 2 ) that the 
quantity s must satisfy the indicial equation [e.g. 11] 

s(s - 1) - /(/ - 1) = 0 (4.54) 

so that s=l+l or s=— /. The choice s = — / corresponds to irregular 
solutions which do not satisfy the condition (4.51). The other choice s = / + 1 
corresponds to regular solutions which are physically allowed. These solutions 
are therefore such that the condition (4.51) simplifies to [12] 

u t (k 9 0) = 0 (4.55) 

with 

u t (k 9 r) ~ r l+1 . (4.56) 

r->0 

We now consider the case for which the potential is more singular than 
r _1 at the origin. If the interaction is repulsive near r = 0, there is no special 
difficulty and we may continue to impose the simple condition (4.55) since 
obviously R t (k 9 0) = 0 in this case. On the other hand, if the potential is 
attractive in the neighbourhood of the origin the nature of the singularity is 
important. For example, when p = — 2 and a 0 < 0 in eq. (4.52) it may be 
shown [13] that physically acceptable solutions of eq. (4.17) exist only for 
a 0 > — i. The case for which p < — 2 with a 0 < 0 has been studied by 
Case [8] with the help of the general condition (4.51). In what follows we 
shall consider only those interaction potentials which are less singular than 
r~ 2 at the origin. 

4.1.4. Scattering amplitude and cross sections 

We now turn to the determination of the scattering amplitude. We recall that 
the asymptotic form of the scattering wave function r ) is given by 

eq. (3.27), i.e. 

'I'ltXk’ r ) -*• ^(fc)^exp(ifci • r ) + f(k, 0, <l>) eX ^ — - j , (4.57) 
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where we have displayed explicitly the ^-dependence of all the quantities. 
Using eqs. (4.28) and (4.41a), we may also write eq. (4.57) as 


WXk,r) -> A(k )\£ (2 1 + l)i« sin(fcr ifa) P,(cos0) + /(fc,0,0) — 

r-► oo = 0 kl* 1* _ 


(4.58) 


or, with the help of eq. (4.29), 

'I'itXb, r) -► A (k) \ £ £ [4n(2l + 1)] 1/2 i' 

r~* oo \_l = 0 m = -l 

exp{i(fcr — $ln)} — exp{ —i (kr — iln)} 


2i kr 


Yim(0, W m ,o + f( k , 0, <l>) ■ 


?]• 

(4.59) 


On the other hand, we may also consider the partial wave expansion (4.14) 
for large r. Using the fact that R lm (k,r) = Rt(k,r) = r^ 1 u l (k,r) together 
with eq. (4.44) we obtain the relation 


'I'ktXk, r) Z E c im(k)A,(k)—[e\p{i(kr - iIn + d t )} 


r ~*oo 1 = 0 m= —l 


- exp{ —i(kr - + <5*)}]y im (0, <£). (4.60) 


Upon comparison of the coefficients of the incoming spherical waves in 
eqs. (4.59) and (4.60) we have 


cjk) = + l)] 1/2 i' exp(i S,)S mt0 . 


(4.61) 


We note that eq. (4.61) implies that we may rewrite the partial wave expansion 
(4.14) as 

WXk, r ) = A(k) £ J 4 ?* 1 * 0 i' exp(i S^k, r)Y t , 0 (6) (4.62a) 

or 

00 (21 + 1) 

'I'itXk, r ) = A(k) £ - i l exp(i SJR^k, r)P,(cos 0). (4.62b) 

1=0 


Next, by matching the coefficients of the outgoing spherical waves, and 
using eqs. (4.61) and (4.29) we find that the scattering amplitude is independent 
of (j) and given by 

f(k, 0) = - 5 - £ (21 + l)[exp{2i<5,(/c)} - l]P,(cos 0). (4.63) 

ZlfC l = Q 

We may also rewrite eq. (4.63) in the form 

f(k, 0) = £ (2 1 + l)a,(k)P,(cos 0) (4.64) 

1=0 
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where the partial wave amplitudes a t (k) are such that 

a i(k) = ^[exp{2i^(fc)} - 1] = - 1]. 


(4.65) 


Thus the knowledge of the phase shifts enables one to obtain the scattering 
amplitude. We will return in Section 4.3 to the actual calculation of phase 
shifts. For the moment, we note that we may also rewrite eq. (4.63) as 


f(k, fl) = | ^ (21 + 1) exp{i«5,(/c)} sin <5 i (/c)P i (cos 0) 
k 1=0 


while eq. (4.65) becomes 


a t (k) = t exp{i(5j(/c)} sin biik). 

rC 


(4.66) 


(4.67) 


According to the fundamental relation (3.43), the differential scattering 
cross section is given by 

do -i oo oo 

—(k,0) = |/(M)I 2 = P I Y (21 + mi' + l)exp{i[^(fe) - <5 r (fc)]} 

<dl£ K i — o /' = o 


x sin <5j(/c) sin <5 r (/c)P/(cos 6)P r (cos 0). 
The total cross section is then obtained as 

r do 

a tot (k) = 2n I — (fe, 0) sin 0 d0. 

Since [see eq. (B.5) of Appendix B] 


! 


^ P,(x)P,’(x) dx = 2 ffi 5u ’ 


(4.68) 

(4.69) 

(4.70) 


only the terms with l = V arising from the double sum (4.68) contribute to 
the integral (4.69), so that 


djr 00 00 

^totW = 71 Z (21 + 1) sin 2 $i(k) = Z a i( k ) 

k i=o i=o 

where each partial wave cross section o t (k) is given by 
aik) = %ll + 1) sin 2 6 t (k). 


(4.71) 


(4.72) 


We note that the maximum contribution of each partial wave to the total 
cross section is given by 


«TW = p(21 + 1) 


(4.73) 


and occurs when 

8,(k) = (n + i)n. 


n = 0, +1, +2. 


(4.74) 
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On the contrary, when 5 x (k) = nn there is no contribution to the scattering 
from that partial wave at the energy E = h 2 k 2 /2m. 

It is apparent from the above formulae that the method of partial waves is 
most useful when only a small number of partial waves contribute to the 
scattering. This situation arises at low incident energies. More precisely, if a 
is the “range” [6] of the potential and k the wave number of the particle, only 
those partial waves will be important for which 

/ £ ka. (4.75) 

We shall shortly obtain this condition by using a simple semi-classical 
argument. For the moment, we note that the first and most important 
maximum of the free radial wave function j x (kr) occurs approximately at 
r 0 = l/k , while for small r the function j x is small and increases as r l (see 
Appendix C). Therefore, if a 4, Ijk , the function j x will be very small in the 
scattering region, and the corresponding phase shift S x will be negligible. We 
may then cut off the partial wave series approximately at / max = ka. Thus, if 

ka < 1 (4.76) 

we need only calculate a small number of phase shifts in order to obtain the 
scattering amplitude. 

The physical explanation of this fact is very simple. Indeed, if we return to 
the radial equation (4.17), we see that the “effective potential” is just U eff (r) = 
U{r) + /(/ + 1 )jr 2 and that the centrifugal barrier term /(/ + 1 )/r 2 becomes 
more and more important as / increases. Hence, when / grows, the 
incident particle needs more and more kinetic energy to overcome the 
repulsion of the centrifugal term in order to probe the region where the 
potential acts. We therefore expect that at low bombarding energies only a 
few low partial waves will affect the scattering significantly. 

Two important reservations should be made about the above discussion. 
Firstly, the potential should not decrease too slowly at large distances. 
Indeed, if the potential falls off slowly at large r the role of the centrifugal 
barrier is less important and substantial scattering can be caused by the long 
tail of the interaction. We shall therefore require that the potential has a 
finite “range” [6]. Secondly, we have not taken into account the possibility 
of resonance phenomena which-at a given energy-may considerably 
enhance the scattering in a particular partial wave. We shall study resonance 
scattering in Section 4.5, but turn now to a semi-classical description of the 
collision which illustrates qualitatively the discussion following eq. (4.75). 

4.1.5. Semi-classical description of a collision 

Let us first consider the scattering of classical particles having an incident 
momentum by a central force of finite range a (see Fig. 4.2). This, of course, 
represents always an idealization in which the quantum features of the 
collision are ignored. In that case the concept of trajectory may be used. 
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Fig. 4.2. The scattering of a classical particle. 


The position of each incident particle can then be defined by the cylindrical 
coordinates (b, <j >, z). The quantity b is called the impact parameter , while the 
vector b = (b, <j>) is the impact parameter vector. From the definition of 
Section 3.1, we note that the quantity da is equal to the area which, lying in 
a plane perpendicular to p i9 is crossed by the particles scattered into the 
solid angle d Q centered around the direction Q(6, $). Thus we have, 
classically 

da cX = bdbdcj) = b ~ b |d(cos 0)| d<£ (4.77) 

d(cos 0) 

and since 

dD = sin 6d6 d<j) = |d(cos 0)| d$ (4.78) 

we may write the classical differential cross section as 


^L'- b 

d b 

b 

d b 

dQ 

d(cos 6) 

sin 6 

dd 


(4.79) 


We remark that the quantity do c \/dQ may be obtained as soon as b is known as 
a function of 0. The determination of b(6 ) is a well known problem of classical 
scattering theory [e.g. 14]. We note that a classical particle will be deflected 
or not according to whether its impact parameter b is such that b < a or 
b > a. Moreover, the angular momentum L = 6/? (with p = |/>i|) is a constant 
of the motion. 

Let us now go over to the quantum mechanical case. We shall require that 
ka> 1, so that the reduced de Broglie wavelength X = k~ x of the particle 
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is small with respect to a . We are then in a “semi-classical” situation and we 
may write 

b = L/p~ jig + T)/k. (4.80) 

By analogy with the classical situation, we expect substantial scattering only 
when 

b <> a or /(/ + 1 ) ~ l <, ka (4.81) 

so that we recover the condition (4.75). It is important to note that the semi- 
classical “derivation” given here only holds when ka^> 1. In fact, the 
discussion following eq. (4.75) shows that this restriction is unnecessary and 
that (except for resonances) the condition (4.75) is quite general. 

4.1.6. The scattering wave function 

Let us now return to the partial wave expansion (4.62) of the scattering 
wave function In terms of the radial wave functions u t {k,r), we may 
write 

'l'kV( k > r ) = A ( k ) X . e xp(4.82a) 

i=o A t (k) kr 

or 

°° 2/ + 1 u(k r! 

'I'ktKk, r ) = A(k) £ — — i 1 exp(i<5J - ^ -- T ,(cos 0 ) (4.82b) 

where the functions u t (k , r) exhibit the asymptotic behaviour (4.44). Hence 
'I'itXk’ r ) “*• A ( k ) E ( 2l + Oi' exp(id,) Sin ^ r + — P,(cos 0) (4.83) 

r-> oo 1 = 0 KV 


and we see that the coefficients A t (k) have no influence on the scattering [15]. 
They merely fix the “normalization” [16] of the radial functions. The 
following “normalizations” are often used [17] 


i) u t (k, r ) -» sin(fcr — \ln + 5 t ), 

(4.84a) 

r-* ao 

or 

u t (k, r ) -* sin(fcr — %ln) cos S t + cos(/cr — %ln) sin d h 

(4.84b) 

r~* oo 

ii) u t (k, r) -> ~ sin(fer — \ln + 

(4.85a) 

r-*ao & 

so that 

Ri(k , r) —* sin(fcr — + (5*), 

r-oo kr 

(4.85b) 

or 

K,(fc, r) -* j/(fcr) cos 5 f — fl/fcr) sin <5*; 

(4.85c) 

r-> oo 

iii) u,(fc, r) -» ^[sin(/cr — + cos (kr — %ln) tan <5J 

r-> oo ^ 

(4.86a) 
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so that 

R t (k, r ) -> ^(/cr) — tan 5 t n^kr). (4.86b) 

r-+ oo 

We also note that eq. (4.82b) may be written in the simple form 

KtKk, r) = r~ l £ &(fc, r)P,(cos 0) 

1 = 0 

where we have introduced the new functions /*(&, r ) such that 
Xi(£> r ) = .!,(&) Ui(k, r) 

with 

^(/c) 


*A) = —^(2/ + l)i' exp(i(5,). 
Therefore, upon using eq. (4.44), we have 


(4.87) 

(4.88a) 

(4.88b) 


Xi(k, r ) 


^l(fc) 


(21 + l)i' exp(i<5,) sin (kr — %ln + 6,). 


(4.89) 


Finally, for further reference, we note that the relation (4.83) may also 
be written in terms of incoming and outgoing spherical waves as 

M\k, r) A(k) £ (2/ + 1)^ 

r-> oo 1 = 0 ^kf 

x [(—)' exp(— ikr) — exp(2i<5,) exp(ifer)]P,(cos 0) (4.90a) 

or, using eqs. (4.41c) and (4.41d), 

WKk, r) - A(k) £ (21 + m‘ 

r-+ oo 1 = 0 

x [h\ 2 \kr) + exp(2i^)/i[ 1) (kr)]P / (cos 0). (4.90b) 


4.2. Optical theorem and unitarity relation 

Let us return to the relation (4.66). Since PjO) = 1 we obtain in the forward 
direction [18] 

f(0 = 0) = j £ (21 + 1) exp(i<5j) sin <5, 
fc/=o 

so that 


• Im f(6 = 0) = - £ (21 + 1) sin 2 S,. 

ki=o 

Hence, upon comparison with eq. (4.71), we find that 

4n 

^tot = y Im f(0 = 0), 

which is the optical theorem (3.55). 


(4.91) 

(4.92) 


(4.93) 
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More generally, one can readily obtain the unitarity relation [19] 

Im m = f * (6 ' )f(do) dQ ’’ ( 4 - 94 ) 

where 0 O is the angle between the directions (0, 0) and (0', <£'), as shown in 
Fig. 4.3. Indeed, let us write from eq. (4.66) 

1 00 

f(8 0 ) = T £ (21 + 1) exp(i<5*) sin 5|P,(cos 0 O ) (4.95a) 


= t Z (2i' + 1) exp(-i<5 r ) sin <5 r P r (cos O'). (4.95b) 

^ r=o 



Fig. 4.3. Illustration of the angles involved in the unitarity relation (4.94). 


But, according to the “addition theorem” of spherical harmonics [see eq. 
(4.30)], we have 

P,(cos0 o ) = -^- £ YfJO', <j>')Y lm {6, 4>) (4.96a) 

LI + 1 m = -i 

while [see eq. (4.29)] 

/ 4 n \ 1/2 

JVCcos 0') = (—-J 7 r ,o(0'). (4.96b) 

Hence, using eqs. (4.95) and (4.96), we may write 
A f f*(0')f(6 o ) dQ' = -W' 2 til (2/' + 1) 1/2 exp{i(<5, - 5 r )} 

47TJ K 1 = 0 i' = o m=-l 

x sin <5, sin 5 v Y lm {6, <f>) f Yf m (6', <j>')Y Vfi (O') dQ'. 

Now, because of the orthonormality property of the spherical harmonics, 
this equation becomes 


k_ 

4n 


J 


f*(e')f(6 0 )dQ' = \t (21 + 1 ) 

K 1 = 0 
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or 

~ f rmm) = (2/ +1>sin 2 sm™qi (4.97) 

4Jt J fc,=o 

On the other hand, we deduce from eq. (4.66) that 

1 °° 

Im f(0) = - Y (21 + 1) sin 2 <5,P z (cos 0). (4.98) 

fc f=0 

Comparing eqs. (4.97) and (4.98), we then obtain eq. (4.94). It is clear that the 
unitarity relation (4.94) reduces to the optical theorem (4.93) when 0 = 0. 
Furthermore, we may use eq. (4.64) to write the unitarity relation in terms of 
partial wave amplitudes as 

Im a t (k) = k\a t (k )\ 2 . (4.99) 


4.3. The phase shifts 

We have shown in Section 4.1 that the knowledge of the phase shifts allows 
one to obtain the scattering amplitude by means of the important relation 
(4.63). In this section we shall study these phase shifts in more detail. 

4.3.1. Relation between the phase shifts and the potential 
Let us first establish some general relationships between the phase shifts and 
the interaction potential. For this purpose, we consider the scattering by two 
reduced potentials U(r) and U(r), with respective radial equations [we omit 
here the explicit ^-dependence of the radial functions] 

[d 2 /dr 2 + k 2 - /(/ + 1 )/r 2 - U(r)]u t (r) = 0 (4.100a) 

and 

[d 2 /dr 2 + k 2 - /(/ + 1 )/r 2 - U(r)]ufc) = 0. (4.100b) 

We shall assume that the functions u t (r) and u t (r) are “normalized” ac¬ 
cording to eq. (4.86a), namely 

u t (r ) ^[sin(fcr — \ln) + cos (kr — \ln) tan <5,], 4.101a) 

u,(r) -» |[sin(fcr — \ln) + cos(/cr — \ln) tan 5J. (4.101b) 

r~* oo k 

The Wronskian of the two solutions u t and u l is defined as 

W(u h i/,) = u x u\ - u' l u l (4.102) 

where the prime denotes a derivative with respect to the variable r. Multiply¬ 
ing eq. (4.100a) by eq. (4.100b) by u t and subtracting term by term, we 

obtain 

u x Ui — ufii — (U — E7)w,m, = 0 
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or 


d_ 

dr 


W(u h u t ) 


- (U - U)ufa. 


(4.103) 


Upon integration over the variable r in the interval (< a , b ), we deduce that 

[W(u h «,)]« = - | i<i(r)[U(r) - U(ry]u,(r) dr. (4.104) 

Choosing a = 0 and b = oo and remembering that w,(0) = u^O) = 0 we 
find with the help of eqs. (4.101) that 


P 00 

tan S t — tan S t = — k I w f (r)[U(r) — U(r)]w,(r) dr (4.105) 


provided that U(r) and U(r) tend to zero faster than r “ 1 when r -> oo. We also 
require that the potentials U{r) and U(r) should not be more singular than 
r~ 2 at the origin, since w 0 (r) ~ r as r -> 0 [see eq. (4.56)]. For the particular 
case U = 0 we deduce from eq. (4.105) the important integral representation 

tan 5, = — k | 00 ji(kr)U(r)R t (r)r 2 dr (4.106) 


where the radial function R t (r) is normalized according to eq. (4.86b). 

The relation (4.105) provides a way of investigating the dependence of the 
phase shifts on the potential. Indeed, let us suppose that the potential depends 
parametrically on a quantity X (which may be thought of as a coupling 
constant or a “strength parameter”) in such a way that U = U(X, r) while 
U = U(X 9 r). Let dX = 1 — X be an arbitrary small quantity. Then, by 
eq. (4.105), we have 




[w,(A, r)] 


2 dV(X, r) 


dX 


dr 


(4.107) 


where we have neglected higher order terms in dA. Hence, if the variation of 
the potential dU/dX has the same sign for any value of r , the corresponding 
variation of the phase shift has the opposite sign. 

By using eq. (4.107) we may give an absolute definition of phase shifts. 
Indeed, until now the phase shifts were only defined modulo n, but we can 
remove this ambiguity by requiring that 5 t = 0 when U = 0 [20]. By varying 
smoothly the potential (i.e. varying the parameter A in a continuous way) 
from U(X U r) = 0 to U(X 2 , r) = U{r) we may then generate progressively the 
phase shifts corresponding to a potential U(r). We note, however, that this 
procedure cannot be used for the particular values k = 0 and k — oo, where 
eq. (4.107) has no meaning. In fact, we shall prove in Section 11.3 an important 
theorem, due to Levinson [21] which implies that the phase shifts <5, at k = 0 
do not vary smoothly as a function of the strength parameter A. 

Adopting this above absolute definition of the phase shifts, we see from 
eq. (4.107) that if the potential is repulsive (i.e. positive for all r\ then <5, < 0. 
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Any increase in this potential yields a smaller (more negative) phase shift. 
Conversely, a purely attractive potential (negative for all r) yields a phase 
shift 5 t > 0. By making this potential more attractive, we increase 5 t . These 
features may easily be understood physically. We first note from eq. (4.47) 
that the free solution v t (k, r) has nodes at 

r = \{nn + %ln) (4.108) 

K 

while from eq. (4.44) we infer that the corresponding nodes of the radial 
function u^k, r) occur in the asymptotic region at 

r = \{nn + \ln — 5 t ). (4.109) 

k 

Now, for repulsive potentials we expect that the radial wave u t (k , r ) should be 
“pushed out” with respect to the free radial wave v t (k , r). Thus the zeros 
given by eq. (4.109) should be displaced with respect to those of eq. (4.108) by 
a positive amount ( — Si/k). Hence S t < 0 in this case [see Fig. 4.4(a)]. By the 
same reasoning we see that for an attractive potential the radial wave u t (k , r) 
is “pulled in” with respect to v t (k , r ) so that S t > 0, as shown on Fig. 4.4(b). 




Fig. 4.4. Schematic representation of the effect on the free radial wave jiikr) of (a) a 
repulsive (positive) potential, (b) an attractive (negative) potential. 

We have already seen above that if 5 t (k) = nn for particular values of / and 
k , there will be no scattering from that partial wave at the energy E = h 2 k 2 /2m 
considered. For example, it may happen that an attractive potential is strong 
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enough to yield an s-wave (/ = 0) [22] phase shift <5 0 = n at a particular low 
energy (ka 1) such that the other phase shifts may be neglected. In that 
case there will be essentially no scattering at that energy. Such a phenomenon, 
called the Ramsauer-Townsend effect , has been observed in low-energy 
collisions of electrons with rare-gas atoms. 


4.3.2. The calculation of the phase shifts 

We now turn to the actual computation of the phase shifts. They are obtained 
by solving the radial equations (4.15) or (4.17) - numerically if necessary- 
subject to the boundary conditions discussed in Section 4.1.3 [23]. In 
particular, the solution obtained inside the range of the potential must go 
over smoothly to the “asymptotic” solution, valid outside the range of the 
interaction. 

When the potential has a strict finite range , i.e. vanishes for r > a, one can 
divide the domain of the variable r into an internal region (r < a) and an 
external region (r > a). The boundary conditions at r = a are then that both 
R t and dR t /dr [or u t and dujdr] be continuous [24] at r = a. Equivalently, 
we may require that the logarithmic derivatives [Rf '(dRjdr)] or [uf ^dwj/dr)] 
be continuous at r = a. Now the exterior solution may be written for example 
as [see eq. (4.46)] 

R t (k, r) = AflcyU&kr) - tan <5, ntfcr)]. (4.110) 

Thus, if we denote by 

1i = [KfWdrXU (4.111) 


the value of the logarithmic derivative of the interior solution R t (k , r) at 
r = a [25], we find that 


= kjjjjka) - tan <5,(fc) n[(ka)] 
^ — tan d t (k) n t (ka ) 


(4.112) 


where we have defined j[(ka) = [dj,(x)/dx] x=ka and n'^ka) = [dn,(x)/dx] x=ta . 
Hence 


tan 5,(k) = 


kj'iika) - yjk^jka) 
kn[(ka) — yffyn^ka) 


(4.113a) 


This formula will be illustrated in Section 4.4 in the case of a square well 
potential. A similar formula may evidently be obtained in terms of the 
logarithmic derivative of the interior solution ufik, r) at r = a [26]. 

If the potential does not vanish identically beyond a certain value of r, but 
has nevertheless a “range” a [6], one chooses a distance d ^ a at which the 
influence of the potential is negligible. The value of the logarithmic derivative 
of the interior solution is then matched at r = d with that of the exterior 
(free) solution [27] so that in this case 


tan <5 t (k) = 


kj'iikd) - y^j^kd) 
kn'tikd) — y^fyntikd) 


(4.113b) 
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It is clear that in performing calculations of this type one must check that 
the phase shifts so obtained are insensitive (within the accuracy required) 
to any increase in the quantity d. In what follows, we shall assume for 
simplicity that d = a. The potentials having a strict finite range and those 
having a “range” will then be treated on the same footing. 


4.3.3. Behaviour of the phase shifts at low energies . Scattering length . 

We may use the properties of the functions j t and n x given in Appendix C to 
predict the behaviour of the phase shifts at low energies. Indeed, let us define 
the dimensionless quantity 


= kj' l (ka)jj l (ka) 

yi(k) 


(4.114) 


Clearly, if the interaction is negligible, we have R t (kr) ~ j t (kr) and q t = 1. 
Now, using the properties (C. 10) of the functions j x and n h we deduce from 
eqs. (4.113) and (4.114) that for ka <4 l 


tan 8 x (k) ~ 


(ka) 2l+1 q x (k) - 1 

(21 + 1)!!(2/ — 1)!! {(/ + + 1 ’ 


l > 0. (4.115) 


Moreover, we note from eqs. (C.10) that the quantity y?(k) = kj[(ka)jj l (ka) 
[i.e. the ratio of slope to value of the free radial function at r = a] is given for 
ka < l by 



y?(fc) = «-![/ + &(k 2 a 2 j], l> 0 

(4.116) 

so that we deduce from eq. (4.114) that 



q t (k) = [«y,(£)]-*[/ + mk 2 a 2 )l l > 0. 

(4.117) 

For / = 

0 and ka 4, 1, we have instead 



. , q 0 (k)-l 

(4.118) 

with 

q 0 (k) = [ay 0 (k)\ ~ ‘[- \(ka) 2 + 0(fc V)], / = 0. 

(4.119) 

Hence, for both cases 1 = 0 and / > 0, we may write [28] 



x „ (ka) 2l+1 l - ay t (k) 
tan di— . 

D t l + 1 + ay t (k ) 

(4.120) 

and 

t s (ka) 2l+1 l — af t 

tan 0 j -> _ , 

fc->o A l + 1 + a% 

(4.121) 


where we have defined 

X), = (2/ + 1)!! (2/ — 1)!!, />0 



THE METHOD OF PARTIAL WAVES 


83 


and 

f, = lim y,(k). 

k-+ 0 

Moreover, we assume for the moment that a% ^ — (/ + 1). Thus we deduce 
from the relation (4.121) that the phase shifts tend to zero (modulo n) as 
k 2l+1 . The S matrix elements (4.50) are then given by 

S x (k)-> 1 + 2ic t k 2l+1 (4.123) 

k-+0 

where the constants c l are real numbers. Similarly, the partial wave amplitudes 
(4.65), which are proportional to 5Jk for small k , exhibit the low energy 
behaviour 

a t (k) -+ c t k 21 . (4.124) 

k~>0 

Except for the s-wave (/ = 0) contribution which in general tends towards a 
non-zero constant, all partial cross sections a x (/ ^ 1) vanish as k 4 *. The 
scattering is therefore isotropic at very low energies and a to t = a 0 . It is 
convenient to define the scattering length a as [29] 


tan W 

a = — lim--- 

k~>0 k 


(4.125) 


We shall study in Section 11.6 various properties of the scattering length 
within the context of the effective range theory. For the moment, we note that 
as k -» 0 the s-wave partial amplitude is given by [30] 


V n\ V sin W 

lim a 0 (k) = lim --- = — a 

k~* 0 k~*0 k 

(4.126) 

so that the scattering amplitude (4.66) is such that 


/-» - a. 

fc->0 

(4.127) 

Hence the differential scattering cross section becomes 


da , 

or 

di2 fc _> 0 

(4.128) 

and 


<7 tot -»• 4na, 2 . 
k-*0 

(4.129) 

If by accident 


a% = - (/ + 1) 

(4.130) 

the above conclusions are modified. Let us first examine 
Then, by using eqs. (4.117) and (4.130) we see that 

the case / > 0. 

qi -* , , , + 6{k 2 a 2 ), > 0. 

k~* 0 1 + 1 

(4.131) 
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Thus, inserting eq. (4.131) into eq. (4.115), we deduce that as k -» 0 the 
quantity tan <5, now behaves as k 2l ~ 1 and the 5-matrix elements are such that 

Si(k) 1 + 2il l k 2l ~ 1 9 l > 0 (4.132) 

k-+ 0 

where the constants are real. The corresponding partial wave amplitudes 
are given by 

a t (k) 3 t k 2l ~ 2 , l > 0. (4.133) 

k-+ 0 

As a consequence, if ± = — 2, so that the anomalous behaviour occurs in 
the p-wave (/ = 1), the scattering amplitude (4.66) is given as k -» 0 by 

/ — a 4- P cos 6 (4.134) 

k->0 

where a is the scattering length (4.125) and /? is a constant. Hence the 
differential cross section is never isotropic in that case, even when k = 0. 
On the contrary, if eq. (4.130) holds for / ^ 2, we see that the relation (4.133) 
implies that the results (4.127)—(4.129) are unchanged. 

The case / = 0 requires special consideration. Indeed, if a% = — 1, we 
deduce from eq. (4.119) that 

q 0 i(ka) 2 + Q(k*a% l = 0. (4.135) 

k-0 

Therefore, using eq. (4.118), we see that when k tends to zero, the quantity 
tan <5 Z behaves as A; -1 , so that the phase shift S 0 reaches the value (modulo 
n). Hence in this case the 5-matrix element 5 0 and s-wave amplitude a 0 (k) 
are such that 

$o(k) - 1; a 0 (k ) - i/k. (4.136) 

k-+ 0 fc-0 

We note that the scattering length a is such that a oo when k -» 0. 
More precisely, by using the definition (4.125) together with the fact that 
tan ~ k~ x as k -* 0, we see that a diverges like k~ 2 when k tends to zero. 
Moreover, the relation (4.126) breaks down, the scattering amplitude is 
given by / ~ i/k and the total cross section is such that 

c ioi -* oo as k~ 2 (or £ _1 ). (4.137) 

k-+ 0 

This singular case is often called a “zero-energy resonance Its physical 
significance will be illustrated below in the case of the scattering by a square 
well potential. 

4.3.4. Behaviour of the phase shifts for large l 

We have already pointed out that an increase in the value of / (for fixed k) 
tends to diminish the importance of a given potential of finite range because 
of the centrifugal barrier term /(/ + 1 )/r 2 appearing in the radial equation 
(4.17). Thus we expect that the phase shifts 5 t (k) will tend to zero (modulo n) 
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as / -> oo (for fixed k). More precisely, we may return to eqs. (4.115) and 
(4.117) valid for / > ka and write the relation 


tan<5*(fc) ~ 

/-* 00 


( ka) 2l+1 l — ay x (k ) 

(2/ + 1)!!(2Z - l)iif + 1 + ayi (k) 


(4.138) 


valid for a potential of finite “range” a . This expression may be used to 
analyze the convergence of the partial wave series. 

Another way of investigating the behaviour of the phase shifts for / > ka 
is to use the integral representation (4.106). Indeed, for a potential of finite 
“range”, we have already shown above that the radial function R x will differ 
little from the corresponding free wave j x when / > ka . Hence we may write 


tan 5 X ~ (tan d t ) B1 = — k J [j / (fer)] 2 L/(r)r 2 dr, / > ka. (4.139) 

The quantity (tan 8 t ) B1 is called the first Born approximation [31] to tan S x . 
If the potential has a strict finite range, we may use the approximate formula 
(C.lla) for j x to obtain the simple estimate 

k 2l+1 

tan 8 t ~ — 


L /»00 

jnpjo 


r 2,+ 2 U(r)dr. 


(4.140) 


t>ua [(21 + 1 )! 

For example, in the case of a square well (reduced) potential U(r) such that 


U(r) = 

we deduce from eq. (4.140) that 
tan <5j ~ U 0 a 2 


~U( 

0, 


o> 


r < a 
r > a 


(ka) 2 


l>ka 


[(2 1 + 1)!!] 2 (2 / + 3)* 


(4.141) 


(4.142) 


Hence, for l > ka (with k fixed) the quantities tan 5 X fall off rapidly as / 
increases. In fact, we have 

8 l+l /8 l ~ (ka/2l) 2 , l $> ka. (4.143) 

It is worth noting that the simple formula (4.140) cannot be used for inter¬ 
action potentials which have a sizable “tail”, since the major contribution to 
the integral (4.139) then comes from the region near the point r 0 = l/k where 
the function j x {kr) takes on significant values. This is the case in particular 
for the Yukawa potential 

U(r) = U 0 Q~ r/a /r, (4.144) 

and for potentials having the form U 0 /r s at large r. 


4.3.5. The phase shifts at high energies 

Let us now investigate the behaviour of the phase shifts when / is fixed but 
k -» oo. In this case we expect from eq. (4.17) that the importance of the 
potential will become vanishingly small so that the radial function R t will 
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again be very close to the corresponding free wave. Thus, using the first Born 
approximation expression (4.139), and with the help of the asymptotic 
expression (C.12a), we deduce that [32-33] 


tan <5, -> - iKT 1 f 00 U(r) dr + &(k~ 2 ). 

k-+ oo J 0 


(4.145) 


Hence we see that the phase shifts d x (k) tend to zero (modulo n) as k -» oo. 
This suggests that a reasonable absolute definition of phase shifts may be 
given by requiring that 

lim 5 x (k) = 0. (4.146) 

k-+ oo 


We note that this definition is physically very similar to that discussed after 
eq. (4.107), since in both cases we require that <5* = 0 when the particle is 
effectively free. 


4.4. Examples 

In this section we shall illustrate the method of partial waves on two simple 
examples: the square well and the hard sphere potentials. 

4.4.1. Scattering by a square well 

Let us first consider an attractive square well potential such that 

U(r) = |”^° (U ° > ° X r r < U a (4.147) 

which is illustrated on Fig. 4.5. For r < a, the radial equation (4.17) becomes 
[d 2 /dr 2 + k 2 - /(/ + l)/r 2 ]u t (r) = 0, r < a (4.148) 

where we have set 

k = yj\? + U 0 (4.149) 

and we do not write out explicitly the ^-dependence of u x in order to simplify 
the notation. The regular solution of eq. (4.148) is given by 

u t (r) = C x rj x (Kr), r < a (4.150) 



Fig. 4.5. The attractive square well of the text. 
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where C, is independent of the variable r . Hence the “interior” radial wave 
function R t (r) is given by 

R t (r) = C t ji(Kr), r < a. (4.151) 

In the region r > a, where there is no interaction, the “exterior” radial 
function, normalized for example according to eq. (4.86b) is such that 


R t (r ) = j t (kr) — tan 5 t n t (kr). (4.152) 


Therefore, by matching the two functions (4.151) and (4.152) together 
with their first derivatives at r = a, we find that the quantity tan 8 t is given 
by eq. (4.113a), with 

7i = Kjiiicayjfycd). (4.153) 


Let us first consider s-wave scattering. Thus, for / = 0 we use the fact that 
0 (x) = (sinx)/x and « 0 (x) = — (cosx)/x to deduce from eqs. (4.113a) and 
(4.153) that 


k tan(fca) — k tan (ka) 
k + k tan (ka) tan (kg) 


(4.154) 


or 

tanfcoj. (4.155) 

The behaviour of S 0 at low energies (ka 4, 1) is of particular interest. Let 
us first assume that the potential is weak , so that U 0 a 2 1. In this case we 
note from eq. (4.149) that we also have Ka 4, 1. Hence, if we require that 
8 0 -» 0 when U 0 -+ 0 (according to the absolute definition of phase shifts 
given on p. 79), we infer from eq. (4.155) that 5 0 -» 0 as k -» 0. For finite 
values of k such that ka < 1 we have approximately 

«5 0 s - lj (4.156) 

We also note that the scattering length (4.125) is given by 


5 0 = — ka + tan 


K 


a = 



tan X 0 a 
— a 
A 0 a 


(4.157) 


with A 0 = y/U 0 . Therefore, since A 0 a ^ 1 for a weak interaction, we see 
from eq. (4.157) that a is negative in this case, while the s-wave cross sec¬ 
tion is finite and given by a 0 = 4 tzol 2 . 

While we remain at low energies, let us increase the coupling strength 
U 0 so that (for fixed k) the quantity Ka also becomes bigger. We see that as 
Ka increases from zero to in, 8 0 grows from zero to about in. In partic¬ 
ular, at zero energy we have Ka = X 0 a and we find that when X 0 a = in 
(or U 0 a 2 = \n 2 ) the zero-energy phase shift is given by 


lim<5 0 (£) = in. (4.158) 

fc->0 
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In this case the scattering length (4.157) becomes infinite and the s-wave 
cross section a 0 diverges like k~ 2 at k = 0: this is a “zero energy resonance” 
as described at the end of Section 4.3.3. 

This anomalous behaviour is directly connected with the existence of an 
s-wave bound state in the potential well. Indeed, if there is such a bound state 
at an energy E 0 < 0, then the “exterior” wave function for r > a has the 
form 

R%(r) = iV 0 r~ 1 exp( — k 0 r), r > a (4.159) 


where the superscript B indicates that it is a bound state wave function, N 0 is 
a normalization constant and we have set k% = — 2mE 0 /h 2 . The corres¬ 
ponding “interior” wave function is then give n by eq. (4.151), in which the 
quantity k is now replaced by k 0 = y/U 0 — k%. Upon joining the interior and 
exterior solutions and their first derivatives at r = a, we find that k 0 is 
determined by the roots of the equation [34] 

£ 0 cot£ 0 = - ri 0 (4.160) 


with 


£o = K o a and rj 0 = k 0 a. (4.161) 

When the interaction is weak so that A 0 a < in, eq. (4.160) cannot be 
satisfied and there is no s-wave bound state. In this case we have seen above 
that S 0 tends to zero as k -> 0, while a remains finite and negative. Now, if 

in < A 0 a < in (4.162) 

then eq. (4.160) can be satisfied by just one value of k 0 so that the potential 
can support one s-wave bound state. The critical value A 0 a = in (or U 0 a 2 = 
in 2 ) at which S 0 (k = 0) = in and a is infinite therefore corresponds precisely 
to the transition between these two regimes, i.e. to a potential which is nearly 
able to bind an s-state. In this case one usually says that there is a virtual 
state. 

Let us now assume that A 0 a satisfies the inequalities (4.162). In particular, 
if A 0 a is just above in, the phase shift <5 0 goes through in and one has (see 
Fig. 4.6) 

lim <5 0 (fc) = n. (4.163) 

o 

Moreover, we see from eq. (4.154) and the foregoing discussion that 

<5 0 ~ 7r — ka{ 1 — (tan Ka)/Ka}. (4.164) 

By repeating the arguments made above, it is possible to show that if 
U 0 (or A 0 ) is increased in such a way that the potential can support n bound 
s-states, then the zero-energy s-wave phase shift is such that 

lim S 0 (k) = nn. 

fc->0 


(4.165) 



THE METHOD OF PARTIAL WAVES 


89 


Moreover, when X 0 a = \(2n + \)n so that the potential is about to support 
its (n + l)th bound state, we have 

lim 5 0 (k) = (n + %)n. (4.166) 

k-*0 

The results (4.165)—(4.166) are in fact true for more general interactions than 
the square well considered here. As we shall see in Section 11.3 they are an 
example of Levinson's theorem [21]. 



Fig. 4.6. The low-energy behaviour of the s-wave phase shift. Curve 1 corresponds to a 
potential which cannot support a bound state; curve 2 refers to a potential which can 
produce one loosely bound state. 

So far we have studied the behaviour of the phase shift <5 0 at low energies 
as a function of the coupling strength U 0 . We may also study 5 0 as a function 
of k for fixed values of U 0 (or 2 0 ). For example, if X 0 a < so that the 
potential does not support a bound state, we see from eqs. (4.155) and 
(4.156) that at low energies, and as ka increases, the phase shift S 0 first grows 
towards a value close to and then turns over and decreases. This is 
illustrated on Fig. 4.6, where we also display the low-energy behaviour of a 
phase shift <5 0 corresponding to a square well that can support a loosely 
bound state. In general, as ka increases, the phase shift S 0 rises from its 
threshold value S 0 (k = 0) = nn to a maximum which is close to (n + i)n. 

Let us further increase ka and leave the region of low energies. Then, if we 
require that the phase shift be a continuous function of k, we see from eq. 
(4.155) that <5 0 will decrease progressively from its maximum value <5{y ax ~ 
(n + i)n so that ultimately 

lim S 0 (k) = 0 . (4.167) 

k~* oo 

We now consider the higher angular momenta (/ > 0) and begin by 
analyzing the low energy region. Following the general discussion of section 
4.3.3, we see that tan S t is given by eq. (4.115) for ka /. Moreover, since 
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y t is now given explicitly by eq. (4.153), we may use the relation (C.lOa) of 
Appendix C to expand y t about k = 0 as 

y t (k) = h + 0(k 2 a 2 ) (4.168) 

with 

= lim y,(k) = ^;7(V)//i(V)- (4.169) 

k-*0 

Hence the quantity q t (k) of eq. (4.117) becomes 

q t (k) = [of,]" x [/ + &(k 2 a 2 )], l > 0 (4.170) 


and we may write eq. (4.115) in the form of eq. (4.121), namely 


tan S,(k ) ~ 

ka<l 


(ka) 2l+1 l - a% + 0(k 2 a 2 ) 

(21 + 1)!!(2/ - 1)!! I + 1 + a% + 0(k 2 a 2 ) 


(4.171) 


where is given by eq. (4.169). 

It is apparent from eq. (4.171) that at low energies none of the phase 
shifts with / > 0 contribute much to the scattering in comparison with the 
s-wave phase shift (4.155), except when the denominator in eq. (4.171) 
vanishes. In this case we see that S t passes through \n (modulo n) and the 
partial-wave cross section o x reaches its maximum value (4.73). This behaviour 
corresponds to a resonance and will be analyzed in more detail in Section 4.5. 
We already note here that a necessary condition for a resonance to appear at 
low energies is that 

loft + / + INI. (4.172) 

With the help of eq. (4.169) and the recursion relation (C.13c) of Appendix C, 
we may rewrite this condition as 

\^o a ji-i(^o a )lJi(^o a )\ ^ !• (4.173) 


We now recall that the condition 

Ji-iM = 0 (4.174) 

corresponds precisely to the appearance of a bound state with zero energy 
for a particular /-value [35]. Thus, we deduce from eq. (4.171) that if we 
impose the condition 5 X -> 0 as U -* 0, then we have S t 0 as k -* 0 for a 
potential which cannot support a bound state of angular momentum /. 
As we increase the coupling strength and reach the first non-zero value of X 0 a 
such that the condition (4.174) is satisfied [i.e. a potential which can just 
support one bound-state of angular momentum /] we see from eq. (4.171) 
that <5, -» n as k -* 0. By repeating this argument we verify the Levinson 
theorem [21] (see also Section 11.3), namely 

lim 5 x (k) = n x n (4.175) 


where n t is the number of bound states of angular momentum / > 0 which can 
be supported by the potential. We note that in contrast to the s-wave case, and 
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because of the factor ( ka) 2l+i appearing in the numerator of eq. (4.171), 
the “anomalous” behaviour (4.166) cannot happen for / > 0. 

We may also deduce from the above discussion the low-energy behaviour 
of the phase shift <5, as a function of k . If the potential cannot support a 
bound state of angular momentum /, and is very weak, then the phase shift 
will quickly turn over and decrease (see curve 1 of Fig. 4.7). If the potential 
is almost attractive enough to support a bound state in the /-wave, then the 
phase shift will exhibit the behaviour shown by the curve 2. We also display 
in Fig. 4.7 the low-energy behaviour of a phase shift which corresponds to a 
potential producing one loosely bound state of angular momentum / (curve 

3). 



Fig. 4.7. The low-energy behaviour of a phase shift S* for / > 0. Curve 1 corresponds to a 
very weak potential, curve 2 to a potential which nearly supports one bound state of 
angular momentum / and curve 3 to a potential which can produce one loosely bound 
state having the angular momentum /. 

Let us now consider the phase shifts at high energies, for which ka > /. 
In this case we can use the asymptotic forms (C.12a) and (C.12b) to deduce 
from eqs. (4.113a) and (4.153) that 

8 t (k) ~ — (ka — + tan^ 1 - tan (Ka — %ln) . (4.176) 

ka>l \_ K J 

Hence, if we require that the phase shift be a continuous function of k, we 
see from eq. (4.176) that for ka $> l the quantity will decrease continuously 
as k increases [36] until 

lim <5,(A:) = 0. (4.177) 

00 

We have considered thus far the case of an attractive square well potential. 
The theory of a repulsive square well can be developed in a similar way and 
is left as an exercise for the reader (see Problem II, 7). 


4.4.2. Hard sphere scattering 

As a second example we consider the “hard sphere” potential 



r < a 
r > a. 


(4.178) 
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The boundary condition in this case is particularly simple: the “exterior” 
wave function (4.110) must vanish at r = a, so that 

tan <5* = j l (ka)jn l (ka) (4.179) 


and ji is infinite. 

In the low-energy limit (ka 1), the formulae (C.ll) of Appendix C yield 


tan 5 t ~ 

ka< 1 


(ka) 21 * 1 

(21 + 1)!!(2Z - 1)!! 


(4.180) 


so that |tan <5*| decreases rapidly for increasing /. We see from eq. (4.180) that 
in this case the low-energy scattering is always dominated by the / = 0 partial 
wave, the corresponding phase shift being given by 

5 0 = - ka. (4.181) 

In the limit k -> 0 all the phase shifts vanish and only the s-wave contributes 
to the scattering amplitude (4.66). The scattering length (4.125) is given by 
a = a. Moreover, the differential cross section at zero energy is such that 


da 

— —y 
dO fc _>o 


(4.182) 


while the zero-energy total cross section becomes 

o’tot -> 4 na 2 (4.183) 

which is four times the classical value na 2 . 

At high energies (ka > /), we may use the asymptotic forms (C.12) of the 
functions j x and n t to obtain from eq. (4.179) the approximate expressions of the 
phase shifts, namely 

<5 t ~ — ka + %ln. (4.184) 

We note that 5, — oo as k -+ co so that the Levinson theorem does not 

apply in this case. Using eqs. (4.71) and (4.184) it is possible to obtain the 
leading term of the total cross section in the following way. We first write 

A n * max 

a tot - pZ(2! + l) sin 2 (i/7r - ka) (4.185) 

K 1 = 0 


and remember that / m ax — ka [see Section 4.1]. Therefore, by considering 
successive pairs of terms in the sum on /, we have 

471 

<r lot ~ p{[sin 2 (fca) + sin 2 (fca — |7t)] 

+ 2[sin 2 (ka — $n) + sin 2 (fca — jt)] + • • •} 
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so that 

4,7T * max 

0tot * 73 I l = 2na 2 . (4.186) 

k 1=0 

We see from eq. (4.186) that the total cross section is twice the classical 
value. At first sight this result may seem surprising, because when ka > 1 it 
should be possible to construct wave packets which are small by comparison 
with the size of the scattering region. However, because the potential exhibits 
a sudden discontinuity at r = a the scattering can never be treated classically. 
In fact, a detailed study of the differential cross section in the high energy 
limit shows that [e.g. 37] 

^ ~ %a 2 [ 1 + cot 2 Q0)J 2 (fca sin 0)]. (4.187) 

ds 2 

Here J x is a Bessel function of order one. For small x one has J x (x) ^ \x 
while for large x, J x (x) ~ (2/nx) 112 cos (x — in). We note that the first term 
on the right of eq. (4.187), which is isotropic, yields precisely the classical 
differential cross section \a 2 . The second term, which is sharply peaked in the 
forward direction describes the “diffraction” or “shadow” scattering pro¬ 
duced by interference between the incident wave and the outgoing scattered 
wave (see Section 3.4). Thus, returning to eq. (4.186), we see that at high 
energies half the total cross section arises from “classical” or “reflection” 
scattering, while the other half is due to “diffraction” scattering. 

We have considered above two simple examples for which the Schrodinger 
radial equation (4.17) may be solved in terms of known functions. This is 
also the case for the Coulomb potential, which we shall study in Chapter 6 . 
We mention here that other interactions exist for which explicit solutions may 
be found, at least for some values of /. For example, the s-wave radial 
equation may be solved for an attractive exponential potential [38] of the 
form 

U(r ) = - U 0 e" r/a , U 0 > 0. (4.188) 

For other potentials such that the radial Schrbdinger equation is solvable we 
refer the reader to the references [39-45] listed at the end of this chapter. 


4.5. Resonances 

4.5.1. Preliminaries 

In general the phase shifts-and therefore the cross sections-are slowly 
varying functions of the incident bombarding energy and of the strength of 
the potential. However, under certain circumstances it may happen that a 
phase shift 8 t suffers a rapid variation for a given potential strength and in a 
certain energy interval. The corresponding partial wave amplitude a t and 
cross section a x will then change dramatically in that energy range. 
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Before we analyze this phenomenon, let us first recast the expression of the 
S-matrix element S t = exp(2i<5j) and that of the partial wave amplitude a t 
in a different form. Using eq. (4.113a) we may write 

Si = exp(2i<5.) = exp(2i6) — - - - 1Sl (4.189) 

7i ~ r,~ is, 

where y t is the logarithmic derivative of the interior solution at r = a and the 
real quantities r t and s t are defined by the relations 

exp(2i£j) = — h\ 2 Xka)jh\ l Xka) 9 (4.190) 

r t = Re[kh\ 1) Xka)/h\ 1 Xka)'] (4.191) 

and 

Si = Im [kh^Xkayh^Xka)]. (4.192) 

We have introduced here the spherical Hankel functions h\ l) and h\ 2) [see 
Appendix C] together with h\ iy (ka) = [dh\ l) (x)/dx] x =ka. We note that the 
quantity (y t — r x + — r x — i^^) is of modulus one and thus can be 

written as exp(2i pj) where 

Pi = arg(y, - r, + is,) = tan _1 W(y, - r,)}. (4.193) 

Hence the phase shift 8 t may be decomposed as 

St = t t + P (4.194) 

The first term ^ has an interesting physical interpretation. Indeed, from 
eq. (4.190) we deduce immediately that 

= tan ~ l {ji(ka)lrii{ka)}. (4.195) 

Hence, according to eq. (4.179), the quantity describes “hard sphere” 
scattering by a potential of “range” a ; it does not depend on the shape and 
depth of the interaction potential V(r). On the contrary, the term p t clearly 
depends on the details of the potential through the quantity y t . 

The contribution of “hard sphere scattering” can also be displayed in the 
partial wave amplitudes a x given by eq. (4.65). Indeed, with the help of eq. 
(4.189) we may write 

a, = -k{exp(2i^,) - 1} + ]■ exp(2i£,)-——r- (4.196) 

2i k k 7i ~ r i ~ ls / 

or 

a, = -H"exp(i£,) sin + exp(2i£,)--—-1 (4.197) 

k[_ 7i ~ r i ~ is,J 

so that the first term in the bracket describes pure hard sphere scattering, 
while the second one depends on the shape and strength of the potential. 
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4.5.2. Low-energy scattering by a strongly attractive square well 
To illustrate the above discussion and show by a simple example how 
resonances appear, let us consider the low-energy scattering by a deep , 
attractive square well. Specifically, we shall assume that 

ka < 1, (4.198) 

Ka > ka (4.199) 

and 

Ka > /(/ + 1) (4.200) 


where we recall that k = % jk 2 + U 0 = y/k 2 + XI and we require that the 
inequality (4.200) be satisfied when / ^ 0. Using the fact that ka < 1 we 
deduce with the help of eqs. (C.10) of Appendix C that 


ar t ~ — / — 1 

a Sl ~(ka) 21 - V[(2/- l)!!] 2 , />0 

as 0 = 1, / = 0 


(4.201) 

(4.202a) 

(4.202b) 


while the low energy “hard sphere” phase shift ^ is given by eq. (4.180). 
We note that the quantities r t and s t are slowly varying functions of k in 
the regime ka < 1 which we study. On the other hand, using eq. (4.153) 
together with the inequality (4.199) and the asymptotic formula (C.12a), 
we have 

a y = Ka ji( K< *) ^ Ka co ^ Ka _ | i n ) _ i (4.203) 


and we see that the logarithmic derivative y t may vary rapidly as a function of 
ka. It has asymptotes at the values of ka for which 

Ka = yj^a 1 + XI a 2 = \ln + mi , n integer (4.204) 

and the energy difference corresponding to neighbouring asymptotes is given 

by 

D ^ 7 ih 2 X 0 /ma. (4.205) 


Let us now examine the behaviour of the phase shifts. We begin by 
considering the case / > 0. From eqs. (4.120) and (4.203) we see that 


xn\ ~ ( ka) 2l+1 l + 1 — Kacot(Ka — 

la ” ) ~ (2/ + 1)!!(2Z - l)!i l + Ka cot( K a - ±ln) 


(4.206) 


On the other hand, we have [see eq. (4.180)] 

tan £,(k) ~ - (ka) 2,+1 l{(2l + 1)!!(2/ - 1)!!} 
while eqs. (4.193) and (4.201)-(4.203) yield 

0 ka) 2l+1 1 


tan Pi(k) ~ 


[(2/ — l)!!] 2 / + Ka cot (na — %ln) 


(4.207) 

(4.208) 
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and we recall that 8 t = £ z + p t . We see from eqs. (4.206)-(4.208) that in a 
small region centered about the value k = k r such that 


l + Ka cot (Ka — \ln) = 0 (4.209) 

the two quantities S t and p t may vary rapidly while remains slowly varying. 
In fact, if we expand the function Ka cot {Ka — \lri) (or, equivalently, the 
logarithmic derivative y t ) about the point k 2 = k* 9 we find that 

( ka) 2l+1 1 


tan Pi = tan(<5* — f z ) ~ 


bl(2l - l)!!] 2 k 2 - k 2 


where 


bl = 8k 2 ^ Ka coi ^ Ka ~ 2^)]^= k 2 ~ - ia 2 


(4.210) 


(4.211) 


and we have used the inequality (4.200). Therefore we observe that both <5, 
and p, increase rapidly through an odd multiple of as k moves through the 
value k t . In terms of the energy E = h 2 k 2 /2m, we may write eq. (4.210) in the 
form 


tan(<5, - ~ r(E)/2(E r - E) (4.212) 

where E x = h 2 k?/2m and we are considering an energy interval A E centered 
about E t and small enough so that we may replace in it the curve y t (E) by its 
tangent. Furthermore, the quantity r(E) appearing in eq. (4.212) is given by 

(ka) 2l+1 '™ 2 ' 


m = 


and we observe that 


r 

D 


1(21 - l )!!] 21 

(ka) 21 


\ma z J 


2 k 


< 1 . 


[( 2 /- l)!!] 2 

The relation (4.212) also suggests that we introduce the quantity 


(4.213) 


(4.214) 


8\ = i2n\- 1 {r{E)ll{E t - E )} (4.215) 

such that in the interval A E we have p t — 8\ and 

<5* ^ C, + o\. (4.216) 


We note from eqs. (4.213) and (4.215) that tan 5\ is small and of the order 
of r(E)/2E r , except in a narrow region centered about E = E T9 whose width is 
given approximately by the constant value T = r(E r ) [with f ^ A£]. In 
fact, outside the interval (E r — \r , E r + ^T), it is apparent from eqs. (4.207) 
and (4.208) that the phase shift <5 Z is dominated by the “hard sphere” contri¬ 
bution In that region the potential acts like a hard sphere and the incident 
wave does not penetrate deeply in the scattering region. 

On the contrary, within the small energy region (E r — \F 9 E r + ^r), the 
quantity 8\ increases rapidly through an odd multiple of and now dominates 
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the behaviour of the phase shift <5*. We also remark that near E = E r we may 
write the S-matrix element (4.189) in the form 


exp(2i(5,) = exp{2i& + <5[)} = exp(2i^) | _ f + ^ (4-217) 

while the partial wave amplitude a x is given by 

a i = ^exp(i^) sin + exp(2i^) £ _ f— — j . (4.218) 


Since the “hard sphere” phase shift is a smoothly varying function of the 
energy, it is clear that the quantity a x will be dominated in the vicinity of 
E — E x by the second term on the right of eq. (4.218). If we neglect for a 
moment the “hard sphere” scattering, together with the contribution of the 
other partial waves (we shall investigate this point in more detail below), we 
obtain from eqs. (4.64) and (4.218) the scattering amplitude 


/- 


21 + 1 
k 


y 

E r — E — }i r 


P x (cos 0) 


(4.219) 


and the corresponding differential cross section is given by 


da (6) da x (0) 

d Q ~ dO 


(2i + i ) 2 r 2 
k 2 4 (E r - E) 2 + r 2 


Pf (cos 0). 


(4.220) 


We note that for any angle 0 the quantity da/dQ exhibits a sharp peak of 
width r about the value E = E r . Moreover, in the neighbourhood of E r the 
angular distribution does not depend on the energy, but only on the angular 
momentum / involved. This behaviour is characteristic of a pure, narrow 
resonance. Integrating eq. (4.220) over the angular variable, we obtain the 
pure resonance total cross section 


4tt(2Z + 1 ) r 2 

k 2 ME - E r ) 2 + r 2 


(4.221) 


which is known as the (one-level) Breit- Wignerformula . It has the characteristic 
Lorentz shape displayed in Fig. 4.8. We also note that at E = E t the pure 
resonance cross section a x reaches its maximum possible value af* x = 
4tt(2/ + 1)/A; 2 [see eq. (4.73)]. The energy E r is known as the position and f 
as the width of the resonance. 

It is obvious from the above discussion that a pure Breit-Wigner resonance 
represents an idealization. In particular, the width T is not strictly constant. 
Moreover, we have neglected a “ background ” contribution which consists of 

i) scattering contributed by the other partial waves (^/), 

ii) “hard sphere” scattering in the partial wave /. 
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Fig. 4.8. The Lorentz shape of a pure resonance cross section. 


Let us first consider the scattering from other partial waves. We shall 
assume that the resonances are sufficiently narrow and well separated so that 
only one resonance occurs within the energy domain under consideration. In 
fact, since we are studying the low-energy region (ka 1), we may estimate 
the contribution to the total cross section from other partial waves (which is 
of a pure “hard sphere” nature) to be of the order of 4 na 2 (see Section 4.4.2). 
This should be compared with the contribution 4rc(2/ + 1 )/k 2 of the pure 
/-wave resonance at E = E r [see eq. (4.221)]. 

Hard sphere scattering in the partial wave / is also small in the example 
considered here. Furthermore, it may be taken into account by a simple 
modification of the above formulae. Thus, starting from eq. (4.218), we write 


E T — E — ji r\ 


do x (0) (21 + 1) 2 | r ir 

—j£-= • —£ 2 —|exp(iC,)sin£, + exp(2ic,)- 

so that 

M21 + 1)1 


P, 2 (cos0), (4.222) 


<y, = 


[- 


snr Ci + 


4 (e - E r y + r 2 


+ 2Re(exp(i{,)sin{, E ^ f _ iir )_ 


(4.223) 


The first term on the right-hand side accounts for pure hard-sphere 
scattering, the second represents the pure resonance contribution, and the 
third term is an interference term. Since £ x is small in our example [see eq. 
(4.207)] we see that eq. (4.223) practically reduces to the pure resonance 
(Breit-Wigner) formula (4.221), the energy value for which o x reaches its 
maximum being slightly shifted from the resonance energy E r . However, in 
more general circumstances it may well happen that the contribution of 
could affect o x in a significant way. In particular, if ^ (modulo n) at the 






THfi METHOD OF PARTIAL WAVES 


99 


resonance energy, then we have exactly < 7 * = 0 when E = E t \ This is 
illustrated in Fig. 4.9, where we show in this case a typical behaviour of a x 
as a function of the energy. 



Fig. 4.9. A typical behaviour of the cross section a/ when & = in at E = E r . The quantity 
a/ corresponds to “hard sphere” scattering and af ax = 4 tt(2/ + l)/& 2 . 

In order to gain further insight into the physical significance of a narrow 
resonance, let us come back to our example of scattering by a strongly 
attractive square well. If we “normalize” the radial wave u t (r) = rR x (r) 
outside the well to unit amplitude [see eq. (4.84a)], namely 

u x (r) = sin(kr — \ln + 3 t ) , r ^ a (4.224) 

then we find that near E = E r the corresponding “interior” wave function, 
obtained by using the continuity condition at r = a (see Section 4.4.1) is 
given by 

(21 — IV i ir 

uM - ~ikar kb - £,)= + ri' g WM <4225> 

It is apparent from this last equation that the probability of finding the 
scattered particle within the well becomes large near the energy E = E r for 
which a resonance appears in the /th partial wave. In fact, we see that in this 
case the particle is nearly bound in the well. From a time-dependent point of 
view, we should therefore expect that a resonance will correspond to a 
metastable state , whose lifetime t is much longer than a typical collision time. 
Using Heisenberg’s uncertainty relation AEAt ~ h, with AE — r and At — r, 
we have 

t ^ ft/F. (4.226) 

So far we have studied the resonance phenomenon as a function of the 
wave number or energy of the incident particle, but for a fixed value of the 
coupling constant A 0 . We now recall our results of Section 4.4.1, namely that 
a low-energy resonance in the /th partial wave (/ > 0) appears precisely when 
the potential is nearly strong enough to allow a new bound state of angular 
momentum /. 

A simple physical explanation for this fact may be given if we remember 
that for / > Othe “effective potential” U e cf(r) = U(r) + /(/ + 1 )jr 2 appearing 
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in the radial Schrodinger equation (4.17) contains the centrifugal barrier 
term /(/ + 1 )/r 2 . A typical shape of C/ e ff is shown in Fig. 4.10. If we imagine 
for a moment that the barrier were infinitely high, then bound states with 
specific positive energies (for a given value of 2 0 ) would be allowed. Now, 
because the barrier has only a finite height, none of these former positive 
energy bound states will remain genuine bound states. Those lying at high 
energies (such as E 1 on Fig. 4.10) will simply disappear. However, those 
corresponding to low energies (such as E 2 ) will become metastable states (with 
a long lifetime t) since it is only through the “tunnel” effect that particles 
can escape the well, and the penetration through the barrier is small at low 



Fig. 4.10. The effective potential {/ e ffM = U(r) + 1(1 + 1 )/r 2 (solid line) corresponding 

to a deep square well. 

energies. We also note that as we increase the strength parameter 2 0 , the 
resonance energies will decrease and move in this way towards a region 
where the barrier is thicker (see Fig. 4.10). We therefore expect that the life¬ 
time r of these resonances will increase, so that the corresponding widths T 
decrease and the resonances become narrower. Eventually, if X 0 becomes 
sufficiently large, a given resonance will reach the region E < 0 and become 
a bound state. 

We now consider briefly low-energy s-wave (/ = 0) scattering by our deep 
square well. In this case, we have the exact relations (modulo n) 

<5o = £o + Poi 
£o = ~ ka 


(4.227) 

(4.228) 
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and 


p 0 = tan' 


.Jk \ 

I - tan Ka 1 . 


We note that 

ay 0 = Ka cot ( Ka ) — 1. 
Since ka < 1 and k k, we may develop 


k = yjk 2 + XI ~ X 0 + k 2 \2X 0 

and write 

0 y o ~ + 6 0 /: 2 

with 6 0 — — [cf. eq. (4.211)] and 

a% = cot (^o a ) ~ 1 • 

Then, using eq. (4.120), we find that 

y 0 ka 2 ka tan (X 0 a) 


tan S 0 ~ — 


1 + y 0 a 


— ka + 


X 0 a — \k 2 a 2 tan (X 0 a) 


(4.229) 

(4.230) 

(4.231) 

(4.232) 

(4.233) 

(4.234) 


In accordance with the discussion of Section 4.4.1, we see that the phase 
shift < 5 0 never increases sharply through an odd multiple of at low energies 
(see also Fig. 4.6). Moreover, in the vicinity of the fc-value for which 
1 + y^a = 0, the cross section 

o o = (47 t/A: 2 ) sin 2 5 0 (4.235) 

is easily seen to be a monotonically decreasing function of ka. Therefore 
no low-energy s-wave resonances occur for the potential considered here [46]. 
This fact is easily explained by the absence of the centrifugal barrier term 
/(/ + 1 )/r 2 for s-waves. We note, however, that large s-wave enhancements in 
the cross sections are possible because of the “zero energy resonance” 
phenomenon discussed in Sections 4.3.3 and 4.4.1. We recall that this 
phenomenon is due to the presence of a virtual state (i.e., the potential is 
nearly strong enough to support an s-wave bound state). A well-known example 
of such a behaviour occurs in s-wave neutron-proton scattering in the singlet 
state. It is also worth pointing out that a potential U(r) which contains its 
own barrier is perfectly able to produce low-energy s-wave resonances. 


4.5.3. Resonances and time delays 

Let us briefly recapitulate what we have learned from the example of Section 
4.5.2. For low-energy scattering by a deep square well, and except for / = 0, 
there is a possibility for the phase shift 5 t to increase rapidly through an odd 
multiple of in a small energy interval (E r — E r + ^T) and induce in this 
way a rapid modification of the scattering amplitude and cross sections in that 
energy interval. Moreover, for a pure Breit-Wigner resonance, the total 
cross section reaches its maximum value at the resonance energy E r . 
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As we expect from the physical interpretation of resonances given above, 
the resonance phenomenon may happen in much more general circumstances 
than those described in Section 4.5.2. In fact, resonances play an important 
role in numerous collision processes occurring in atomic, nuclear and high- 
energy physics. For the case of potential scattering which we study here, 
resonances may appear for other interaction potentials than the square well 
considered above. In fact, let us return to eqs. (4.189) and (4.197) and assume 
that in a certain energy interval A E containing the value E r the quantities 
r x and s x are nearly constant, while y x {E) may be approximated by its 
tangent at E = E r , namely 

?,(£) * y,(E r ) + (E- E (4.236) 

Then, if 


Ji(E r ) ^ r t 


(4.237) 


we see that the S-matrix element (4.189) and the partial wave amplitude 
(4.197) may be recast in the form of eqs. (4.217) and (4.218), respectively, with 


= - sJB (4.238) 

and 

<4 ' 239) 

Hence, in the neighbourhood of E = E t we may write again 


tan(i f - (d - r/2(E r - E), (4.240) 

but in the general case considered here we have no guarantee that T will be 
a positive quantity. IfT is positive the quantity ( S x — £*) will increase through 
an odd multiple of \n as the energy E moves through E r ; on the contrary, if 
r is negative , then (5 t — £ x ) will decrease through an odd multiple of in. 

Let us examine this point in more detail. We have shown in Section 4.3.1 
that for a repulsive force corresponding to a positive (repulsive) interaction 
potential, the radial wave function R x (r) is “pushed out” in comparison with 
the free radial wave function j x {kr) and the phase shift 5 t is negative. On the 
contrary, for an attractive potential d t is positive and the radial wave function 
R x (r) is “pulled in” with respect to J x (kr) [see Fig. 4.4]. Now, it is clear that the 
“pushing-out” of the radial function R x corresponds to an advance in time , 
while the “pulling in” induces a retardation. In the former case the scattered 
wave emerges from the scattering region ahead of the unscattered wave, while 
in the latter instance the scattered wave is delayed with respect to the free wave. 
In terms of the wave packet description of Section 3.5, we recall that the 
scattered wave packet is centered at the distance 

r~vt- [d^/d*] fc = fcl (4.241) 

where 0 = arg / is the phase of the scattering amplitude. Thus a long delay 
in the emergence of the scattered wave means a sharp increase of <j) as a 
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function of k . On the contrary, a decrease of the function <f)(k) results from 
an advance in time of the scattered wave packet. The amount of this time 
advancement is clearly limited by causality , since the scattered wave cannot 
emerge from the scattering region before the incident wave has reached it. 
Hence, if a denotes the target linear dimension (which in our case may be 
taken as the “range” of the potential), the maximum time advancement 
Afmax is roughly given by 

A/max — a/v (4.242) 

and we deduce from eq. (4.241) that 

d<t>/dk > - a. (4.243) 


In particular, if the /th partial wave strongly dominates the scattering 
amplitude, giving a sharp peak in the vicinity of the energy E r , the corres¬ 
ponding phase shift must be such that 


dS^fy/dk ^ — a. 


(4.244) 


This important inequality, known as the Wigner causality condition [47] 
has important implications. In particular, we see that a phase shift may rise 
quickly through an odd multiple of in, but can only fall relatively slowly 
through that quantity. Hence, returning to eq. (4.240), we remark that in the 
former case T is positive and may be very small; then we have a narrow 
resonance corresponding to a long time delay. In fact, for a pure Breit-Wigner 
resonance, we infer from eqs. (4.219) and (4.241) that this time delay is given 
by 


At = v 


dk 


-S^arg/'-d 


ir 


(e - E r ) 2 + an 2 


(4.245) 


and reaches its maximum value at E = E r . On the contrary, if the phase 
shift decreases through an odd multiple of in, then T is negative and causality 
imposes a lower bound on |T|. Any corresponding peak in the cross section, 
arising from a time advanced scattered wave, will be broad and does not 
correspond to a resonance. Thus, in accordance with the remarks of Section 
4.5.2, resonances are associated with metastable states of lifetime t ~ h/T 
which induce a long time delay in the scattering. Moreover, the phase shift 
increases sharply through an odd multiple of in in the neighbourhood of 
the resonance energy, and the partial wave amplitude exhibits a pole at 
e = E r - iir cr > o). 

Finally, let us comment briefly about the measurement of time delays. In 
most experiments, one wants to obtain the variation of the cross section as a 
function of the incident energy. It is then necessary to work with incident 
particles whose energy spread A E is very small. In particular, one must have 

A E < r. (4.246) 

In this case, however, the time At = h/AE required for the wave packet to 
enter completely into the interaction region is much longer than the lifetime 
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t = h/T of the resonance, so that the quantity r cannot be measured. In order 
to measure the quantity t, it is necessary to perform the experiment with a 
beam whose energy resolution A E is poor and such that A E > r. 


4.5.4. Resonances and Argand diagrams 

Since the scattering amplitude/is a complex quantity, we may represent it for 
a given angle 6 and energy E (or wave number k ) by a vector (or a point) in 
the complex plane (Re/, Im/), i.e. as an Argand diagram . We may then 
study the behaviour of this vector as the energy, wave number or angle are 
modified. Similarly, we may draw Argand diagrams for the partial wave 
amplitudes a t and analyze their behaviour as k or E are modified. In fact, it 
will prove convenient in what follows to plot the function 

z = 2kai = - i[exp(2i<5j) - 1], (4.247) 

which is displayed in Fig. 4.11. We see that the point z lies on a circle of 
radius one and whose center is at +i. 



Fig. 4.11. The Argand diagram of the function z = 2kai = — i[exp(2iS/) — 1]. 


Now, for a pure Breit-Wigner resonance , the phase shift 5 t is just given by 
51 = tan~ 1 {r/2(£' r — is)} [see eq. (4.215)] and exhibits the behaviour shown 
on Fig. 4.12(a). In particular, we note that d t = in at E = E r — \E and that 
S t = at E = E r 4- ^r. Moreover, in this case the scattering amplitude may 
be written as 


1 if 
k E r — E — }ir 


(4.248) 


in the vicinity of E = E r Thus as the energy increases, the point z will move 
quickly around the circle shown in Fig. 4.12(b) in an anti-clockwise manner. 
We note that the point E = E r corresponds to the top of the circle. 

In the presence of a background (“hard sphere”) term, the phase shift 5 t is 
given in the vicinity of the resonance energy by eq. (4.216), while a t is obtained 
from eq. (4.218). Hence the points corresponding to the pure resonance case 
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Fig. 4.12. The behaviour (a) of the phase shift 3/ and (b) of the function z— — i[exp(2iS/) — 1 ] 
in the vicinity of the energy E t corresponding to a pure Breit-Wigner resonance. 

and lying on the upper half circle of Fig. 4.12(b) are now rotated by an angle 
2and shifted by an amount z t = — i[exp(2i^) — 1]. In the vicinity of the 
resonance energy E r , the characteristic feature of the resonance behaviour 
remains a rapid anti-clockwise motion of the point z as the energy increases. 

4.6. Absorption processes. Scattering by a complex potential 

We have seen in Chapter 1 that when a particle collides with a target, pheno¬ 
mena other than elastic scattering are in general possible. That is, there may 
be one, several or an infinite number of open channels (see Section 1.2) in 
addition to the elastic one. In order to take this fact into account in the partial 
wave method, let us return to the asymptotic behaviour (4.90a) of the scatter¬ 
ing wave function, namely 

4K\k,r) - A(k) £ (21 + l)~[(-l)'e- itr - S, e^cos 6) (4.249) 

r- oo 1 = 0 

with S t = exp(2i<5j). We recall that this result has been obtained in Section 4.1 
for the case of pure elastic scattering, such that <5 Z is real and |5/| = 1. In 
order to generalize eq. (4.249) to the case where “non-elastic” processes are 
allowed, we remark that the interaction can only alter the outgoing part of the 
wave function. Therefore, since particles can now be removed from the 
incident (elastic) channel, we require that the amplitude of the outgoing 
radial wave be either reduced (if non-elastic processes occur) or left unchanged 
(if there is only elastic scattering) so that 

\S t \ < 1. (4.250) 

This suggests that we introduce complex phase shifts 

<5* = Re <5* + i Im <5 7 . (4.251) 

Hence we have 

S t = exp(2i<5j) = rh exp(2i Re Si) (4.252) 
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where the quantity 

th = exp(—2 Im S t ) (4.253) 

is often called the “inelasticity” or “absorption” factor, the term absorption 
being understood in the sense that particles disappear from the incident 
channel. Because of eq. (4.250), we have 

0 < ru < 1 (4.254) 

and 

lmS l ^ 0. (4.255) 

We note that the special case rj t = 1 (i.e. Im 5 t = 0) corresponds to pure 

elastic scattering (no absorption). 

The calculation of the elastic scattering amplitude may be done by a method 
entirely similar to that of Section 4.1.4. By requiring that in the elastic channel 
the wave function } should exhibit the asymptotic behaviour 

> - ^[expOfci • r) + / el e ,b /r] (4.256) 

r~* oo 

one finds from eqs. (4.249) and (4.252) that f c \ is given by eq. (4.63) namely 


/ei = Z ( 2/ + l)[exp(2i<5,) - l]P,(cos 0) 
or 

/el = Z ( 2/ + Wll ex P( 2i Re 5 «) - l]Pj(cos 0). 

Zl/C j = q 

The elastic differential cross section reads 


doz 


1 


d£ 4/c 2 


(21 + 1 )[fj| exp(2i Re <5,) — l]Pj(cos 0)| 
z = o 


and the total elastic cross section is given by 

<t = 4 Z ( 2/ + l)i ex P(2i<5,) - li 2 
K 1 = 0 


n 

K 1=0 1=0 
where the partial elastic cross sections of are such that 

< 7 ? 1 = Z(2/+ !)[,;, exp(2i Re <5,) - 1| 2 . 


= T 2 Z ( 2 * + exp(2i Re ,5,) - 1| 2 = Z *?' 


(4.257) 

(4.258) 


(4.259) 


(4.260) 


(4.261) 


The total number of particles which disappear from the incident channel 
per unit time is equal to minus the flux of the wave function (4.249) through 
a sphere of large radius centered at the origin. Let us write the expression 
(4.249) in the form 

( e~ ikr Q ikr \ 

—C in (k, 0) + —C out (fc, 0) j 
r r j 


(4.262) 
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with 

CJk, 0)=-iJ(-1)'(2 1 + l)P,(cos 0) (4.263a) 

2i/c z=0 

and 

C out (k, 0) = i- f (2/ + l)S,(/c)P,(cos 0). (4.263b) 

^1K 1 = 0 

Calling j the probability current density corresponding to the wave function 
(4.249), we have from eqs. (3.30) and (4.262)-(4.263) 

j P = A*A v p[| C out (k, 0)| 2 - | C ia (k, 0)| 2 ] (4.264) 

where we have neglected terms of higher order in 1/r. Now the incident 
flux through a unit area normal to k { is still given by eq. (3.36), namely 

7inc-^i = A*A V. (4.265) 

The total “reaction” cross section o\ 0t corresponding to all non-elastic 
processes is therefore given by 

<ik) = - [j-Pr 2 dQ (4.266) 

Jinc ^ij 

or 

< t (k) = { [|C in (/c, 0)| 2 - | C out (k, 0)I 2 ] do. (4.267) 

Using eqs. (4.263) together with the orthogonality property of the Legendre 
polynomials [eq. (B.5) of Appendix B] we then have 

■ + (4.268) 

K 1 = 0 1 = 0 

with 

a! = ^(2/ + 1)(1 - r,f). (4.269) 

Therefore, the total (complete) cross section which includes both elastic and 
non-elastic processes is given by 

*tot = < + °\ot (4.270) 


with 


ff tot = 72 Z ( 2l + !){! - Re exp(2i^,)} 

K 1 = 0 

2n 00 00 

= n I (21 + 1)[1 - cos(2 Re <5,)] = £ <7, 
K 1 = 0 1 = 0 

2 n 

<7 t = — 2 ( 2 / + 1)[1 — tji cos(2 Re 5,)]. 

A 


(4.271) 

(4.272) 


References and notes on page 108 



108 


POTENTIAL SCATTERING 


From eqs. (4.258) and (4.271) we remark that the optical theorem may 
be generalized to read 

An 

<7 tot = -Im/ el (0 = O). (4.273) 

We also note that the maximum value of of is obtained when 
exp(2i<5 z ) = rh exp(2i Re 5 t ) = — 1, i.e. in the absence of non-elastic pro¬ 
cesses (rh = 1). We thus have 

of < 4n(2l + 1 )/k 2 . (4.274) 

On the contrary, the maximum value of o\ is reached for rh = 0 (maximum 
absorption), so that 

o\ < n(2l + l)/k 2 . (4.275) 

Finally, we see from eq. (4.272) that 

oi < An{2l + 1 )/k 2 . (4.276) 

As we already remarked above, pure elastic scattering is possible and 
occurs when rh = 1. However, non-elastic processes (for which 0 ^ rj l < 1) 
are always accompanied by elastic scattering, as we expect on physical 
grounds. 

“Absorption” processes, which correspond to the removal of particles 
from the incident channel have led us above to introduce complex phase 
shifts. This notion is also directly linked to the concept of a complex or 
optical potential. Indeed, if we consider a potential of the type 

V= V R -iVj (4.277) 

the continuity equation now takes the form 

V r j = -\v lP (4.278) 

with p = |^| 2 . Hence, for V l > 0, we have a local absorption of the incident 
beam. Thus we expect that an optical potential should be able to describe 
elastic scattering accompanied by absorption, the latter being understood as 
the sum of all non-elastic processes [48]. We shall return to this question in 
Chapter 20, where a detailed study of the optical potential method will be 
made. 
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The Integral Equation of 
Potential Scattering 


So far we have defined the stationary scattering wave function xj/^ as a 
solution of the partial differential Schrodinger equation (3.19) satisfying the 
boundary condition (3.27). In this chapter we shall show that xj/^ is also the 
solution of an equivalent integral equation which incorporates the boundary 
condition. The basic procedure is described in Section 5.1 and the necessary 
Green’s function is evaluated in Section 5.2. The resulting integral equation 
for potential scattering, or Lippmann-Schwinger equation [1] is then obtained 
in Section 5.3, together with an important integral representation of the 
scattering amplitude. A formal, compact solution is given in Section 5.4, 
while the partial wave decomposition of the Lippmann-Schwinger equation 
is carried out in Section 5.5. We devote Section 5.6 to a mathematical analysis 
of the Lippmann-Schwinger equation. Finally, we consider in Section 5.7 the 
more general case of non-local interactions. 


5 . 7 . The Schrodinger equation as an integral equation 

Let us rewrite the Schrodinger equation (3.19) as 

[V? + k 2 ]il/(k, r ) = U(r)ij/(k, r ) (5.1) 

where the right-hand side is considered as an inhomogeneous term. The 
general solution of this equation can be written as 

i Kk, r) = $(k, r) + J G 0 (k, r, r')U(r')\j/(k, r') dr' (5.2) 
where $(k, r) is a solution of the homogeneous equation 
[V, 2 + k 2 ~\<P(k, r) = 0 


(5.3) 
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and where G 0 (k , r, r ') is a Green's function [2] corresponding to the operator 
V 2 and the number k. That is, 

\yl + fc 2 ]G 0 (fc, 1% r f ) = 5(r - r f ). (5.4) 

In what follows we shall simplify the notation and omit to indicate explicitly 
the /^-dependence of the functions i j/ 9 <P and G 0 . 

In the scattering problem that we are considering the function <P(r) is 
simply the incident plane wave exp(iA: i • r) = exp(i kz) with the z-axis chosen 
along k { . We shall denote this plane wave by and “normalize” it in such 
a way that 

#*,0) = ( 2n )~ 3/2 exp(ifcj • r ). (5.5) 

More generally, let us use Dirac’s bra and ket notation and denote by 

<P k (r) = <r | k> = (2 tt) _ 3/2 exp(i h r) (5.6a) 

and 

<£ fc ,(r) = <r | k'} = ( 2n)~ 3/2 exp(ik' • r) (5.6b) 

the plane waves corresponding to the wave vectors k and k ' and “normalized” 
according to the above convention. We then have the orthogonality relation 

= <k'\k > = 3(* - k f ) (5.7) 

while the closure relation reads 

J dAr|Ar> <Jfc| = 1. (5.8) 

Thus, in configuration space, the (relative) probability density corresponding 
to this “normalization” is (2n)~ 3 . We note that with this choice of 
“normalization” the orthogonality and closure relations are very simple 
in momentum (or rather wave vector) space. This is in contrast with the 
choice 4> k (r) = exp(ifc-r) which corresponds to unit probability density in 
configuration space but leads to the relations 


<Jfc'|*> = (2n) 3 S(k - k') 

(5.7') 

(2n)~ 3 J dk\k} (k\ = 1 

(5.8') 


in wave vector space. In what follows we shall always use the “normalization” 
given by eq. (5.5). 

Let us now return to eq. (5.2). With the function M(r) given by eq. (5.5), 
we may then write 

K(r) = (2*r 3/2 exp(ifc| • r) + J G 0 (r, r'W^^r') dr' (5.9) 

where we have indicated that the function corresponds to the particular 
plane wave M such that k { is the incident wave vector. 
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5 . 2 . The Green's function 


We now turn to the determination of the Green’s function G 0 (r , r'). It is 
convenient for that purpose to work in wave vector space. Using the integral 
representation of the delta function 


8(r — r') = (2n)~ 3 j exp{iA:'-(r — /)} dk f 
and writing [3] 

GoO, r f ) = (2tt)“ 3 | g 0 (k\ /) exp(i&'-r) dk f 


we find upon substitution in eq. (5.4) that 

g 0 (k\ r') = exp( — ik'-r')/(k 2 — k' 2 ). 

Therefore 


G 0 (r, r’) = - (2nY 


i- 


exp{ifc' • O — r')} 
fe ' 2 - fe 2 


dfc'. 


(5.10) 

(5.11) 

(5.12) 

(5.13) 


The integrand in eq. (5.13) has poles at k' = + k, so that we need a well 
defined prescription to avoid these singularities and give a meaning to the 
integral. We do this by invoking the boundary condition (3.27). In fact, we 
shall deform the integration path into the complex k' plane in such a way that 
G 0 (r, r') will lead to an outgoing spherical wave for r —► oo. The corresponding 
Green’s function and stationary scattering wave will be denoted by G’ ( 0 +) (r, r') 
and i( r ), respectively. To see how this can be done, let us set 

R = r — r' (5.14) 

and choose spherical polar coordinates such that the z axis coincides with 
the vector R (see Fig. 5.1). We then have 


G 0 (R) = - (2tz)- 


(• oo Pit f2 

1 d k! k’ 2 d6' sin 6' 

Jo Jo Jo 


2 * j , / exp{ik'R cos 0'} 


(5.15) 



Fig. 5.1. Illustration of the vectors R and k f of the text. 
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After performing the angular integrations, we find that 

C +Q0 k' sin k'R 

G 0 (R)= -(4^)-^ dk> ( 5 - 16 ) 

where we have used the fact that the integrand is an even function of k ' to 
extend the integral on k' from — oo to + oo. We may also write 

a„m- {f + 


Let us now examine the first integral 


(5.17) 


+ (518) 


appearing on the right-hand side of eq. (5.17). We shall analyze this expression 
by means of contour integration in the complex fc'-plane. Thus k! becomes a 
complex variable 


k! = Re k! + i Im k' 

(5.19) 

and 


exp(ifc'ii) = exp(i/? Re k') exp (—R Im £')• 

(5.20) 

This suggests that we should write 


-* + * r + J* 

(5.21) 


and close the contour C in the upper half plane Im k' > 0 by a large semi¬ 
circle C' (see Fig. 5.2), so that the contribution to the integral from this semi¬ 
circle tends to zero as we let the radius of C' tend to infinity. The integral 
(5.21) is then equal to its value along the real axis, for which we have four 
possible choices of paths P l9 P 2 , P 3 , P 4 , as shown in Fig. 5.2. 

Applying Cauchy’s theorem, we then obtain for the integral I t : 


integrated along P x : 0, 
integrated along P 2 : 2ni[e ikR + e” ifc *], 
integrated along P 3 : 2 ni e~ ikR , 
integrated along P 4 : 2 ni e ifc *. 

We can proceed in the same way for the second integral 


h 



-j——- dk'. 
c + k 


(5.22) 


(5.23) 
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Fig. 5.2. The four possible integration contours for the evaluation of the integral / lt 


Closing now the contour in the lower-half k' plane we find for the contribu¬ 
tion of this integral 

integrated along Pj: —2 ni[e ikR + e~ ifcR ], 
integrated along P 2 : 0, 

integrated along P 3 : —2;ri e“ iftR , ** ' 

integrated along P 4 : — 2me ifcR . 

Therefore, we conclude that there is only one way of defining the Green’s 
function G 0 (R ) in such a way that it behaves as a purely outgoing wave for 
large values of r or of R. That is, 

t i \, _x V sin k'R _ . 


so that 


G { 0 + \R) = - (4tt 2 jR)“ 


1 e ifcR 


k 12 - k 2 


or, returning to the original variables r and r 

WV.O-- 

471 r — r 


It is convenient to reformulate the integration prescription (5.25) in the 
following way. Instead of avoiding the poles at k! = + k by following the 
path P 4 as indicated on Fig. 5.2d, we may keep our integration path along 
the real axis but displace the poles slightly as pictured in Fig. 5.3. The poles 
are then at 

k' = ± (k + is'), s' -> 0 + , (5.28) 

where the symbol 0 + means that s' tends to zero while remaining positive. 
To first order in s', we then have 

k' 2 = k 2 + is, s 0 + 


(5.29) 



INTEGRAL EQUATION OF POTENTIAL SCATTERING 


117 



Fig. 5.3. Displacement of the poles in the k'- plane. The pole at k ' = k , after receiving a 
small positive imaginary part e' has moved slightly off the real axis in the first quadrant of 
the k' plane to the position k + ie'. The pole at k' = —k has received an imaginary part 
(—e') and has moved to the position — k — W in the third quadrant. 


where s = 2 ke'. Therefore, we obtain the integral representation of G^, +) (r, r') 
in wave vector space as 


<VKr, O - - (2«r > lim ^ d*>. (5.30) 

£->0 + J K K 18 


We note that if we define the Green's function in wave vector space G ( Q + \k l9 k 2 ) 
by the relation 


G ( 0 + \r, r f ) = (2n) 3 J exp(—i k 2 * r f )G ( 0 + \k u k 2 ) exp(ik! • r ) dfe 2 (5.31) 


we find from eq. (5.30) that 


6 ( o +) (*i, k 2 ) 


lim 
£-*0 + 


g(fci ~ M 
fe 2 - kj + is " 


(5.32) 


5.3. The Lippmann-Schwinger equation 


We now return to the integral equation (5.9), which we write as 


•/CV) = (2jt) 3/2 exp(ifcj • r) + jG ( 0 +) (r, dr' (5.33) 

where G ( 0 +) (i*, r f ) is given by eq. (5.27). This is the integral equation or 
Lippmann-Schwinger [1] equation of potential scattering. It replaces the 
Schrodinger equation (3.19) plus the boundary condition (3.27) which is 
incorporated in eq. (5.33) through the Green’s function G ( 0 +) (i% r'). 

Let us verify that the solution of the Lippmann-Schwinger equation 
(5.33) has the correct asymptotic behaviour (3.27). The first term on the right 
of eq. (5.33) has already the required form, so that we only need to analyze 
the large-r behaviour of the integral 


■f 


exp{ifc|r — r'|} 

\r - A 


U(r')\l/ ( k +Xr') dr'. 


(5.34) 
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Since 


\r - r'\ = Jr 2 - 2r r' + r' 2 -*■ r - t r' + ^{P x r') 2 + 


(5.35) 


where P is the unit vector along r, we may write 
exp{i/c|r — r'|} exp(ifcr) exp(—i kP • r') 


\r ~ f'l 


4 


1 + — + ^(P x r') 2 + @(r ~ 2 ) 
r2r 


(5.36) 


provided that r' and k remain finite. Now, for potentials having a finite 
“range” a the contribution to the integral (5.34) is negligible when r' becomes 
somewhat larger than a , since U(r') ^ 0 in that region. Let us set r^ ax ^ a 
as a crude estimate of the highest value of r 9 to be considered in eq. (5.34). 
We may then use eq. (5.36) to deduce that for r > a and r > ka 2 the integral 
(5.34) is given by 


J ~ —~ |exp(-i kP-r')U(r')il/£Xr') dr'. 
lg to the stationary sea 
^(r)(2rcr 3/2 exp(ifc|-r) + 


Hence, returning to the stationary scattering wave function (5.33) we have 

exp(ifcr) 


x [-L{exp(—ife t • r')U(r')WXr') dr'J (5.37) 

where we have defined the final wave vector 

kf = kP 

which points in the direction of the detector and has therefore spherical polar 
coordinates ( k , 0, (j >). It is worth noting that our derivation of eq. (5.37) does 
not apply to the Coulomb potential which has an infinite range. 

We now return to the boundary condition (3.27) in which we choose 
A = (27t)“ 3/2 . Thus we write 


(2n) 


3/2 exp(ifcj' 


r) + KK e, <t>) 


exp(i kr) 


r 


(5.38) 


Comparing with eq. (5.37), we obtain the integral representation of the 
scattering amplitude 

(27if 12 


f= ~ 


4n 


- J exp(-i k ( -r')U{r')^Xr’) dr' 


or 


/= - 2^ 2 <<P ft[ |t7|^ ) > 


(5.39) 

(5.40) 
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where we have introduced the plane wave corresponding to the final 
wave vector k f, namely 

#*,(»•) = ( 2n)~ 3/2 exp(ifc f • r). - (5.41) 

In terms of the potential V(r) = h 2 U(r)/2m 9 we may also write 

/=--(5.42) 


The transition matrix element Tn is defined as 
T n = 

so that 

_ (2 nfm 
J h 2 fi 

and the differential cross section da/dQ = |/| 2 is given by 
da _ (2n) 4 m 2 lrr |2 
d Q h 4 1 fii • 


(5.43) 

(5.44) 


(5.45) 


5.4. Compact solutions of the Lippmann-Schwinger equation. 
Integral representations of the scattering amplitude 

Let us return to the Lippmann-Schwinger equation (5.33) and write 

j/CV) = 4>fc t (»0 + ff\ r ) ( 5 - 46 > 

where the scattered wave \j/[+ ) satisfies the inhomogeneous equation 

[V r 2 + k 2 - U(r)^i:\r) = U(r)$ ki (r). (5.47) 

Now, suppose that we know the total Green’s function of the problem 
G (+) (r, r') satisfying the equation 

[V 2 + fc 2 - l/(r)]G (+) (r, r') = 5(r - r ') (5.48) 

and such that 

= f G (+ \r, r')U(r’)4> kl (r') dr’ (5.49) 

corresponds to an outgoing spherical wave. Then we may write explicitly the 
solution of the Lippmann-Schwinger equation. Using eqs. (5.46) and (5.49), 
we have 

WXr) = 4>*(r) + { G <+ \r, r')U(r')<P kl (r') dr'. (5.50) 

In order to determine the total Green’s function G (+) (r, r'), let us rewrite 
eq. (5.48) as 

[V 2 + fc 2 ]G (+) (r, r f ) = 8(r - r') + U(r)G (+ \r , r'). (5.51) 
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With the help of eq. (5.4) we therefore obtain for G (+) (r, r') the integral 
equation 


G (+ V, »•') = G ( 0 + \r, »*') + j G ( 0 + \r, r")[/(r")G (+) (r", r') dr". (5.52) 

The problem of solving the Lippmann-Schwinger equation (5.33) has thus 
been shifted to that of finding the solution of the integral equation (5.52) for 
the total Green’s function G (+) (r , r'). The relations (5.50) and (5.52) which we 
have just obtained provide a convenient starting point to discuss various 
approximation methods. Moreover, we shall see in Part III that relations of 
this type play an important role in general scattering theory. 

We may also use Dirac’s bra and ket notation to write the Lippmann- 
Schwinger equation (5.33) as 

ltfk +) > = l**> + |*£>> (5.53) 


and the explicit solution (5.50) as 

l</0 = l^> + G (+) U|^> (5.54) 

where the operators G (+) and G ( 0 +) are related by 


G (+) = G[> +) + Go +) C/G (+) . (5.55) 

We note that eqs. (5.53)-(5.55) are written independently of any choice 
of representation. In the position representation (configuration space) we 
have 

<i#L +) > = WXr) (5.56) 

<r|G ( 0 + V'> s \r, r f ) . (5.57) 

and 

OiG (+ V> = G (+) (r, r') (5.58) 

where the Green’s functions G ( 0 +) (r, r') and G (+) (r, r ') are given respectively 
by eqs. (5.27) and (5.52). Green’s operators such as G (+) and G[> +) will be 
studied in detail in Chapter 14. We also remark that with the help of eq. 
(5.54) we may rewrite the integral representation (5.40) of the scattering 
amplitude as 

/ = - 2n\$ kl \U + UG< +) U\$ ki >. (5.59) 

Let us now consider the Lippmann-Schwinger equation 

*£\r) = (2n )~ 3/2 exp(ifc t r) + { G<f>(r, r’)U(OKV)dr' (5.60) 

where 


G\T\r, r') 


1 exp{ — ik\r — r'l} 

4 n | r - 7\ 


(5.61) 


or 


G ( 0 ~\r, r') = (2tt)- 3 


lim 

E-0 + 


exp{ifc' • (r — r')} 
k 2 - k' 2 - ie 


dfc'. 


(5.62) 
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The wave function 1^7 } (r) corresponds to boundary conditions describing an 
incident plane wave of wave vector kf and an incoming spherical wave. 
Although this wave function does not satisfy the boundary condition (3.27), 
it nevertheless plays an important role in formal scattering theory, as we shall 
show in Part III. Introducing also the total Green’s function r') such 

that 

G ( ~\r, r’) = G ( 0 -\r, r ') + J G ( 0 -) (r, r")U(r")G ( ~\r", r') dr" (5.63) 
we can write explicitly the solution of eq. (5.60) as 

= * fc (r) + f G<-Xr, r')U(r’)4> k ,(r')dr'. (5.64) 

Using Dirac’s notation, we may rewrite the integral equation (5.60) as 

l$T ) > = l**,> + G ( <r y U\^y (5.65) 

while the compact solution (5.64) reads 

IC ) > = l**,> + |^,>. (5.66) 

Furthermore, we have 

<r|Gf V> = G ( 0 -\r, r'), (5.67) 

<r|G ( "V> s G ( ~\r, r') (5.68) 

and 

G (-) = G ( 0 -) + G ( 0 _) t/G (_) . (5.69) 

We note from eqs. (5.27) and (5.61) that 

G ( 0 -y, r') = G ( 0 +) *(r, r'). (5.70) 

Thus, using eqs. (5.52) and (5.63), we deduce that 

G<">(»-, r') = G(+)*(r, O (5.71) 

and therefore 

G<“> = G< + )t (5.72) 

where the dagger denotes hermitian conjugation. Hence, from eqs. (5.66) and 
(5.72) we obtain 

= <#*l + <^ fcf |l/G (+) (5.73) 

so that, by comparison with eq. (5.59), we deduce another important integral 
representation of the scattering amplitude, namely 

/= - 2n\^\U\4> ki }. (5.74) 

5.5. Partial wave analysis of the Lippmann-Schwinger equation 

In this section we shall consider the particular case of a central potential 
V(r). Following the ideas of Section 4.1 it is then natural to substitute the 
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expansion (4.62b) in the Lippmann-Schwinger equation (5.33), namely 

*%\k,r)= £ £ cMk, r^KfcdYJP) (5.75) 

1 = 0 m= —l 

where the coefficients c t depend on the “normalization” adopted for the 
radial functions R t and we have also used eq. (4.30). 

Since we have [see eq. (4.31)] 

exp(ifcr) = 4n £ £ i !/i( fcr ) y /m(^)^m(f‘) (5.76) 

1 = 0 m= —l 

the corresponding development of the incident plane wave is simply 

K(r) = (2 In) 112 £ £ (5.77) 

1 = 0 m=-l 

We also need the expansion of G ( 0 +) (r, r') in spherical harmonics. Because 
G ( 0 +) (i% r') only depends on | r — r'|, i.e. on r, r' and on the angle 0 o between 
the vectors r and r\ we may write 

G ( o + V,0=f I ®[ +) (r, (n^)- (5.78) 

1 = 0 m= —l 

The functions #[ +) (r> r') may be determined by using the integral repre¬ 
sentation of G { 0 +) (r , r') in momentum space, given by eq. (5.30). Expanding 
the plane waves exp(ifc' • r) and exp(— ik' • r ) in spherical harmonics according 
to eq. (5.76), we find that 

W\r,r')= --£ £ yg,(ny^) fd/c'/c' 2 ^^ (5.79) 

7Tj = 0m=-J JO K — K — 18 

and therefore 

Moreover, since ji(—z) = (—) l ji(z) (see Appendix C) we may also write 
eq. (5.80) as 


9 f*>(r.r-)- | J 


*" ,, „ Hk-r)j(k’r’) 


d W k r 


k ’ 2 -k 2 -iz' 


(5.81) 


This expression is readily evaluated by contour integration in the complex 
A:'-plane. Because j x (z) is an entire function of z (i.e. is an analytic function of 
z in the open z-plane) the only singularities of the integrand are the two poles 
of the denominator. Moreover, in order to apply a method similar to the one 
we used in Section 5.2, we note that (see Appendix C) 

u = m i) + hn ( 5 . 82 ) 

while 


h?\z) -r 

|z| —* 00 


. exp{i(z — %ln)} 


(5.83a) 
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and 


h\ 2 \z) -» 1 

|z| -» 00 


. exp{—i(z — %ln)} 


(5.83b) 


Consider first the case r < r'. Using eq. (5.82) to write jtfc'r ') = \[h\ l) (k f r f ) 
+ h\ 2 \k f r f )] and substituting in eq. (5.81) we break the integral in two parts as 

g\ + \r, r') = Ji + J 2 (5.84) 

where 

r - \ +a> A1> in WrWXhY) 

Ji = ~ — \ d k fe z T7I -^- 7 . (5-85) 


and 


_ _ J_ |* +0 
“ _ ^J-o 

1 r 

~ _ 2 ^J-c 


k ' 2 — k 2 — ie 


Alfl ,2hWr)h?XkY) 

ak k k >2 Z k 2 ~ i8 * 


(5.86) 


Now, from eqs. (5.82) and (5.83) we see that for r < r' and as \k'\ oo, the 
quantity ji{k , r)h\ 1 Xk , r t ) decreases exponentially in the upper half k '-plane 
(Im k' > 0 ), while ji(k'r)h\ 2) (k'r') decreases exponentially in the lower half 
&'-plane (Im k' < 0). We may thus close the contour of J x by a large semi¬ 
circle in the upper half-plane, while we add a large semi-circle in the lower 
half-plane to the integration path of J 2 . Applying Cauchy’s theorem and 
remembering that j t {—z ) = (—and h\ 2) (—z) = (—) / /i[ 1 ) (z) we obtain 
for r < r' 

g ( i + \r , r') = - i kUkrWXkr'). (5.87a) 

When r > r' a similar reasoning leads to the result 

g[ + \r, r’) = - ikU(kr')h\ l Xkr). (5.87b) 

We may therefore summarize eqs. (5.87) by writing 

di + Xr, r f ) = - ifcj I (fcr < )M 1 ) (fcr>) (5.88) 


where r< is the lesser and r> the greater of r and r\ Hence, returning to eq. 
(5.78) we have 

G ( 0 + \r, r') = - ik f £ MkrJhyXkr^YUnYUP). ‘(5.89) 

l = 0 m= —l 

With the expansions (5.75), (5.77) and (5.89) at our disposal we are now 
ready to carry out the partial wave analysis of the Lippmann-Schwinger 
equation. Substituting in eq. (5.33) and using the orthonormality property of 
the spherical harmonics we find that 

t £ cMk, r)YUtdYJP) = t I \(2ln) m i l Hkr) 

1 = 0 m=-l 1 = 0 m=~l L 

- ifee, | ” Ukr < )M 1) (kr >)U(r')Rlk, r'V 2 dr^YfJfcdY lm (P) (5.90) 
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so that 


cMk, r) = (2/7r) 1/2 4(kr) - i kc t j ^ j l (/cr < )/i i (1) (/cr > ){7(r')R,(fc, r')r' 2 dr'. 


(5.91) 


We may also write more explicitly 


c t R t (k, r) = (2/n) 1/2 i!/,(kr) - ifcc^fcr) j J^kr'W^R^k, r')r’ 2 dr' 

- i kcJtikr) J h^Xkr'Wir'Wk, r')r' 2 dr'. (5.92) 

Let us now examine the asymptotic behaviour of this equation when 
r oo. In this case the last term vanishes and we have 

R,(k, r) j^kridln) 112 - - ik f j,(fcr')U(r')K,(fc, r')r' 2 dr'l 

r-+ oo L C l JO J 

+ n,(fcr)Tfc J°° j l (kr')U(r')R t (k, r’)r' 2 dr'J (5.93) 

where we have used the fact that h\ l) = j, + in,. Upon comparison with 
eq. (4.86b) we immediately deduce that 


tan 5, --- 


1 00 

— k 

o 


j,(kr)U(r)R,(k, r)r 2 dr 


(2/7r) 1/2 (i'/c,) -i/c j Q j t (kr)U(r)R,(k, r)r 2 dr 


(5.94) 


So far we have left the coefficients c x unspecified. An obvious choice 
consists in requiring that 

c i — 


ji(kr)U(r)Ri(k, r)r 2 dr 


1+u i. 

so that eq. (5.94) reduces to 

tan d t = — k | 4 / / (fcr)L7(r)i? i (fc, r)r 2 dr 

and eq. (5.93) now reads [compare with eq. (4.86b)] 
R x (k , r) -» j\{kr ) — tan 5 t n t (kr). 


(5.95) 


(5.96) 


(5.97) 


With the “normalization” of our radial functions determined in this way 
we may now return to eq. (5.92). Using eq. (5.95) and the fact that h\ l) = 
ji + i«z, we then find that the functions R x (k, r) satisfy the integral equations 


with 


R,(k, r) = ji(kr) + j ^ G,(r, r')U(r')K,(fc, r')r' 2 dr' 
G,(r,r') = kj,(kr<)n l (kr>). 


(5.98) 

(5.99) 
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5.6. The Lippmann-Schwinger equation and the Fredholm 
method 


We first summarize some mathematical results pertaining to the theory of 
integral equations [e.g. 4]. Let us start with the integral equation 


fix) = g(x) + X 


1 


K(x, y)f(y ) d y 


(5.100) 


where A is a parameter, g(x ) is a continuous function for a < x < b and the 
kernel K(x , y ) is continuous and finite, i.e. 

\K(x,y)\ < M = const. (5.101) 

in the domain a < x < b\ a < y < b. 

We define the Fredholm determinant 


oo ( — iy r b r b 


d(A) 

and the first Fredholm minor 


K(x u x t ) ... K(x u x n ) 


K(x n , x t ) ... K(x n , x„) 


(5.102) 


D(X; x, y) = K(x, y) + £ —p f dx x . . 

«! L 



K(x, y) K(x, x x ) . 

• • K(x, x„) 


K(x u y) K(x u x0 . 

• • K(x i, x„) 

X 

K(x n , y) K(x n , x t ) . 

. . K(x n , x„) 


(5.103) 


Then, if X is not a zero of d(X), the integral equation (5.100) has a unique 
continuous solution, namely 

fix) = g(x) + | — g(y) dy. (5.104) 

This result may be generalized in several ways; it is valid for: 

1) Functions g(x) which are no longer continuous, but square integrable 
(denoted as g(x) e S£ 2 \ i.e. such that 

| \d(x)\ 2 dx < oo. (5.105) 

2) Kernels K(x, y) which belong to the Hilbert-Schmidt class (denoted by 
K(x 9 y) e J£? 2 ). If we define the norm ||K|| of the kernel by 

WKW = U‘ d x|'dy|K(x,y)| 2 J 1/2 (5.106) 
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the condition K(x, y) e i? 2 means that 


a) || jq 2 < OO. 

/I Jy 

(5.107a) 

b) For every x, 1 \K(x, y)\ 2 dy < oo. 

(5.107b) 

c) For every y, J \K(x 9 y)\ 2 dx < oo. 

(5.107c) 


If the conditions (b) and (c) are suppressed, the kernel is said to belong to 
the Hilbert-Schmidt class in the generalized sense. 

3) Infinite intervals and an arbitrary number of dimensions. 

In these cases the corresponding solution, given by the generalization of 
eq. (5.104) will now be square integrable. 

Let us try to apply these results to the Lippmann-Schwinger equation 
(5.33). In the following discussion it is convenient to consider the slightly 
more general equation 

CV) = **.(») + A f K(r, r'WfrV) dr' (5.108) 


where the kernel K(r, r ') is given by 


^xpw,-- ,-D 

4711#* — r | 


(5.109) 


and we have introduced the parameter L 
To investigate if the kernel (5.109) belongs to the Hilbert-Schmidt class 
(in the generalized sense), it is convenient to let k become complex, so that 

k = Re A: + i Im (5.110) 

Then the condition (5.107a) yields 

l\,_ 1 r J .. J „, ex P{-2k-r'|Im/c} |r _ | . _ 


J*dr j*dr'|K(r,r ')| 2 = ^ Jdrdr'* 


-|t/(r')| 2 < oo. (5.111) 


Let us change variables from r to s defined by 

s = r - r' (5.112) 

so that the Jacobian of the transformation is unity. Hence (5.111) reads 




exp{ —2s Im k} 


from which we conclude that if 

i) Im k > 0 
and 

ii) f dr' \U(r’)\ 2 < oo 

the Fredholm theory can be applied to eq. (5.108). Since 

E = h 2 k 2 /2m 


(5.113) 


(5.114) 


(5.115) 


(5.116) 
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we may also transpose our discussion to the complex energy plane. For this 
purpose, it is convenient to imagine the complex E plane as formed of two 
superposed Riemann sheets corresponding to the two possible choices: 
Im k > 0 or Im k < 0. For each choice, we see that the relation (5.116) 
transforms one half-&-plane onto an entire sheet of the complex E plane. 
We define the Riemann sheet corresponding to the choice Im k > 0 as the 
“ physical ” sheet , while the sheet which corresponds to Im k < 0 is denoted 
as the “ unphysical ” sheet [5]. These two sheets have the common boundary 
Im k = 0, so that it is convenient to consider the complex E plane as cut 
along the real axis from 0 to oo (see Fig. 5.4). 


Im E 



Fig. 5.4. The complex energy plane. The cut which runs along the real axis from E = 0 
to E = + oo is the common boundary of the “physical” and “unphysical” sheets corres¬ 
ponding respectively to Im k > 0 and Im k < 0. 

As k becomes real, i.e. when E approaches the cut, we see from eq. (5.113) 
that the kernel K(r , r') of the Lippmann-Schwinger equation is no longer in 
the Hilbert-Schmidt class. Hence the Fredholm theory cannot be applied 
directly to the Lippmann-Schwinger equation for real values of k, i.e. for E 
real and positive. Since we are precisely interested in real values of k and E 
such that k ^ 0 and E ^ 0, we meet here a genuine difficulty. 

However, there are several ways to overcome this problem [e.g. 6, 7]. The 


first one is to write 




U(r) = 



(5.117) 

where 




>?(»•) = 

r+i if 
t-i if 

U(r) > 0 

U{r) < 0 

(5.118) 


and to multiply the Lippmann-Schwinger equation (5.108) by |J7| 1/2 . 
Defining the quantities 


¥uM = \V\ m WM (5.119) 

$ kt (r) = \U\ ll2 <P kl (r) (5.120) 

and 

K(r, r') = - -W)! 1 ' 2 eXP ( l/ck ~ r ' ]} \U(rW l2 n(r'), (5.121) 

4 n 11* — r I 
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we obtain the new integral equation 

$ltK r ) = $k t (r) + a j K(r, r'^+V) dr'. 

Let us examine the kernel K(r, /). We now have 

exp{—2| r — r'llm/c} 


Jdr dr'|X(f, r')| 2 = j^jdr dr'|t/(r)| \U(r')\ 


|r - r'| 2 


(5.122) 


(5.123) 


so that 

|dr dr'|£(r, 0\ 2 < dr dr'|t/(r)| \U(r')\ . (5.124) 

Thus, the quantity on the right-hand side of eq. (5.123) is finite, even for 
Im k = 0 if 


i) | dr\U(r)\ < oo 
and 


(5.125) 


ii) f dr'|t/(r')|/|r - r'\ 2 s? M < oo (5.126) 

where M is some positive constant. 

The inequalities (5.125) and (5.126) provide sufficient conditions for the 
applicability of the Fredholm theory to the modified Lippmann-Schwinger 
equation (5.122). 

Another way of making the Fredholm theory applicable to the Lippmann- 
Schwinger equation (5.108) is to first iterate [8, 9] this equation. This leads to 
the integral equation 



= FuM) + A 2 J K 2 (r, r')<>(r')dr' 

(5.127) 

where 




F kl (r) = <P kl (r) + A f K(r, r')d> ft ,(r') dr' 

(5.128) 

and 




K 2 (r, r') = J K(r, r")K(r", r') dr". 

Let us write the iterated kernel K 2 (r , r ') explicitly as 


(5.129) 


16tc 




(5.130) 


where 
A(r, r') 


r' J dr" 


£/(r") 


exp{ifc[|r - r"| + |r" - r'| - |r - r'|]} 


|r - r" | \r" - r'| 


(5.131) 
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From the triangular inequality 

I r - r "| + | r" - r'\ > \r - /1 
we deduce that, for all Im k > 0 


M(r, Ol « r' Jdi' | r _ y _ - Hf, r-). 


(5.132) 

(5.133) 


In the particular case of a central potential such that 

| drr|t/(r)| < oo (5.134) 

and 

r 2 \U(r)\ < M < oo. (5.135) 

Jost and Pais [8] have shown that B(r , r') ^ N < oo. Here M and TV are 
positive constants. Then, from eq. (5.133) 

M(r, r')| ^ N < oo (5.136) 

and the Fredholm theory can be applied to eq. (5.127). The solution can then 
be written as 


CV) = F fc (r) + d*-' (5.137) 


with the Fredholm determinant 


d 2 (A 2 ) = l+ 


and the first Fredholm minor 


^2(» , l.» , l) ••• 


••• K 2 (r„,r„) 


(5.138) 


D 2 (X 2 ; r, r’) = K 2 (r, r') + 



« 2 (r.O ^(r.rj ... X 2 (r, r„) 
K 2 (r u r') ... K 2 (r u r „) 


X 



(5.139) 


I K 2 (r n , /) K 2 (r n , r t ) ... X 2 (r ff , r„) | 

The representation (5.137)—(5.139) of the solution has the disadvantage that 
the quantity d 2 (X 2 ) vanishes for X = ± where k n are the eigenvalues 
of the original integral equation. One can therefore factor out an entire 
function in Z) 2 (A 2 ; r , /) and d 2 (l 2 ), as was first demonstrated by PoincarS [10]. 


References and notes on page 131 



130 


POTENTIAL SCATTERING 


To summarize, the Fredholm theory can be applied to a slightly modified 
version of the Lippmann-Schwinger equation. The series (5.102)—(5.103) or 
(5.138)—(5.139) converge uniformly and absolutely. Moreover, as Jost and 
Pais have shown [8], the scattering wave function ^+ } (r) has no singularity 
for real values of k , except perhaps at k = 0. It should be noted, however, 
that the convergence of the Fredholm series is often slow, which makes the 
use of the method a rather tedious affair. If the equation can be reduced to 
one dimensional equations as in Section 5.5 [see eq. (5.98)] then appropriate 
matrix inversion techniques can be used in the numerical solution of the 
problem. 


5.7. Non-local potentials 

We conclude this chapter by an extension of the Lippmann-Schwinger 
equation to the case of scattering by non-local interactions. 

A non-local potential is an operator which plays the role of the potential 
in the Schrodinger equation but is not diagonal in the coordinate representa¬ 
tion [11]. In other words, its matrix elements in that representation read 

<r| V\r'y. (5.140) 

The action of a non-local potential on a wave function i j/(r) is therefore 
described by the integral operator 

J <r|Kir'W)dr'. (5.141) 

Thus the action of the non-local potential on the wave function depends on 
the value of this function in all configuration space. This non-locality property 
justifies the name of the potential. By contrast, one has for a local potential 

(r\V\r')> = V(r)8(r - r') (5.142^ 

so that in that ease 

J Ol V\r'yW) df' = V(r)ip(r). (5.143) 

The Schrodinger equation for a non-local interaction now becomes an 
integro-differential equation, namely 

[V? + k 2 ]<l/(r) = J <,r\U\r'yil/(r') dr' (5.144) 

where we have defined 

<r\U\0 = ^<r\V\r'y. (5.145) 

A straightforward generalization of the arguments of Section 5.1 then leads 
to the Lippmann-Schwinger equation for non-local interactions, namely 

WXr) = **(r) + J G ( 0 +) (r, /)</\U\r"}^\r") dr’ dr" (5.146) 
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where ^(r) = (2n)~ 3/2 exp(i&i*r) and the Green’s function G ( 0 + \r, /) is 
given by eq. (5.27). The integral representation of the scattering amplitude is 
still [see eq. (5.40)] 

/= -2n\^ kl \U\^y (5.147) 


or explicitly 


/ = - 2n 2 \ *l(rXi\U\rWVHrt dr dr' (5.148) 


where $k t (r) = (2n) 3/2 exp(ifcrr). 

As an example, let us consider the separable [12] non-local interaction 

<r\U\0 = 2u(r)u(r% (5.149) 

where we assume that u(r) is a real function. With such a potential, the 
scattering amplitude (5.148) becomes 

/ = - (5-150) 

However, from eq. (5.146) we obtain 

<»#r> = + A< M |GS +) i«> <u\^>y (5.i5i) 

with 

<u|Gk + >| M > = f M (r)G ( 0 +) (r, r')u(r’) dr dr'. (5.152) 

Hence 




1 - l<«|G ( 0 +) |u> ' 


(5.153) 


Substituting this result in eq. (5.150), we find that 

^. 2 , <**.!«> <«l^> 

; \ - i<u\<s?'\uy 


(5.154) 


For simple choices of the function u(r), this expression can be evaluated in 
closed form to give an exact, explicit expression of the scattering amplitude. 
We shall illustrate the use of eq. (5.154) at the end of Chapter 8 in connection 
with our study of the Born series. 


References and notes 

[1] Lippmann, B. A. and J. Schwinger (1950), Phys. Rev. 79, 469. 

[2] For a general discussion of Green’s functions, see for example 

Courant, R. and D. Hilbert (1966), Methods of Mathematical Physics (Interscience 
Publ., New York) Vol. I, Chapter 5; Vol. II, Chapter 4; 

Morse, P. M. and H. Feshbach (1953), Methods of Theoretical Physics (McGraw-Hill, 
New York) Chapter 7; 

Byron Jr., F. W. and R. W. Fuller (1970), Mathematics of Classical and Quantum 
Physics (Addison-Wesley, Reading, Mass.) Chapter 7. 



132 


POTENTIAL SCATTERING 


[3] In order to simplify the notation, we still omit to indicate explicitly the ^-dependence 
of the functions G 0 , go , etc. 

[4] Riesz, F. and B. Sz. Nagy (1955), Functional Analysis (F. Ungar Publ. Co., New 
York) Chapter 4; 

Courant, R. and D. Hilbert, loc. cit. [2] Vol. I, Chapter 3; 

Smithies, F. (1958), Integral Equations (Cambridge Univ. Press, New York); 

Byron Jr., F. W. and R. W. Fuller, loc. cit. [2] Chapters 8 and 9. 

[5] One should not attach too much importance to the terms “physical” and “unphysical”. 
Both sheets are used in the interpretation of physical phenomena, as we shall see later. 
Strictly speaking, of course, “physics” lies on the real axis of the /s-plane. 

[6] Smithies, F., loc. cit. [4]. 

[7] Newton, R. (1966), Scattering Theory of Waves and Particles (McGraw-Hill, New 
York) Chapters 9, 10. 

[8] Jost, R. and A. Pais (1951), Phys. Rev. 82, 840. 

[9] Khuri, N. N. (1957), Phys. Rev. 107, 1148. 

[10] Poincare, H. (1901), Acta Math. 33, 57. 

[11] The Green’s functions introduced above provide other examples of non-local operators 
in the coordinate representation. 

[12] Apart from its interest in potential scattering, the separable potential has played an 
important role in recent studies of the three-body problem. We shall return to this 
point in Chapter 19. 



6 


The Coulomb Potential 


The Coulomb interaction potential for two particles having respectively the 
electric charges Z^e and Z 2 e is 

V c (r) = Z t Z 2 e 2 /r. (6.1) 

Many results which have been derived in the previous chapters are not 
directly applicable to this potential. The physical reason for such an excep¬ 
tional behaviour is that the Coulomb potential has an infinite “range” 
(corresponding to the zero mass of the photon), so that its influence is felt 
even for r oo. In other words, all incoming particles - even those corres¬ 
ponding to very large impact parameters - are scattered by the Coulomb 
potential. Hence, the Coulomb scattering wave functions do not satisfy the 
boundary condition (3.27). 

Of course, in actual physical situations the Coulomb field (6.1) is shielded 
by other charges so that the “pure” Coulomb expression (6.1) is replaced by 
a “screened” Coulomb potential 

V(r) = V c (r)s(r) (6.2) 

where *y(r) is a screening function. For example, in most nuclear and high- 
energy scattering processes one may assume that *y(r) = 0 for r > R s , where 
R s is the screening distance at which the two charges are shielded from each 
other. Indeed, the relevant collision distances in those processes are of the 
order of 10“ 13 cm, while the screening distance R s , due to the presence of 
the atomic electrons, is about 10“ 8 cm. A convenient expression of the 
screening function, which is often used in these cases, is given by the simple 
form 

(6.3) 


/ . f 1 for r < R s 

- \0 for r > R s . 
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Despite the fact that a pure Coulomb field is an idealization, the solution of 
the scattering problem for such a potential is of great importance, particularly 
in atomic and nuclear physics. We shall outline here two ways of treating the 
Coulomb potential. The first and simpler one uses parabolic coordinates , and 
is described in Section 6.1. In Section 6.2 we shall return to spherical polar 
coordinates and make the necessary modifications to the method of partial 
waves. Finally, we study in Section 6.3 the situation where a short range 
potential is added to the Coulomb field. More details about the treatment of 
the Coulomb potential in scattering theory may be found in the references 
[1] to [5] listed at the end of this chapter. 


6.1. The Coulomb potential in parabolic coordinates 


Let us define the parabolic coordinates (£, t /, <£) through the relations 

* = y/itl COS (j), 
y = y/Zti sin 0, 

^ “ *?), (6.4) 

{ = r + z = r(l + cos <j>), 
r\ = r — z = r(l — cos (j)), 

(j) = tan ~ 1 (y/x). 

The surfaces £ = const, and rj = const, are paraboloids of revolution about 
the z axis with the origin as focus. 

The operator V 2 is given in these coordinates by 


\\+~ 
J in < 


{ + 9 d(J drjydtiJ j ZrjdF v 7 

so that the Schrodinger equation corresponding to the pure Coulomb potential 
(6.1) becomes 


2m k + Jj dU + dtjy drj 


+ TZTIiWc + 


2Z t Z 2 e 4 
' i + n 


ij/ c = Ei// C . (6.6) 


Since we are interested in a scattering solution \j/ c which exhibits azimuthal 
symmetry, we write 

=M)g(n) (6.7) 

and separate the Schrodinger equation (6.6) to obtain the two differential 
equations 


si ( %} +(ik2( - y ‘ )f=0 


+ (i k 2 t] - v 2 )g = 0. 


d rj\ di] 


(6.8b) 
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The two separation constants v x and v 2 are such that 

Vi + v 2 = yk (6.9) 

where we have defined the quantity 

y = mZtZ^/tfk = Z^Z^jhv ( 6 . 10 ) 

and we recall that v = hk/m is the magnitude of the relative velocity. 

In order to determine the two functions /(£) and g(rj), we first notice that 

exp(i kz) = exp{^i k(£ — rj)} 

while 

exp(i kr) = exp{£i k{£ + rj)}. 

This suggests that we choose 

/© = exp(ii^) (6.11) 

which indeed is a solution of eq. (6.8a) provided that Vj = k. With the help 
of eq. (6.9) we may then rewrite eq. (6.8b) as 

+ i k 2 ng - (yk - ¥k)g = 0 . (6.12) 

Let us define a new function h(rj) by the relation 

g(ri) = exp { - ^ikrt }h(r}). (6.13) 

Substituting this expression for g(rj) in eq. (6.12), we obtain 

rj d 2 h/drj 2 + (1 — i krj) dh/drj — ykh = 0. (6-14) 

This last equation can be identified with the Kummer-Laplace differential 
equation 

z d 2 wjdz 2 + {c — z) dw/dz — aw = 0 (6.15) 

whose solution, regular at the origin z = 0, is the confluent hypergeometric 
function iF t (a; c; z). Thus we find that 

Krd-C&i-iyiliih,) (6.16) 

where C is a constant. Hence the Schrodinger equation (6.6) admits the 
regular solution 

\j/ c = Ce kz ^(-iy; 1; i k(r - z)). (6.17) 

Before we analyze the asymptotic behaviour of the function i^ c , let us study 
in more detail the solutions of the Kummer-Laplace equation (6.15). The 
confluent hypergeometric function \F Y (a\ c; z) can be written as a power 


_ , x , a z a(a + 1) z 2 
1 f 1 (a;c;z) = l + -.- + -^- r ^- + 


” r(a + n)r(c) z n 
h r(a)r(c + n)n\ 


( 6 . 18 ) 


where r is Euler’s gamma function. 
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Except for the case c = — p (p integer ^ 0), the series (6.18) defines an 
entire function of z . It clearly reduces to a polynomial of degree p if a = — p, 
and exhibits an essential singularity at infinity if a ^ — p. For the case where 
a is not an integer and c is an integer > 0, which is of interest to us [see eq. 
(6.16)] one can use the following integral representation of x F t (a; c; z ) [6] 

He) r 

iFi(a; e; z) = (1 - e' 2 ^)' 1 -rO (6.19) 

r(a)r(c - a) Jc 

Here C is a simple loop in the complex f-plane enclosing the points t = 0 and 
t = 1 where the integrand has branch points, and we have chosen the cut to 
join these points (see Fig. 6.1) 



Fig. 6.1. The integration contour used in eq. (6.19) to obtain the function iFi(a; c; z). 

If the cuts are drawn as shown on Fig. 6.2 and the contour C in eq. (6.19) is 
replaced respectively by the integration paths C x and C 2 (i.e. loops coming from 
i oo and enclosing one of the branch points in the positive sense) one obtains 
successively two linearly independent solutions, irregular at the origin, 


Inrvt 



Fig. 6.2. The integration paths Ci and C 2 which correspond respectively to the functions 

W^a; c; z) and fV 2 (a; c; z). 

called Wiia'tCiz) and W 2 (a\c;z) [6]. In terms of these functions, the 
solution of eq. (6.15), regular at z = 0, can be written as 

c; z) = W t (a; c; z ) + W 2 (a; c; z). (6.20) 

It is also convenient to introduce another solution of eq. (6.15), irregular at 
the origin, as 


G(a; c; z) = — i[fV t (a; c; z) - W 2 (a; c; z)\. 


( 6 . 21 ) 
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The solutions W t (a; c;z) and W 2 (a\c\z) have simple asymptotic (semi- 
convergent) expansions, namely [e.g. 6] 

Tic) 

Wi(a; c; z)^ m x — - ^ (-z) a v(a; a - c + 1; -z), 

— n< arg( — z) < + n (6.22) 
and 


W 2 (a; c; z\ z ^ x 


m 

r(a)' 


e z 


v(l — a; c 


a\z\ 


— n< arg z < + n (6.23) 


where 


, * , 1 , *p oc(oc + l)p(p + 1) r 

v(or,P;z) = 1 + m + - 2 !^- + 


” r(n + a)r(n + /?) (z)“" 

n=o mm nl • 


(6.24) 


We are now ready to obtain the asymptotic form of the function i// c . 
Using eq. (6.20), we first rewrite the relation (6.17) as 

•Ac = + <A 2 ] (6.25) 

where 

^ = e itz ^(-iy; 1; ik(r - z)) (6.26) 

and 

<h = e Uz W 2 (-iy; 1; iA:(r - z)). (6.27) 

The asymptotic expansions (6.22)-(6.24) then yield 

+y,oMr ~ z)] (' + i w=i) + "•] (6 - 28) 

and 

exp(iny)exp{i[fcr-ylogfc(r-z)]}r (1 + iy) 2 1 
Ir-J*. n-iy) i/c(r — z) [ + i/c(r-z) + '"J ^ ; 

where we have used the fact that the purely imaginary variable u = i k(r — z) 
can be written as w = exp{log |«|} exp{^i7i}. Since tT(t) = r(t + 1) so that 
T(-iy) = T(1 — iy)l(-iy) we may rewrite the relation (6.29) as 


^2 

|r-z|->oo 


y expiry} exp{i[/cr — y log k(r — z)]} 
T(1 - iy) k(r - z) 


x 



(i + iy) 2 

ifc(r — z) 


+ 



(6.30) 
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Using eqs. (6.25), (6.28) and (6.30) together with the fact that z = r cos 0, we 
find that 


*. - C^)U 0[t z + rl og 

|r —z|-»oo i (1 + WL 

, r/m ex P {Kkr - y\og2kr)} 


+ m 


where 


exp{i[fcz + y log kr(l— cos0)]} ^1 + •• 

■r ~ 7 log 2kr))( t (1+iy) 2 Yl ,, , 

r l i/cr(x — cos 8) ’ )J 


r,m _ _,o:_ x exp{-iy log(sin 2 iff)} 

m - - y exp(2i(7 0 )-- 


so that 


exp(2i(r 0 ) = r( 1 + iy)jT(l - i y) 
<7 0 = arg r( 1 + iy). 


Clearly, the relation (6.31) does not hold for 6 = 0, in which case z = r 
and we cannot let \r — z\ tend to infinity. 

Let us now compare the asymptotic behaviour of the Coulomb wave 
function t j/ c [see eq. (6.31)] with that of the stationary scattering wave 
function corresponding to a potential of finite range, namely 

VuV - 4"e ,fa + /(0,tf)—1- ( 6 - 35 ) 

r-* oo |_ ^ _] 


We see that the asymptotic form of i j/ c does not reduce to the simple 
expression (6.35). The long range character of the Coulomb force prevents 
the first term on the right of eq. (6.31) from approaching a plane wave, while 

the second term does not exhibit the simple form exp(i kr)/r. However, when 

\r—z\-*co the modifications due to the Coulomb interaction only affect the 
phases of these terms, so that the two terms on the right of eq. (6.31) can again 
be interpreted respectively as an incident wave and an outgoing scattered wave. 
Indeed, if we calculate the probability current density at large r - ignoring 
the interference term since we stay away from 6 = 0 [7] - the first term of 
eq. (6.31) yields a probability current yi nc such that the incident flux through 
a unit area normal to the incident wave vector k { is given by 

Uck = B*B\v (6.36) 

where 

B = Cexp{i7ry}/r(l + i y) (6.37) 

and we remark that the logarithmic phase gives a correction of order r~ x 
which can be neglected. 

Similarly, the current density y 0 ut calculated for large r from the second 
term on the right of eq. (6.31) is directed radially and is such that the outgoing 
flux through a unit area normal to P is given by 



(6.38) 
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the effect due to the presence of the factor exp[—iy log (2 kr)] being negli¬ 
gible to lowest order in r -1 . 

Taking the ratio of the scattered flux into the solid angle (Q, Q + d Q) to 
the incident flux, we find that the differential Coulomb scattering cross section 
is simply [8] 

daJdQ = |/ c | 2 (6.39) 

or 

d<r c _ y 2 _ [ Z l Z 2 e 2 
dQ ~ 4 k 2 sin 4 \0 ~ (4E sin 2 \6 

We note that eq. (6.40), which does not involve Planck’s constant h, is 
identical to the Rutherford formula derived by Rutherford [9] from classical 
mechanics. Although the angle dependent part occurring in the phase of the 
scattering amplitude / c (0) has clearly no effect on the Coulomb differential 
cross section (6.40), we shall see in Chapter 7 that it leads to non-classical 
effects when the colliding particles are identical. 

There are other remarkable features of Coulomb scattering contained in 
the Rutherford formula (6.40). The differential cross section daJdQ does not 
depend on the sign of the potential. Also, since the energy and the scattering 
angle 0 enter into separate multiplicative factors, the angular distribution is 
independent of the energy [10]. Moreover, at fixed 0 , the cross section is 
proportional to E~ 2 . Finally, the quantity doJdQ is infinite in the forward 
direction (6 = 0) and the total cross section is also infinite, since the expression 
5(dcJdQ) dO diverges at 6 = 0. However, as we remarked at the beginning of 
this chapter, the Coulomb field is screened by other charges in actual physical 
situations at a distance R s . The expressions (6.32) and (6.40) are therefore 
correct only for momentum transfers 2 hk sin \0 large with respect to h/R s 
and there is no cause for alarm in the fact that the pure Coulomb total cross 
section is infinite. 

Incidentally, it is of interest to mention at this point an important difference 
between classical and quantum scattering. In classical theory, the total cross 
section always fails to exist if the forces have an infinite range, no matter how 
fast they tend to zero. This is due to the fact that two classical particles 
interacting through forces of infinite range always suffer some deflection, even 
if they pass by each other at an arbitrary large distance (i.e. at a large impact 
parameter). Hence, for such interactions, the classical differential cross 
section is always infinite for 0 = 0, and the total classical cross section is 
also infinite. On the contrary, in quantum mechanics, it is a simple matter 
to show that the total cross section remains finite if the potential de¬ 
creases faster than r~ 2 for large r , while the differential cross section at 
0 = 0 remains finite if the interaction decreases faster than r~ 3 (see Prob¬ 
lem II, 14). 

Let us now return to the Coulomb scattering wave function \j/ c whose 
asymptotic behaviour is given by eq. (6.31). In what follows we shall adopt a 


■ 


(6.40) 
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“normalization” convention similar to that discussed in Section 5.1 and 
leading to the expression 

</C> - (2jr)~ 3 / 2 [e iiz + f(6, <t>) e i 4 7r] (6.41) 


for potentials of finite “range”. Thus, normalizing the incident wave so that 
it gives a probability density (2n)~ 3 in configuration space, we find from 
eq. (6.31) that 

C = (2n)~ 3/2 exp(-jny)r(l + iy). (6.42) 

Hence the Coulomb wave function (6.17) becomes 

<Ac = (2 tt ) _3/2 exp(-i 7 iy)r(l + iy) e ikz iF t (—iy; 1; ik(r - z)) (6.43) 


and 


t C-* (2n) 3/2 exp{i[fez + y log kr(l - cos 0 )]}(l + .-— 7 ^-- 7 .+ • • •) 

|r-z|->oo L \ —cost;; / 


+ exp{i(fcr - y log 2 /cr)} ^ 


1 + 


-)]■ 


(6.44) 


ikr(l — cos 6) 

We note that the probability of finding the particle at r = 0 relative to that of 
finding it in the incident beam is given by 

l^c(0)| 2 /|iAc(a))| 2 = e-*v|r(l + iy)| 2 = Iny^ - 1) (6.45) 


where we have used eq. (6.18) to obtain i/f c (0). If the Coulomb potential is 
repulsive (y > 0 ) and strong compared with the kinetic energy of the particle, 
so that y > 1 , we have 

l'/'c(0)| 2 /|i/'c(oo)i 2 - 2ny exp(-2?ry). (6.46) 

The quantity exp(—27ry) = exp(—2nZ 1 Z 2 e 2 /hv) is called the Gamow factor 
[11]. It plays an important role in the description of reactions between 
positively charged nuclei at low relative velocities, as well as in the theory of 
alpha decay. 

Let us now examine briefly shielding effects, assuming that the pure 
Coulomb potential (6.1) is replaced by the screened potential (6.2), with the 
screening function 5 (r) given by eq. (6.3). Comparing the asymptotic 
behaviour (6.44) of the Coulomb wave function with the corresponding 
expression (6.41) valid for the screened potential, we see that if 

y 2 jk 4. R s ( 1 — cos 6 ) (6.47) 

then the screened potential scattering amplitude f(6 ) differs from f c (6 ) only 
by a logarithmic phase factor, namely 

m = m exp{—iy log 2 kR s } (6.48) 

and the differential cross section is unchanged by the screening. For scattering 
angles 

6 < yl(kR s ) 1/2 (6.49) 
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which do not obey the condition (6.47), the terms of order R~ x in eq. (6.44) 
must be taken into account. In many nuclear and elementary particle processes 
[where the screening function (6.3) is used] the angular range defined by 
eq. (6.49) is small compared with the acceptance angle of the detectors [12]. 


6.2. Partial wave decomposition 


We shall now solve the problem of Coulomb scattering in spherical polar 
coordinates, using the method of partial waves. This way of approaching 
the problem is not of great interest for pure Coulomb scattering, since the 
treatment in parabolic coordinates is simpler. In addition, because the 
Coulomb interaction drops off so slowly for large r, we expect the partial 
wave expansion for the scattering amplitude f c (6) to be of little use. 
However, the partial wave decomposition is essential for the study of scatter¬ 
ing problems where a short-range potential is added to the pure Coulomb 
interaction. This situation arises for example in proton-proton scattering, 
where departures from the Coulomb potential occur at small distances, due 
to the short range, strong interaction between the two colliding protons. 
We shall study the problem of treating the superposition of a Coulomb and 
a short-range potential in Section 6.3. Returning now to pure Coulomb 
scattering in spherical polar coordinates, we write the Schrodinger equation as 


er 1A ( 2 d\ l 2 i 

2 mr 2 dr\ dr) h 2 r 2 _ + 


Z x Z 2 e 2 

r 




Eil/ 


(6.50) 


where the operator L 2 is given by eq. (4.6). Let us expand the wave function 
xj/ in partial waves as 


i// = r 1 Yj ^(fc, r)P t (cos 6) (6.51) 

1=0 

so that the radial functions w t (k, r) satisfy the equation 

[d 2 /dr 2 + k 2 — /(/ + l)/r 2 — 2yk/r]wi(k, r) = 0 (6.52) 

where y is defined in eq. (6.10). If we now substitute 

w t (k, r) = Q lkr (kr) l+1 f t ((xr) (6.53) 

and set £ = a r, we find that the function /,(£) satisfies the Kummer-Laplace 
equation 

i d 2 fM 2 + (21 + 2-0 dfM - (1+1+ iy)fi = 0 (6.54) 


if we choose a = — 2i k. Therefore the solution of this equation, regular at 
r = 0 is 


ft = c, 1 F 1 (/ + 1 + iy; 2/ + 2; -2i kr) (6.55) 
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and the regular spherical Coulomb function F x (k, r) obtained by substituting 
the regular solution (6.55) in eq. (6.53) is then 

F x (k, r) = C x e ik ' (J kr) l + 1 ^(l + 1 + iy; 2/ + 2; -2ikr). (6.56) 

The asymptotic form of F x (k, r) may be found from the semi-convergent 
expansions (6.22)-(6.24). This yields 


F x (k, r) -> C x 

r-* oo 


exp{Jr?ry + i<7,}(2 / + 1)! 

YnnrnrW) 


sin (kr — \ln — ylog 2 kr + <r t ) (6.57) 


where [compare with eq. (4.44)] the quantity 

o’, = arg r(l + 1 + iy) (6.58) 

is called the Coulomb phase shift. Hence the “Coulomb S-matrix element ”, 
defined by analogy with the S-matrix element of eq. (4.50), is given by 

Sj(k) = exp{2icr,(/c)} = T(l + 1 + i y)/T(/ + 1 — iy). (6.59) 

If we require by analogy with eq. (4.84a) that 

F t (k, r ) -> sin(A t — \ln — y log 2 kr + o,) (6.60) 

r~* oo 

then the quantities C x are such that 

= 2 t exp(-^7ry)jr(/ + 1 + iy)l 
' (21 + 1)! 

= Co [(/ 2 + y 2 )[(/ - l) 2 + y 2 ]. • • (1 + y 2 )] 1/2 (6.61) 

with 

C 0 = [2nyl(e 2 " y - 1)] 1/2 . (6.62) 

Hence 


F,(k, r) = 


2'exp(-i7ry)|r(Z + 1 + iy)| ik 


(21 + 1 )! 


Q lkr (kry 


x 1 F 1 (/ + 1 + iy; 21 + 2; —2i kr). (6.63) 

It is easily verified that with the choice w x = F h the function \j/ of 
eq. (6.51) is proportional to the Coulomb scattering wave function \f/ c which 
we have calculated above in parabolic coordinates. If we adopt the “norma¬ 
lization” leading to the asymptotic behaviour (6.44) we find that 
= (2n)- 3 ' 2 exp(-i7ry)r(l + iy) e^ ^(-iy; 1; ifc(r - z)) 


= £ C, e ikr k l+1 r‘ iFJl + 1 + iy; 21 + 2; -2iAr)P,(cos 0). (6.64) 

1=0 

The new coefficients € t may be obtained by using the orthogonality property 
of the Legendre polynomials and matching the two sides of eq. (6.64) at 
r = 0. One finds 


C, = (2n)~ 3/2 k~ 1 (2l + 1) i' exp(ia,)C, 


(6.65) 
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so that 

\f/ c = (2n)~ 3/2 (kr)~ 1 Y (2/ + l)i* exp(i<7,)F f (fc, r)P x (cos 0) (6.66) 

1 = 0 

with F x (k , r) given by eq. (6.63). This development bears a strong resemblance 
to that of the plane wave 

<p ki = (27t) — 3/2 exp(ifci-r) = (2n)~ 3/2 f) (21 + l)4(fcr)P,(cos 0) (6.67) 

1 = 0 

to which it reduces when y 0. 

One can also obtain irregular spherical Coulomb functions by looking for 
solutions of eq. (6.54) which are irregular at the origin. In terms of the two 
irregular solutions W x and W 2 introduced in Section 6.1, one may define 
the irregular spherical Coulomb functions 

G x (k, r) = - iC|e ,ftr (ikr) ,+1 [JFi(/ + 1 + iy; 21 + 2; -2i kr) 

- W 2 (l + 1 + iy; 21 + 2; -2i*r)], (6.68) 

and 

i//±)(fc,r) = 2C X exp(+i<7,) e ±ifcr (kr) l+1 W x (l + 1 ± iy; 2/ + 2; +2ifcr) 

= 2C X exp(+io’ / ) e* 1 *' (kr) l+1 W 2 (l + 1 + iy;2Z + 2; + 2i kr). 

(6.69) 

With the choice (6.61) for the quantities C h these functions have the 
following asymptotic forms: 

G x (k , r) — cos (kr — — y log 2 kr + a t ) (6.70) 

r-+ oo 

and 

77/ ±) (fc, r) + i exp{ + i(/cr — ^/7r — y log 2fcr)}. (6*71) 

r-* oo 

The functions F* and G* are real, while 77/ +) and 77/ _) , which behave 
respectively as pure outgoing and incoming waves for large values of r 9 are 
such that 77/ _) = 77/ +) *. We also have 

Fi = i{i/, (+) exp(i<7,) + //, (_) exp(—i<r,)}, (6.72) 

G, = T{/y< + > exp(icr,) - /7, (_) exp(—icr,)} 
and 

tf ( (±) = exp(+i<7,){F, + iG,}. 

In terms of the functions 7// +) and eq. (6.66) can be rewritten as 

\l/ c = (2n)~ 3l2 (2kr)~ l £ (2/ + l)i' 

1 = 0 

x [77/ _) (/c, r) + exp(2i<r f ) 77/ +) (fc, r)]P f (cos 0). (6.73) 
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Returning to eq. (6.56), we note that near kr — 0 we may develop 
exp(iAr) = 1 + i kr — \{kr) 2 + • • • and also retain the first few terms in the 
expansion (6.18) of the confluent hypergeometric function to obtain 


F t = Cj(fcr) ,+ 1 [ 1 + i kr — \k 2 r 2 + 


J [_ 21 4 


(l + 1 + iy)(/ + 2 + iy) 4 k 2 r 2 
(21 + 2X2 1 + 3) 2 


= C t (kr) 


i+i 


{l + r L r *r + 

( l + 1 


2y 2 - l - 1 
(2/ + 2X2/ + 3) 



(6.74) 


and in particular for / = 0 

F 0 = CoMl + ykr + (iy 2 - i)k 2 r 2 +•••]. (6.75) 

The corresponding expansions for G t near kr = 0 are 

G t = -[(21 + l)CJ -1 (ifer)- , Il + 0(ykr/l)], l * 0 (6.76) 

and 

G 0 = -Co 1 {1 + 2kry[\og(2kr) + 2C - 1 + h(y) + logy] 

+ (3y 2 - i)k 2 r 2 + •••} (6.77) 

where 

W + < 678 ) 

and C = 0.577215 is Euler’s constant. 

Finally, for y = 0, the functions F h G t and /f/ ±) reduce (within a factor 
p = kr) to the spherical Bessel functions introduced previously (see Section 
4.1) in connection with the radial equation of a free particle. That is 

Hi = 0, p) = p/i(p), 

Gh = 0, p) = p«/(p), (6.79) 

#/ +) (y = 0, p) = pAz a) (p) 
and 

^“ } (y = 0, p) = pM 2) (p)- 

Additional properties of the spherical Coulomb functions may be found for 
example in the references [5] and [13]. 


6.3. Scattering by a modified Coulomb field 

Consider now the situation where a short-range potential V(r) = h 2 U(r)/2m 
is added to the Coulomb field V c (r). We expand the wave function as 

= r~ 1 f; X,(k, r)P ,(cos 6) 

1=0 


(6.80) 
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and find that the radial wave equation for the functions Xi reads 

|jP + k * ~ ^7 ~ U(r) ~ ~ r 2 r) = °* (6 ' 81) 

with 

Xl (k,r) ~ r l+1 . (6.82) 

r->0 

As r oo, the Coulomb field dominates the terms U(r ) and /(/ + 1 )/r 2 so 
that the functions Xi approach linear combinations of spherical Coulomb 
functions. Since the actual interaction departs from the Coulomb form at 
small values of r , the regular solution of eq. (6.81) is now allowed to contain 
some admixture of the irregular solution G t of eq. (6.52). Thus we have 

Xi(K t ) -> B\'\k)FlK r) + B[ 2 \k)G l {k, r) (6.83) 

r-► 00 

where B[ x) and B[ 2) are two “constants” (for fixed k). It is convenient to rewrite 
this relation in terms of the functions H{ +) and H[~ ) defined by eq. (6.69). 
Thus 

Xi -* AiH'rXk, r ) + exp(2i A)Hl + \k, r)] (6.84) 

r-> oo 

or 

Xi(r) ->■ % ( [exp { — [[kr~\hz - y log 2 kr]} 

r-+ oo 

— exp(2i A t ) Qxp{i[kr — \ln — y log 2 kr]} (6.85) 

where A t and A t = i A { are “normalization” constants and we have used the 
asymptotic forms (6.71) of the functions If the short-range potential is 
real the quantity A t is easily seen to be also real from probability conser¬ 
vation. Since A t = o l when V — 0, we set 

A i = (71 + ( 6 . 86 ) 

where the additional phase shift S t is the phase shift due to the extra potential 
V in the presence of the Coulomb potential V c . It is important to note that this 
phase shift is not the same as the one which would be obtained from V alone. 

The calculation of S t from the radial equation (6.81) follows from a 
simple adaptation of the reasoning given in Section 4.3.2. One finds (see 
in particular eq. (4.113') in footnote [26] of Chapter 4) that 


tan $t(k) = 


kF'fka) - 6L t (k)F l {ka) 
kG'i(ka) - 6&k)Glka) 


(6.87) 


where the logarithmic derivative 

(k) = Ixi 1 (d/ 1 /dr)] r= „ (6.88) 

is in general obtained after a numerical integration of the radial Schrodinger 
equation (6.81) in the interior region has yielded the wave function Xi(k, r) 
and its first derivative at r = a. 
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The constants A t appearing in eq. (6.84) can be determined by requiring 
that the function ij/ behaves asymptotically as a Coulomb wave \j/ c plus an 
extra outgoing wave in exp [i (kr — y log 2kr)]/r. Thus, if we choose the norma¬ 
lization (6.44) for if/ c , we find that 

A, = (2n)~ 3/2 k~ 1 (2/ + l)ii* (6.89) 

so that 

ij/ -> (2ny 3l \2kr)- 1 £ (21 + l)i* 

r-> oo 1 = 0 

x r) + exp{2i(<7, + S l )}H[ +) (k, r)]P,(cos 0). (6.90) 

Comparing this result with eq. (6.73), we deduce that 

\ji 'I'c + (2 n)~ 3/2 (2 kr )~ 1 £ (2/ + l)i f exp(2i(x,) 

r-+ oo 1 = 0 

x (exp(2i<^) — l}Hi + \k, r)P t (cos 6). (6.91) 

The scattering amplitude f(6) associated with the outgoing spherical wave 
of i// is then found to be 

f(0)=m+m (6.92) 

where f c (6) is the Coulomb scattering amplitude given by eq. (6.32) and 

?(0) = (2ik)~ 1 f (21 + 1) exp(2i<r ( ){exp(2i(5 i ) - l}P,(cos 0). (6.93) 

1=0 

The series (6.93) converges more rapidly the lower the bombarding energies 
and (or) the shorter the range of the potential V. 

The differential scattering cross section is 

d<7/dfl = \f(0)\ 2 (6.94) 

and can be written as 

daldQ = \m\ 2 + \?m 2 + 2 Re[/*(0)/(0)] (6.95) 

so that it contains an interference term between the Coulomb amplitude f c (6 ) 
and the amplitude /(0). The analysis leading to eq. (6.95) plays an important 
role in the interpretation of many nuclear reactions. For example, with the 
appropriate modifications to account for identical particles [14] it has been 
used to study nuclear forces [e.g. 15] in low-energy proton-proton 
scattering. 
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The Scattering of Identical Particles 


Two particles are said to be identical when they cannot be distinguished by 
means of any intrinsic property. This indistinguishability of identical particles 
leads to profound consequences in quantum mechanics. In particular, the 
treatment of the scattering problem must be modified to analyze collisions 
involving identical particles. We first outline in Section 7.1 the content of the 
symmetrization postulate and the classification of particles into bosons and 
fermions. Boson-boson scattering is examined in Section 7.2, while Section 
7.3 deals with fermion-fermion scattering. In both cases the non-classical 
effects due to the indistinguishability of the colliding particles are analyzed, 
with particular attention to the case of Coulomb scattering. 


7.7. The symmetrization postulate . Bosons and fermions 

We first note that in quantum mechanics there is no way of keeping track of 
each particle individually when the wave functions of two identical particles 
overlap. Therefore it is impossible to distinguish between identical particles 
in regions of space where they may be found simultaneously, such as their 
interaction region. This difficulty does not arise in classical mechanics. Indeed, 
the existence of sharp trajectories makes it possible in principle to distinguish 
classical particles by their paths. Even if we are not always able in practice 
to follow classical particles along their trajectories, so that an ambiguity in 
the initial conditions of the motion of two classical particles arises, the laws 
of motion remain the same so that the labelling of the trajectories is merely a 
question of convention; it has no effect on physical phenomena. 
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Let us now study a quantum mechanical system of N identical particles. 
The basic dynamical variables of the ith particle are its position r h momentum 
Pi and spin or intrinsic angular momentum s i9 so that the particles here may 
be thought of as “elementary” [1]. Let q t be a complete set of commuting 
observables for the particle /, for example its position r t and the third 
component of its spin s zi . Since the N particles are identical, all observables 
corresponding to this system must be symmetric functions of the basic 
dynamical variables. For example, the Hamiltonian H must be symmetric in 
the interchange of any pair of particles i and j. Specifically, an interchange 
operator Py that permutes the variables q t and qj of particles i and j commutes 
with the Hamiltonian 

[Pij,H] = 0. (7.1) 

Since two successive interchanges of q t and^ bring the particles back to their 
initial configurations, we have 

Pfj = / (7.2) 

so that the eigenvalues of the interchange operator Py are ±1. 

More generally, there are N\ different permutations of the N variables 
q u . . q N . If we define P as the permutation that replaces q 1 by q Pl , q 2 by 
q P2 , • •., <In by q PN and since P can be obtained as a succession of interchanges, 
we have 

[P, H] = 0. (7.3) 

A permutation P is said to be even or odd depending on whether the number 
of interchanges leading to it is even or odd. 

If we let the operator Py act on a wave function \l/(q u q 2 ,..., q n)> we have 

Pij'l'i'h, •••,?!,•• q } , • • q N ) = Mq lt ■ ■ •, qj, ■ ■ ■, q» ■ ■ q, v) (7.4) 
and for the general permutation 

P^iSu • • • Qn ) = ^P2» • • • Qpn)* (7.5) 

The N\ permutations P form a group of N\ elements, called the symmetric 
group [2]. Indeed, 

i) The composition R = QP of two permutations P and Q of the variables 
q u ..., q N is another permutation of the q u . .., q N . 

ii) The set of permutations P contains the identity permutation q t -> q u 

<h -* <h> • • <1n Qn* 

iii) There exists a unique inverse P _1 of P which has the effect of sending 

#pi #P 2 ^25 • • •> Qpn 

It is a simple matter to show that the permutations P are linear operators. 
If if/ and x are two wave functions depending on the variable set (q^ ... q N ), 

P(ai// + b X ) = aPxjj + bP X (7.6) 
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where a and b are constants. Moreover, the scalar product <^|x> is left 
invariant by the permutation P 

<^\i> = <PMPx>- C 7 - 7 ) 

From this last property, and using the fact that P _1 is also a permutation, 
we see that 

W f x> = </ty|z> = <p- l w~ l x> = P~'x> (7.8) 

so that Pt = P“* and P is unitary. 

We note that the N\ permutations P do not all commute among themselves 

- except for the case N = 2 - so that only a limited set of permutations can 
be diagonalized simultaneously with the Hamiltonian H. Therefore the eigen¬ 
functions il/ n (q i9 . . q N ) of H are not in general eigenfunctions of the permu¬ 
tation operators P. Thus, we write 

= £ <n'|P|n>^v (7.9) 

tt' 

where <«'|P|«> are matrix elements of P in the ^-representation. They provide 
a matrix representation of the group, since the operation QP = R is easily 
seen to induce the matrix multiplication 

E (ri\Q\rfy<jf\P\ri> = <n'\R\n>. (7.10) 

n" 

Fortunately, we need not concern ourselves with the very rich structure of 
the symmetric group; it will be sufficient to consider one-dimensional repre¬ 
sentations of the group, such that 

<«'|P|n> = PJ5 m : (7.11) 

A first one-dimensional representation is obtained by simply choosing 
P n = 1 for all P. Then 

P'l'nteu • • 9n) = 1» • • •» W = Wtfi, • • •» Qn)- ■ (7.12) 

In particular, for an interchange Py, we have 

PijM<h, ■ ■ ■ qt, ■ ■ ■ qj, ■ ■ • Qn) = .. .qj,.. .q t , ■..q N ) 

= ...q„...q Jt ... q N ). (7.13) 

Wave functions which satisfy eqs. (7.12)—(7.13) are said to be symmetric , and 
particles having states described by such symmetric wave functions are called 
bosons. They can be shown [e.g. 3] to obey Bose-Einstein statistics. 

The second and last [4] one-dimensional representation of the symmetric 
group is obtained by choosing P n = + 1 for an even permutation and P n = 

— 1 for an odd permutation. Then 

even permutation 
odd permutation. 

(7.14) 


• • * Qn) — • • • Qpn) 




'I'niqu 
'I'niq U ■ 


. q N ) for an 
. q N ) for an 
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In particular, for an interchange P ij9 

PijUquqj, ■■■q N )= 'I'niqu • • • qj, • • • g§, • • • q N ) 

= - Mqu . ■. q t ,. ■ ■ qj,.. ■ q N ). (7.15) 

Wave functions which satisfy eqs. (7.14)—(7.15) are said to be antisymmetric , 
and particles having states described by these wave functions are called 
fermions . They satisfy Fermi-Dirac statistics [e.g. 3]. 

Consider now individual (one-particle) states \q a } l9 k/*> 2 , • • •> I#v>n, where 
the notation \q a } 1 means that particle 1 is in a state \q a >, an eigenvector 
corresponding to the complete set of observables q x and to the quantum num¬ 
bers) a. Symmetric and antisymmetric A-particle states | q^q^ . . -qi N) )± 
may readily be constructed from these individual states [e.g. 5]. The 
antisymmetric state is given by the Slater determinant 




1 

VnT 


k*> 1 ka >2 • • • \q*>N 
\qp) i \qpy2 • • • I qp>N 


kv) 1 2 • • • kv>/V 


(7.16) 


while the symmetric state \qi l) q { ff 2) . .. qi N) }+ is obtained from the same linear 
combination, but with all the signs being now positive. We note that anti¬ 
symmetric states vanish when two or more of the individual quantum 
numbers are equal. This is precisely the content of the Pauli {exclusion) 
principle which is obeyed by fermions. 

According to our present knowledge of particles occurring in nature, the 
two one-dimensional representations of the symmetric group, leading 
respectively to symmetric and antisymmetric wave functions are thought to be 
sufficient to describe all systems of identical particles. This is called the 
symmetrization postulate [6]. Experiment shows that spin \ particles such as 
electrons, protons, neutrons, etc.... are fermions whereas integral spin 
particles such as the n and K mesons (s = 0), the photon (s = 1), etc. ... are 
bosons. It is therefore strongly believed that a unique connection exists 
between the spin of a particle and the statistics that it obeys: half-integral 
spin particles are fermions, integral spin particles are bosons. A derivation of 
this connection from relativistic field theory was first proposed by Pauli [7]. 

We have just shown that a wave function must be properly symmetrized 
with respect to permutations of identical, “elementary” particles. We 
emphasize again that in the present discussion a particle should be considered 
as “elementary” if, in a given physical situation, we can ignore its possible 
composite structure. For example, in low-temperature physics, the properties 
of liquid 4 He can be studied by treating the 4 He atoms as “elementary” 
bosons. The symmetrization process is then accomplished with respect to 


References and notes on page 159 



152 


POTENTIAL SCATTERING 


the permutation of the 4 He atoms. On the other hand, if we wish to study 
the scattering of high-energy 4 He nuclei on 4 He nuclei, we must take into 
account the fact that the 4 He nucleus contains two protons and two neutrons; 
the symmetrization of the wave function must then be performed with respect 
to the constituent protons and neutrons. 


7.2. Boson-boson scattering 


We now apply our discussion of the previous section to the scattering of two 
identical bosons of mass m in their center of mass coordinate system. For 
simplicity we shall consider only the case of spinless bosons. 

Let us denote by R = i(r t + r 2 ) the position vector of the center of mass 
of the two particles, and by r = — r 2 their relative position vector. It is 

apparent that an interchange of the two identical particles does not affect 
the vector R but changes the sign of r. 

The collision process between the two particles can be described by the 
symmetrized wave packet 


Z b (R , r, 0 = u(R , t}^[V k (r 9 1 ) + W b (-r 9 0] 


(7.17) 


where u(R , t) is a normalized wave packet that keeps the position vector R 
localized near R = 0 and W b (r 9 1) is the wave packet discussed at length in 
Chapter 3. For t -» — oo, we have 


Z fc (K,M) -> Y b (R 9 r 9 t) (7.18a) 

t-> — OO 

where 

Y b (R, r, t) = u(R , t ) exp{ —iJq • b — a>(ki)t } 


X -y^[exp(ifci• r)x(r - b - »,*) + exp(-i k,-r)x(-r - b - V)] (7.18b) 


and the notation of Chapter 3 has been used [see eq. (3.87)]. We see from 
eq. (7.18b) that the wave packet Y b (R, r, t) consists of two wave packets of 
norm i. The first one corresponds to the initial state of a collision in which 
particle 1 moves towards particle 2 with an average relative velocity v- t = 
hkj}i (jx = im) and impact parameter b . The second wave packet describes 
the same situation with particles 1 and 2 interchanged. Since the two wave 
packets do not overlap at t = — oo, the symmetrized packet Y b (R , r, t\ 
normalized to one, represents two particles moving towards each other in 
their center of mass frame with an average relative velocity and impact 
parameter b. 

For t + oo, the symmetrized wave packet Z b (R , r, t ) becomes 


Z„(R, r, t ) ->■ Y„(R, r, t ) + Z%(R, r, t ) 

t-* + 00 


(7.19a) 
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where the scattered part Zl c (R, r, t) of the symmetrized wave packet is given 
by 


zr(K, 1% 0 = U(R, t)-j- 2 in c (r, o + y?(-r, 0]. (7.19b) 

The corresponding symmetrized scattering amplitude then reads 

f + (6, 4>) = J 2 im 4>) + f(n - e, 4 + *)] (7.20) 


where we have used the fact that the polar coordinates of the vector — r 
are given by (r, n — 0, 4 + n). 

Let us now define the differential cross section as the number of particles 
emitted in the direction Q per unit time and per unit incident flux. Since the 
detection system cannot distinguish between particles 1 and 2, to each 
particle 1 emitted in the direction Q = (0, 4) there corresponds an identical 
particle 2 emitted in the opposite direction (n — 0, 4 + n). It is then natural 
to define 

da/dQ = 2|/ + (0, 4>) | 2 = |/(0, </>) + f{n - 0, <j> + n)\ 2 . (7.21) 

It is important to note that with this definition of the differential cross 
section, the total cross section 


fftot = f 1/(0, 4>) +f(n- e,<t> + n)\ 2 do (7.22) 

is equal to twice the number of particles removed from the incident beam per 
unit time and unit incident flux. 

We can also rewrite eq. (7.21) as 
da/dQ = |/(0, 4)| 2 + |/(;r - 0, 4 + n)\ 2 

+ 2 Re |/(0, - 0, 4 + *)]• (7.23) 

We note that in the classical limit, where the particles are distinguishable, 
the interference term [i.e. the third term on the right of eq. (7.23)] disappears. 
Hence the classical differential cross section 


dfci 


= 1/(0,40I 2 + I /(* -e,4> + n) i 2 


(7.24) 


is precisely the sum of the differential cross sections for observation of particle 
(1) in the direction (0, </>) and of particle (2) in the opposite direction. 

In the simple case where the amplitude / is independent of 4> we deduce 
from eq. (7.21) that 

% = 1/(0) + fin - 0)| 2 (7.25) 


so that the scattering is symmetric about 0 = in the center of mass 
system. We may also write eq. (7.25) as 


-77, = l/(0)| 2 + I/(* - 0)l 2 + 2Re[/(0)/*(7T - 0)]. (7.26) 


References and notes on page 159 



154 


POTENTIAL SCATTERING 


Since P t [cos(n — 6 )] = (— 1)* P t (cos 0), it is clear that the partial wave 
expansion of the symmetrized amplitude f+(6 ) contains only even angular 
momenta. Moreover, at 0 = \n, we note that the quantum mechanical 
differential cross section (7.25) is twice as big as the classical result 
d<7 c i(0 = in)/dQ = 2\f(6 = in)\ 2 . Furthermore, if there is only s-wave (/ = 0) 
scattering, we see from eq. (7.25) that two colliding identical bosons exhibit a 
differential cross section four times as big as if they were considered as 
distinguishable, and twice as big as the classical result (7.24). 



Fig. 7.1. The differential cross section dajdQ corresponding to the scattering of two 
identical bosons interacting through a Coulomb potential, divided by da c j(0 = 90°)/df2, 
for the value y = ( Ze) 2 /hv = 0.5. The dashed line represents the quantum mechanical 
result obtained by using the Mott formula (7.28) to calculate da/dQ. The solid curve shows 
the corresponding classical curve, obtained by omitting the last term on the right of 

eq. (7.28). 


The non-classical effects due to the interference term in eq. (7.23) can also 
be illustrated for the case of Coulomb scattering. Let us consider two identical 
spinless bosons of charge Ze interacting only through Coulomb forces (as for 
example in low energy 4 He - 4 He scattering). Eq. (7.25) now reads 

da/dQ = \f c (6) +/.(* - 0)| 2 


(7.27) 
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where the Coulomb scattering amplitude f c is given by eq. (6.32). Therefore 
[compare with the Rutherford formula (6.40)], we have 


do ( 

rV 

exp{ — 2iy log (sin \6 )} ( exp{ — 2iy log (cos \6 )} 2 

dfl = 

\k) 

sin 2 iO + cos 2 id 


or 

5S"(s) ! “ s “ 4l8 + “' 4le 

+ 2 cosec 2 i 0 sec 2 id cos[2y log(tan -£0)]} (7.28) 

where y = ( Ze) 2 /hv, as given by eq. (6.10). The result (7.28) is called the 
Mott formula [8] for the Coulomb scattering of two identical spinless bosons. 



Fig. 7.2. Same as Fig. 7.1, but nowy = 5. Note the importance of the quantum-mechanical 
interference term around 6 = 90°. 

The corresponding classical calculation would only yield the first two terms on 
the right-hand side of eq. (7.28) [see eq. (7.24)]. We note that the interference 
term, which depends on h through the quantity y, oscillates increasingly about 
zero as y becomes larger and (or) one departs from the angle 6 = This is 
illustrated in Figs. 7.1 and 7.2, where the Mott and classical differential cross 
sections are shown when y = 0.5 and y = 5, respectively. In the classical limit 
which is reached for y > 1, the average value of the differential cross section 
(7.28) over a small solid angle 5Q tends towards the classical cross section. We 
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note that the condition y > 1 corresponding to the classical limit is approached 
for small velocities. This is a peculiar feature of the Coulomb potential. We 
shall see in Chapter 9 that for potentials having a finite “range” the classical 
limit is approached for large v . We also verify that at 6 = the actual 
(quantum mechanical) differential cross section is twice as big as the classical 
one. 

As an application of the foregoing discussion, let us consider the elastic 
scattering of two spinless 12 C nuclei in their C.M. system. We shall assume, 
that the C.M. kinetic energy K is low enough so that the effect of nuclear 
forces may be neglected and only the Coulomb interaction between the two 
12 C nuclei must be taken into account. For example, let us suppose that 
K — 5 MeV, so that v ~ 1.3 x 10 9 cm/sec and y ~ 6. We should therefore 
expect an angular distribution of the type given by the dashed curve of Fig. 
7.2 (drawn for the nearby case y = 5). This is confirmed by experiment, as 
shown in Fig. 7.3. We see that the experimental points [9] are in excellent 
agreement with the Mott formula (7.28) and demonstrate very clearly the 
presence of the non-classical interference term. 



Fig. 7-3. The differential cross section corresponding to the elastic scattering of two 
12 C nuclei having a C.M. kinetic energy of 5 MeV. The dashed line represents the Mott 
formula (7.28). The solid curve shows the classical differential cross section. The dots are 
the experimental points of ref. [9]. 


7.5. Fermion-fermion scattering 

The scattering of identical fermions is more difficult to treat than that of 
(spinless) bosons because of the complications arising from the spin. We 
shall confine ourselves here to the simple case of two spin \ fermions whose 
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interaction is central. Since the interaction is in general different in the 
singlet (S = 0) and triplet (S = 1) spin states of the two fermions, we introduce 
two (unsymmetrized) amplitudes / s (0) and / t (0) corresponding respectively 
to the singlet and triplet cases. 

The wave function describing this system of two identical spin \ fermions 
must be antisymmetric in the interchange of the two fermions. Therefore, if 
the two spin \ fermions are in a singlet spin state, the wave function is 
antisymmetric in the interchange of the spins and must therefore be symmetric 
in the interchange of the position vectors r l and r 2 of the two particles. 
Hence, the symmetrized singlet amplitude is 

fs + (d) = J 2 tm + fs(n - 0)] (7.29) 

and the differential cross section in the singlet state is given by 

(dtf/d Q) s = 2|/ s+ (0)| 2 = |/ s (0) + f s (n - 0)| 2 . (7.30) 

If, on the contrary, the two spin \ fermions are in a triplet spin state, the 
wave function is symmetric in the interchange of the spins and must therefore 
be antisymmetric in the interchange of the position vectors r x and r 2 . Thus 
the symmetrized triplet amplitude is given by 

/ t -(0) = - /t(* - «)] (7-31) 

and the differential cross section in the triplet state reads 

(da/dQ) t = 2|/ t _(0)| 2 = |/ t (0) -/ t (7T - 0)| 2 . (7.32) 

If the beam and target fermions are unpolarized (i.e. their spins are randomly 
oriented), the probability of generating triplet states is three times that of 
obtaining singlet states, so that the differential cross section becomes 

da/dQ = i(da/dQ) s + l{da/dQ\ 

= i\fM + /.(* - 0)1 2 + II/,(0) - fin - e)\\ (7.33) 

For the case of spin-independent central interactions where 

w) =m=m ( 7 . 34 ) 

we find from eq. (7.33) that [10] 

da/dQ = \f(6)\ 2 + |/(;r - 6)\ 2 - Re[/(0)/*Or - 0)]. (7.35) 

Since the classical result [which corresponds to the neglect of the inter¬ 
ference term in eq. (7.35)] is given by daJdQ = |/(0)| 2 + |/0r — 0)| 2 , we 
note that at 0 = the quantum mechanical formula (7.35) yields one-half 
the classical answer d<r cl (0 = \n)/dQ. Furthermore, if there is only s-wave 
(/ = 0) scattering, the differential cross section (7.35) is four times smaller 
than the corresponding one [given by eq. (7.26)] for boson-boson scattering. 
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As an illustration of eq. (7.35) let us consider the case of Coulomb scattering 
of two identical spin \ fermions of charge Ze. This could correspond for 
example to electron-electron (non-relativistic) scattering (Z = — 1) or 
proton-proton scattering (Z = + 1) at very low bombarding energies where 
the effect of nuclear forces can be neglected. Using the Coulomb amplitude 
f c given by eq. (6.32), we obtain from eq. (7.35) the Mott formula for the 
Coulomb scattering of two identical spin } fermions , namely 

S _ (s) {cotc ‘ w + s “ 4w 

— cosec 2 sec 2 \Q cos[2y log(tan £0)]}. (7.36) 



Fig. 7.4. The differential cross section dajdQ corresponding to the scattering of Jtwo 
identical fermions interacting through a Coulomb potential, divided by do cl (0 = 90°)jdQ 
for the value y — (. Ze) 2 jhv = 0.5. The dashed curve represents the quantum mechanical 
result obtained by using the Mott formula (7.36) to calculate dajdQ, The solid curve shows 
the corresponding classical curve, obtained by omitting the last term on the right of 

eq. (7.36). 

As in the case of eq. (7.28), the corresponding classical calculation would 
only yield the two first terms on the right-hand side of eq. (7.36). The effect 
of the interference term is shown in Figs. 7.4 and 7.5, where the Mott formula 
(7.36) and the classical calculation are shown for the cases y = 0.5 and 
y = 5, respectively. Comparing Figs. 7.4 and 7.5 with the corresponding 
Figs. 7.1 and 7.2 for spinless identical boson-boson scattering, we see again 
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that the interference term oscillates more and more about zero as y increases 
and (or) one leaves the scattering angle 6 = In contrast with the boson- 
boson case, however, there is a minimum in the differential cross section for 
spin i identical fermion-fermion scattering at 6 = \n. At this value of the 
scattering angle the actual differential cross section is indeed smaller than the 
classical one by a factor of two, as we already pointed out above. 



Fig. 7.5. Same as Fig. 7.4 but nowy = 5. Note the importance of the quantum mechanical 
interference term around 9 = 90°. 
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The Born Series 


We shall now begin our discussion of some approximation methods which are 
widely used in scattering theory. Approximate treatments are obviously 
necessary in complicated physical situations where exact solutions are not 
available. It is convenient, however, to consider them whenever possible [1] 
in the simple case of potential scattering, where their interpretation is 
simpler and their range of validity can be checked accurately. 

We start in this chapter by studying the Born series, which is essentially a 
perturbation-type expansion of the wave function or the scattering amplitude 
in powers of the interaction potential. The basic idea and fundamental 
formulae of the method are given in Section 8.1. The first Born approximation 
is then studied in Section 8.2, while the higher terms of the Born series are 
discussed in Section 8.3. The next section deals with the problem of the 
convergence of the Born series. Section 8.5 is devoted to the Born series for 
partial waves. Finally, in Section 8.6 we illustrate the method by a detailed 
discussion of Yukawa-type potentials and of the separable non local inter¬ 
action introduced in Section 5.7. 

8.1. The Born expansion as a perturbation series 

Let us attempt to solve the Lippmann-Schwinger equation (5.33) by iteration, 
starting with the plane wave <PkM = (2n)~ 3/2 exp(i£j-r) as the zero order 
approximation. We obtain in this way the sequence of functions 

Mr) = Mr) 

*i (r) = M') + f G^\r,r')U{r')Mr'W 
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•AaOO = **fr) + { GtfXr,r')U(r'W t (r') dr' 


Ur) = KM + I G ( o +, (»% r')U{r'W„_ x (r')dr' (8.1) 

where the Green’s function G^ +) (r, /) is given by eq. (5.27) and we have 
assumed that the interaction potential is real and local. We may also write 
the function i\/ n in the form 

Ur) = t Ur), (8.2) 

m = 0 

where 

Ur) = ^o(r) = <?*,(»•), (8.3) 

Ur) = j C< + >(r, r')U(r’)Uir’) = { K t (r, r')4> fcl (r') dr' (8.4) 

with 

K^r, r') = G< 0 + >(r, r')t/(r') (8.5) 

and 

Ur) = J K m (r, r’)d> kl {r’) dr', m 5= 2 (8.6) 

with 

KJr, r') = f K,(r, r")K m _ x (r", r') dr", m> 2. (8.7) 

The Born series for the scattering wave function is obtained by letting 
n oo in eq. (8.2). We see from eqs. (8.3)—(8.7) that it is a perturbation series 
in powers of the potential. Assuming that the sequence (8.1) converges 
towards the exact solution of the scattering problem, we may then 
write eq. (8.2) as 

U\r) = Z Ur)- (8.8) 

m= 0 

Let us now consider the integral representation (5.40) of the scattering 
amplitude. If we replace in it the exact scattering wave function xj/^ succes¬ 
sively by the functions of the sequence (8.1) we obtain the corresponding 
sequence 

/ B1 = - 2n 2 (<Pk,\U\4>k,y (8.9) 

/b 2 = - 27i 2 <<P* t |G|^ 1 > (8.10) 


f Bn = - 2n\<P k ,\U\Ui>- 


( 8 . 11 ) 
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The quantities / B i,/ B2 > • • ->/b« are called respectively the first Born approxi¬ 
mation, the second Born approximation, .. . nth Born approximation to the 
scattering amplitude. Using eq. (8.2) and setting j = m + 1 we may also 
write eq. (8.11) as 

fsn = t hj (8.12) 

7=1 

where the expression f BJ is given by 

hj = - j > 1 (8.13) 

or, using eqs. (8.3)-(8.7) 

hj = “ 2n\$ kt \UG^U . . . G< + >U|tf fcl >. (8.14) 

We see that the quantity f BJ contains j times the potential and (j — 1) times 
the free Green’s function G ( 0 +) . We shall call it the term of order j in the sum 
(8.12). For example 

/bi - /bi = - 2n\<P kt \U\<P ki y (8.15) 

and 

hi = ~ 2n\<P kt \UG\;W\<l> ki y (8.16) 

so that 

/b2 = /bi + Jb2* (8.17) 

The Born series for the scattering amplitude is defined by letting n -> oo in 

eq. (8.12). If this series converges towards the exact scattering amplitude f one 
may write 

/= t hj- (8.18) 

J= 1 

It is worth noting that the successive Born approximations/ B i,/ B 2 > • • ->/b» 
to the scattering amplitude may also be obtained by considering the asymp¬ 
totic behaviour of the functions i j/ u \\j / 2 ,. .belonging to the sequence 
(8.1) and following the arguments leading to eq. (5.40). For example, we have 

<M»0 -* (2ir) _ 3/2 j^exp(ifci • r) + f B1 exp ^ lfc ^ j (8. 19 ) 

where / B1 is given by eq. (8.9) 

A Born series similar to that of the scattering amplitude may evidently also 
be defined for the transition matrix element 7n given by eq. (5.43). Thus we 
have 

00 

T n = £ TfJ ( 8 . 20 ) 

J= i 

where 

n 1 = Th 1 = <<p k ,\V\<P ki y • ( 8 . 21 ) 
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and 

T?i j = <<f>J VG'o^V ■ ■ ■ G$ +) V\4> ki >. (8.22) 

In this last expression the potential V appears j times while the free Green’s 
function 


G' 0 (+) (r, r') = 


m exp{ifc)r — r'|} 
2nh^ |r - r'\ 


(8.23) 


appears (J — 1) times. The nth Born approximation to the transition matrix 
element is then given by 

f$T = t Tn- (8.24) 

j= i 

Another way of generating the Born series is to solve the integral equation 
(5.52) for the total Green’s function by successive iterations, starting from 
G ( 0 +) (r, r ) as the zero-order approximation. In this way, we generate the 
development 


G (+) (r, r') = G( 0 + >(r, /) + f G ( 0 + V, r') dr! 

+ f G ( 0 +) (r, r i)G(r 1 )G^, + ) (r u r 2 )G(r 2 )G[, + ) (r 2 , r') dr t dr 2 + • • • (8.25) 

which defines the Born series for the total Green’s function G (+) (r, r'). 
Retaining in this expansion the terms up to order (n — 1) in the potential and 
substituting in the formal solution (5.50), we recover the nth Born approxi¬ 
mation for il/ ( k +\r) 9 namely ij/ n (r). 


8.2. The first Born approximation [2] 

We shall now analyze more closely the first Born approximation (8.9). 
Because <Pk t (r) = (2n)~ 3/2 exp(i^ r r) and <Pk t (r) = (2n)~ 3/2 exp(i k r r), we 
find that the matrix element (8.9), evaluated in the coordinate representation, 
is given by 

/ B1 = - 27r 2 <<2>JU|<Z> k ,> = - j* exp{i(fcj - k ( )-r}U(r) dr. (8.26) 

Let us introduce the wave vector transfer (see Fig. 8.1) 

A = k { - k { (8.27) 

so that 

hA — h(ki — k { ) = Pi — Pi (8.28) 

is the momentum transfer which occurs during the collision. We note that 
since we are considering the scattering by a real potential, only elastic 
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Fig. 8.1. The initial wave vector k u final wave vector £ f , and wave vector transfer A. 
For elastic scattering one has k — |&|| = \kf | and the magnitude of the momentum transfer 

is 2 Hk sin \6. 

scattering is allowed and we have \k { \ = \k f \ = k. Hence the magnitude of 
the vector A is given from eq. (8.27) by [3] 

A = 2k sin }0 (8.29) 

where 6 is the scattering angle, as shown on Fig. 8.1. Returning to eq. (8.26), 
we see that 

9, <(>)= - J exp(iJ • r)U(r ) dr (8.30) 

so that the first Born scattering amplitude for a given direction ( 9 , is 
proportional to the Fourier transform of the potential corresponding to the 
wave vector transferred during the collision. 

The differential cross section in the first Born approximation is evidently 
given by 

(d<7/dG) B1 = |/ B1 | 2 . (8.31) 

We see that it is unchanged when U(r) is replaced by — U{f). The total first 
Born cross section is simply 

CW =\ 2K d<l>\ n de sin 0 \f m (k, 9, <(>)| 2 . (8.32) 

Jo Jo 

For a central potential U(r\ the angular integrals in eq. (8.30) are readily 
performed by choosing the vector A as the polar axis. Then 

/bi(/c, 9) = - -A— f ” r sin {A(k, 9)r} l/(r) dr (8.33) 

A(k, 0)J o 

where A is given by eq. (8.29). We verify that the scattering amplitude (8.33) 
is independent of the azimuthal angle </>, as it always should be for a central 
potential. We also note that/ B1 , as given by eq. (8.33) is real. Moreover, 
it depends on the scattering angle 6 and the wave number k only through 
the quantity A. The total Born cross section is now given by 

O*) = 2n J ” d 9 sin 9\f m (k, 9) | 2 . (8.34) 

In performing this integral it is convenient to take advantage of the fact that 
/ B1 only depends on A for a central potential. For the sake of simplicity, we 
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shall avoid the introduction of a new symbol and write f Bl (k , 6 ) = / B1 (d), 
with 

/biG 4) = - jj* r sin (dr) C7(r) dr. (8.35) 

Then, choosing A as the new variable of integration in eq. (8.34) and using 
eq. (8.29), we find that sin 6 d6 = A d A/k 2 and therefore 

2n C 2k 

Ofc) = p-| I/bi(^)I 2 ^ dA. (8.36) 

At high incident energies (k oo) we may obtain the asymptotic form of 
eq. (8.36) by writing 

2 n r°° 

Ofc) ~ -rr\ |/ B i(d)| 2 dd A (8.37) 

k-* oo ^ Jo 

so that the quantity of 0 \ tends to zero as k~ 2 , i.e. as the inverse of the energy 
E = h 2 k 2 /2m. 


8.3. The Bom series 


Let us now examine the higher terms of the Born series for the scattering 
amplitude. The second Born approximation f B2 is given by eq. (8.17) where 
the quantity f B2 , the true second order part of f B2 is defined by the matrix 
element (8.16). If we continue to use the coordinate representation, we see 
that / B2 may be written more explicitly as 


Jb2 



dr dr' exp(-ifc f • r)(7(r)G ( 0 +) (r, 


r')G(r') exp(ifci-r'). 


(8.38) 


More generally, the «th Born approximation f Bn to the scattering amplitude 
is obtained from eq. (8.12), where the quantity f Bj , given by eq. (8.14), may 
be written by using the coordinate representation as 

hj = - dr t .. . dr, exp(-ift f • r,)t/(ri)G^ +) (n. r 2 )U(r 2 )... 

G ( o + Vy-i, rj)U(rj) exp(ifc i • r,). (8.39> 

It is also useful to analyze the expression of f BJ [eq. (8.14)] in momentum 
space. Defining 


<q\U\q'y = (2tc) 3 j exp{i(tf' - q)-r}U(r)dr (8.40) 

and using the integral representation (5.30) of the Green’s function G ( 0 +) (r, r'), 
we find that 

/b, =/bi = - 2TT 2 <4> fct |t7|<l>*,> = - 27r 2 <* f |t/|*,> 


(8.41) 
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and 


/b,. = - 2ti 2 f dft, d k 2 ... dk J - 1 <k t \U\k J - 1 > j 3 - l - - <fc J - 1 |C/|fcj_ 2 > 

K — t 16 


A: — fcj_ 2 + ie 


r <fc,_ 2 |[/|fc y _ 3 > . . 


<*2lt/|*i>^-;W^<fei|t/ifei>- (8.42) 

/C /C ^ ■ 16 

The formulae (8.39) and (8.42) justify the interpretation of the Green’s 
function as a propagator , while the quantities k l9 k 2 ,. .., k j ^ 1 are called 
“intermediate momenta”. We can therefore visualize the Born series by 
writing the scattering amplitude as 



(8.43) 


i.e. as a multiple scattering series in which the projectile interacts repeatedly 
with the potential and propagates freely between two such interactions. 
Looking at the diagrams of eq. (8.43) we expect that the Born series will 
converge (i.e. that the higher order terms will be negligible compared to the 
first few terms) if the incident particle is sufficiently “fast” so that it cannot 
interact many times with the potential and/or if the potential is “weak” 
enough. These intuitive considerations in fact yield the correct conditions 
for the convergence of the Born series, as we shall see below. 

It is interesting to analyze the relationship between the optical theorem 
(3.55) and the Born series. Let us write the scattering amplitude as 

/ — 4/bi + ^ 2 /b2 + ^ 3 /b3 + * * * (8.44) 

where we have displayed explicitly the order of the perturbation expansion 
in terms of a parameter A. Then, using eq. (3.55) and equating the coefficients 
of equal powers of A we find that 

Im/ B1 (0 = 0) = 0 

j dQ\/ B1 l 2 = j Im f B2 (0 = 0) 

. Arr 

| dO[/ B1 / B2 + /bi/b 2] = ^I m /B3(0 = 0), 

J dG[/ bi/b 3 + /bi/b 3 + I/bzI 2 ] = J - Im 7 b 4(0 = 0), etc- (8.45) 
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These relations simplify for a central potential, in which case / B1 = as 
we have seen above. The first of eqs. (8.45) simply shows that the first Born 
scattering amplitude does not satisfy the optical theorem (or “violates 
unitarity”). The second equation which we can rewrite as 

Arr Arr 

<\ = j Im J B2 (0 = 0) = - Im f M (0 = 0) (8.46) 

illustrates the non-linear character of the optical theorem. Indeed, it 
relates the total first Born cross section <j? 0 \ (obtained by integrating the 
differential cross section |/ B1 | 2 over the angles) to the imaginary part of the 
forward second Born amplitude. This equation provides a useful check in 
performing second Born calculations. A similar, but more general analysis 
than the above one may be made by starting from the unitarity relation 
(4.94) instead of the optical theorem. 

8.4. Convergence of the Born series [4-9] 

To study the convergence of the Born series, we start from the following 
theorem [e.g. 10]: 

“If K(x , y) e j£f 2 and g{x) e if 2 , the integral equation 

fix) = g{x) + A j K(x, y)f(y) d y (8.47) 

has one and only one solution e if 2 , given by the Liouville-Neumann 


senes 

fix) = g(x) + Xgfx) + l 1 g 2 {x) + ■■■ 

(8.48) 

where 

g„ix) = J K n (x, y)giy) d y 

(8.49) 

provided that [11] 



rrb rb ni /2 



|A|J dxl dy|K0t, 30| 2 J <1. 

(8.50) 


The series (8.48) then converges absolutely and uniformly in x in the interval 

(«,*)” 

The above theorem, which is readily generalized to an arbitrary number of 
dimensions, is not directly applicable to the Lippmann-Schwinger equation 
(5.33) since the kernel of this equation and the function <£*,( r ) are not square 
integrable. To remedy this difficulty, we may use again the methods of 
Chapter 5. For example, using eqs. (5.119)—(5.121), we rewrite the Lippmann- 
Schwinger equation (5.33) as 

W*\r) = Mr) + j K(r, dr'. 


(8.51) 
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The Bom series, which coincides with the Liouville-Neumann series for 
eq. (8.51) will therefore converge if 


dr dr'\K(r, r')| 2 J 1 < 1 


(8.52) 


or, for real k , 


Defining the quantity 


„ i r ii7(oi j, 

B = An mM(r> jlr^Vj dr 


< l. 


(8.53) 


(8.54) 


where the notation max(,.) means that we are taking the maximum by varying 
r, we see that a sufficient condition for convergence of the Born series at all 
energies is given by [6] 

B<\. (8.55) 


In the particular case of a central potential satisfying the requirements 
(5.134)—(5.135), this condition reduces to 

| r\U(r)\ dr < 1. (8.56) 

Since Bargmann [12] has shown that the number n bt t of bound states of angular 
momentum /in a central potential — \U(r)\ is such that 

(2 1 + IK, < J“ r|U(r)| dr (8.57) 

we conclude that, for a central potential U(r) satisfying the conditions 
(5.134)—(5.135), the Born series converges for all energies if the potential 
— | U(r )| does not support any bound state. 

Another important result, proved by Zemach and Klein [6], is that the 
Born series converges at sufficiently high energies [13], for central potentials 
U(r) less singular than r~ 2 at r = 0 and decreasing to zero faster than r ~ 3 
as r -> co. These two conclusions confirm and state more precisely the 
intuitive arguments about the convergence of the Born series developed 
after eq. (8.43). 

To conclude this section, let us give a simple nonrigorous way of deriving 
sufficient conditions for the validity of the first Born approximation. Let us 
write the exact scattering wave function as 

CV) = **Sr) + m (8.58) 

Assuming that |^ s + c (i*)l reaches its maximum value at the “center” r = 0 of 
the potential, we require in order for our perturbation approach to be valid 
that 

l<As + c(0)| « |#*(r)| = (2 tt)- 3/2 . (8.59) 
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To obtain an estimate of il/^ c \r ) 9 let us return to eq. (8.1) and assume that the 
exact scattering wave function ^\r) may be approximated by the function 
il/ x (r). Then 

i J V) *•' (8.60) 

so that eq. (8.59) may be written as 

1 I fexp(ifcr) dr' « 1. (8.61) 

47t|J r 

For a central potential of “strength” \U 0 \ and “range” a (square well or 
square barrier) the angular integrations are easily performed. We find 

^|e 2i ‘“ - 2i ka — 1| < 1. (8.62) 

For low energies {ka -+ 0) this condition becomes 

WoW 2 < 1. (8.63) 

Remembering that a square well binds a particle when 

i\Uo\a 2 > iTr 2 ~ 1 (8.64) 

we verify that the first Born approximation is valid at low energies only if the 
potential is very “weak”. 

At high energies, the condition (8.62) yields 

\V 0 \a/hv = \U 0 \a/2k < 1 (8.65) 

where V 0 = (; h 2 /2m)U 0 and v is the magnitude of the particle velocity. Hence 
the first Born approximation is correct for sufficiently large incoming energies, 
as stated above. How large must the incident energy be depends evidently on 
the particular problem considered. We note that the quantity = ajv 
represents roughly the time spent by the particle in the range of the potential, 
while t 2 = h/\ V 0 \ corresponds to a time necessary for the potential to have a 
significant effect. The condition (8.65) therefore shows that the first Born 
approximation is valid if the ratio tJx 2 is small, as we expect on physical 
grounds. 

Let us illustrate these simple criteria with a few examples. Consider first 
the elastic scattering of an electron by a neutral atom. We shall describe 
approximately the electron-atom interaction by the screened Coulomb or 
Yukawa potential [14] 

Ze 2 , 

V(r) =-e" r/a (8.66) 

r 

where Z is the atomic number of the target and where the length a , which 
measures the linear dimension of the atomic electron cloud can be estimated 
from the Thomas-Fermi model of the atom; it is given by 

a ~ a 0 /Z 1/3 


(8.67) 
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a 0 = h 2 lme 2 being the “first Bohr radius”. The criterion (8.61) then becomes 


2 Z 
ka Q 


J" e xp{ix- 




x sin x 


ka\ x 


dx 


1 


( 8 . 68 ) 


where x = kr' is the new variable of integration. For low energies (ka 1) 
we obtain, using eq. (8.67) 

2 Za/a Q = 2Z 2/3 1 (8.69) 

which shows that the Born approximation cannot be used in this case. For 
high energies (ka > 1), eq. (8.68) yields 

(Ze 2 /hv) log ka < 1 (8.70) 

a result comparable to eq. (8.65) with \V 0 \ ~ Ze 2 /a. Thus for incident 
velocities large compared to atomic velocities [15] we expect the Born 
approximation to be valid in this case. 

As a second example, let us consider nucleon-nucleon scattering described 
by the Yukawa potential 


V(r) = - V 0 e~» r /pr. (8.71) 

For the choice V 0 ~ 50 MeV and p = at 1 ~ 0.7 x 10 13 cm -1 corresponding 
to the neutron-proton interaction in the state 3 S 1? we find that the criterion 
(8.65) is only satisfied if the (C.M.) energy is several hundreds of MeV. 
Since in that case the description of nucleon-nucleon scattering by a potential 
is not justified we do not expect the Born approximation to be very useful in 
this problem. 


8.5. The Born series for partial waves 

The Born development provides an expansion for the total scattering ampli¬ 
tude f(k, 0, <£), but it can equally well be applied to the analysis in partial 
waves. With the “normalization” 

R t (k,r) ji(kr) — tan <5* «,(fcr) (8.72) 

r-+ oo 

the (one-dimensional) radial integral equations for the radial wave functions 
R t (k , r) read [see eqs. (5.98)—(5.99)] 

Ri(k, r) = j,(kr) + J” G t (r, r')U{r')Rik, r')r' 2 dr'. (8.73) 

Let us solve these equations by successive iterations. Starting from the 
zero-order approximation ^ (0) (A:, r ) = ji(kr), we obtain at once from eq. 
(5.96) the first Bom approximation for the tangent of the phase shift, namely 

(tan <5 j)bi = -fcj o {ji(kr)fU{r)r 2 dr. (8.74) 
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The second Bom approximation for tan 5 t is obtained by iterating once 
eq. (8.73) [using R\ 0) as input on the right-hand side] and substituting the 
resulting radial function in eq. (5.96). This yields 

(tan <5() B2 = -fcjj o \J^kr)fU(r)r 2 dr 

+ J” dr J” dr' j^kr)U(r)G t (r, r')t/(r')j,(/cr')r 2 r' 2 J. (8.75) 

Higher Born approximations for tan S t are obtained by a straightforward 
generalization of this reasoning. 

Kohn [5] has made a detailed investigation of the convergence of the 
Born series as applied to the partial wave analysis. He finds that, for zero- 
energy scattering (k = 0) the Born series converges if 


J r\U(r)\dr <21 + 1 (8.76) 

which, using Bargmann’s condition (8.57), shows that the potential —\U(r)\ 
cannot support a bound state of angular momentum /. 

At high energies, and for a “regular” potential such that 

J 1 \U(r)\dr < oo (8.77) 

the Born series converges if 



< nk. 


(8.78) 


If the potential U(r) has an r 1 singularity at r = 0, we may write it as 

U(r) = U 0 aF(r)/r (8.79) 

where F(r) is a dimensionless function of r such that F( 0) = 1 and we assume 
that the potential has a “range” a. Then a sufficient condition for the 
convergence of the Born series at high energies is that [5] 

( \U 0 \a/k)[log(ka)/n\ < 1. (8.80) 

It is often said that the Born approximation is good when the phase shifts 
are “small”. This statement is not always correct, as can be illustrated in the 
case of the repulsive hard sphere potential. For the / = 0 partial wave, we 
have 5 0 = — ka [see eq. (4.181)], which can be made arbitrarily small by 
diminishing the quantity a. However the Born approximation is clearly 
inapplicable in this case, since U(r) is infinite at r = a. 


8.6. Examples 

8.6.1. The Yukawa potential 

Let us first consider the Yukawa potential 

U(r) = - U 0 e" a 7 r = - U 0 e“ r/a /r 
where a = a -1 is the “range” of the interaction. 


(8.81) 
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Fig. 8.2. The first Bom differential cross section (da/df^Bi, measured in units of Ula 4 , as 
a function of the wave vector transfer A (measured in units of a 1 ) for a Yukawa potential 

(8.81). 



Fig. 8.3. The first Bom angular distribution for scattering by a Yukawa potential (8.81) 
and for various values of the wave number k (measured in units of a -1 ). 
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The first Born scattering amplitude / B1 is given by eq. (8.9), namely 


/ B1 = - 2n 2 (<P kt \U\<P ki y = - 2n\k<\U\k^ 


or explicitly 


so that 


/bi 


u o r . 

= — SI 

^ Jo 


sin (Jr) e ar dr, A = 2k sin 


/bi = t/ 0 /(a 2 + i 2 ). 


(8.82) 


(8.83) 


The first Born differential scattering cross section is then 

(d<r/di2) B1 = UHia 2 - + A 2 ) 2 . (8.84) 

We see that it is identical for an attractive ( U 0 > 0) or a repulsive (t/ 0 < 0) 
potential having the same values of |t/ 0 | and a. The total first Born cross 
section is given by 

02k a 


- ?v r 
°J. 


(a 2 + A 2 ) 2 


d A 


or 


_B1 _ 

G tnt - 


AnUl 


crier + 4/c 2 ) 


We verify that 


T B1 


AjE 


(8.85) 


( 8 . 86 ) 


(8.87) 


where A = nh 2 U§/2m<x 2 and E = h 2 k 2 /2m is the incident energy. The first 
Born differential cross section (8.84), measured in units of U$a ‘ 4 , is shown in 
Fig. 8.2 as a function of the magnitude A of the wave vector transfer 
(measured in units of a ~ x ). We remark that it is a “universal” curve, valid for 
all Yukawa potentials. We also show in Fig. 8.3 the first Born angular 
distribution corresponding to the Yukawa potential (8.81) and for various 
choices of incident wave numbers k (measured in units a ~ x ). We note that, 
at high energies, the scattering predicted by the Born approximation is 
essentially concentrated within a forward cone of angular range (ha)" 1 . 
This behaviour follows directly from eq. (8.30) and the fact that the Fourier 
transform of a function U(r) which is negligible beyond r ^ a is appreciable 
only for values of A such that 

A^a' 1 ( 8 . 88 ) 

i.e. [see eq. (8.29)] for scattering angles 6 given by 

6 < \/ka. (8.89) 

For the Yukawa potential (8.66) describing approximately high energy 
elastic electron-atom scattering, we find that 

/mOO = a ( ^2 ). «o = ft 2 /me 2 (8.90) 
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so that the corresponding first Born differential cross section is given by 

d<7 

d Q 

We note that when a -» oo (no screening), we recover the Rutherford result 
(6.40), so that the first Born approximation gives the correct differential cross 
section for the Coulomb potential When the quantity a is finite we see also 
that eq. (8.91), unlike the Rutherford formula, yields a finite result in the 
forward direction. The total cross section is then finite and given from 
eq. (8.86) by 

C = 167rZV/{a 0 2 (4fcV + 1)}. (8.92) 




4 Z 2 


a o( a 


' 2 + 4 k 2 sin 2 \Q) 2 


(8.91) 


Using the Thomas-Fermi value (8.67) for a, we may obtain the asymptotic 
value of the first Born total cross section, namely 

al\ ~ 4ttZ 4/3 //c 2 . (8.93) 

k-* oo 


Let us now study the second Born approximation for the Yukawa potential. 
We have to evaluate the quantity / B2 which we write in momentum space as 

dK<fc f |UlK> — L T <K\U\k;} (8.94) 


Jb 2 — 2lt 2 j* c 
or, explicitly 
/b 2 = (2 Jt 2 r i i/ 2 |c 


dK- 


k 2 — k 2 — is 
1 


(8.95) 


(k 2 - k 2 - is)(a 2 + |k — ki| 2 )(a 2 + |k — k f | 2 ) 
where we have used the fact that 

<q\U\q f } = - U 0 /{2n 2 (x 2 + \q' - q\ 2 )} (8.96) 

for the Yukawa potential (8.81). The evaluation of the integral appearing 
on the right-hand side of eq. (8.95), together with that of more general 
Dalitz integrals [16, 17] of the form 

W«. 0; *i. fc f ; *0 = J dK ' 


' ( k 2 — k 2 — is)(a 2 + |k — ki| 2 ) m (jS 2 + |k — k f | 2 )" 

(m, n — 1,2,...) (8.97 

are discussed in Appendix D. One finds in this case 

j 2 

'o 


/ B2 (M) = 


u 2 


2k sin 10[a 4 + 4fc 2 (a 2 + k 2 sin 2 i0)] 1/2 
a k sin \6 


:|tan 1 


+ ii lo| 


[a 4 + 4/c 2 (a 2 + k 2 sin 2 ^0)] 1/2 
[a 4 + 4fc 2 (a 2 + k 2 sin 2 i0)] 1/2 + 2 k 2 sin 
[a 4 + 4k 2 (a 2 + k 2 sin 2 i0)] 1/2 — 2 k 2 sin 


in \Q ) 

M0JJ 


(8.98 
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It is a simple matter to verify that Im/ B2 (0 = 0) = kc^jAn, in accordance 
with eq. (8.46). For further reference we also write / B2 as a function of k and 
A as 


/ B2 (fc, A) — 


Ul 


2-jl/2^ tan 


ocA 


Al a 4 + 4k V + fc 2 J 2 ] 1/2 V^ 2 [a 4 + 4fc 2 a 2 + fc 2 d 2 ] 1/2 

+ 4fc 2 a 2 + fc 2 J 2 ) 1/2 + kA 


+iii °{s r 


+ 4k 2 a 2 + k 2 A 2 ) 112 


+ kAl) 

~ kA i) ' 


(8.99) 


We also note from eq. (8.99) that if we let k become large we find that 

R e/ B2 (/c, A) = A(A)/k 2 + ... (8.100) 

while 


Im/ B2 (Ar, A) = B(A)/k + ... (8.101) 


where the functions A(A) and B(A ) only depend on A and we have neglected 
terms of higher order in k ~ 1 . We recall that / B1 is also a function of A alone. 
The second Born differential cross section is given by 

(d<r/df2) B2 = |/ B2 | 2 = |/ B1 + / B2 | 2 (8.102) 


Table 8.1 


Differential scattering cross section for the Yukawa potential U{r) = — U 0 e~ r jr of the 
text with U 0 ='l. The notation 6.22(—1) means 6.22 x 10 -1 


k 

9 

(degrees) 

First Bom 
approximation 

Second Bom 
approximation 

Exact 


0 

1.00 

1.25 

1.14 


30 

6.22 (-1) 

8.17 (-1) 

7.31 (-1) 


60 

2.50 (-1) 

3.70 (-1)' 

3.21 (-1) 

1 

90 

ui (-D 

1.88 (-1) 

1.59 (-1) 


120 

6.25 (-2) 

1.18 (-1) 

9.84 (-2) 


150 

4.47 (-2) 

8.99 (-2) 

7.49 (-2) 


180 

4.00 (-2) 

8.23 (-2) 

6.86 (-2) 


0 

1.00 

1.03 

1.01 


30 

8.59 (-2) 

9.45 (-2) 

8.91 (-2) 


60 

1.00 (-2) 

1.22 (-2) 

1.07 (-2) 

3 

90 

2.77 (-3) 

3.65 (-3) 

3.02 (-3) 


120 

1.28 (-3) 

1.77 (-3) 

1.40 (-3) 


150 

8.36 (-4) 

1.20 (-3) 

9.24 (-4) 


180 

7.30 (-4) 

1.06 (-3) 

8.09 (-4) 


0 

1.00 

1.01 

1.00 


30 

1.69 (-2) 

1.80 (-2) 

1.72 (-2) 


60 

1.48 (-3) 

1.68 (-3) 

1.53 (-3) 

5 

90 

3.84 (-4) 

4.57 (-4) 

3.99 (-4) 


120 

1.73 (-4) 

2.12 (-4) 

1.80 (-4) 


150 

1.12 (-4) 

1.40 (-4) 

1.17 (-4) 


180 

9.80 (-5) 

1.22 (-4) 

1.02 (-4) 
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and we see that for large k it takes the form 


(S) B2 - ( /biC 


, MA)\ 2 , B\A) 

(A) + ~w) + 


or, to order k 2 , 


(S) B2 ■ (S) B1 + h l2fm(A)A(A) + B2(A)l 


(8.103) 

(8.104) 


Table 8.2 


Differential scattering cross section for the Yukawa potential U(r) = — U 0 e~ r lr of the 

text with U 0 = 5 


k 

(ft” 1 ) 

0 

(degrees) 

First Bom 
approximation 

Second Bom 
approximation 

Exact 


0 

2.50 (+1) 

8.13 (+1) 

1.14 (+1) 


30 

1.56 (+1) 

6.31 (+1) 

5.49 


60 

6.25 

4.03 (+1) 

1.02 

1 

90 

2.78 

2.75 (+1) 

6.87 (-1) 


120 

1.56 

2.09 (+1) 

1.71 


150 

1.12 

1.77 (+1) 

2.77 


180 

1.00 

1.67 (+1) 

3.20 


0 

2.50 (+1) 

3.26 (+1) 

2.05 


30 

2.15 

5.01 

1.64 


60 

2.50 (-1) 

1.19 

2.39 (-1) 

3 

90 

6.93 (-2) 

4.90 (-1) 

8.45 (-2) 


120 

3.19 (-2) 

2.80 (-1) 

4.59 (-2) 


150 

2.09 (-2) 

2.05 (-1) 

3.31 (-2) 


180 

1.83 (-2) 

1.85 (-1) 

2.98 (-2) 


0 

2.50 (+1) 

2.78 (+1) 

2.31 (+1) 


30 

4.22 (-1) 

8.83 (-1) 

3.98 (-1) 


60 

3.70 (-2) 

1.37 (—1) 

3.98 (-2) 

5 

90 

9.61 (-3) 

4.74 (-2) 

1.10 (-2) 


120 

4.33 (-3) 

2.50 (-2) 

5.14 (-3) 


150 

2.81 (-3) 

1.76 (-2) 

3.39 (-3) 


180 

2.45 (-3) 

1.57 (-2) 

2.97 (-3) 


In order to check how accurate the first and second Born approximations 
are in the case of a Yukawa potential, we compare in Table 8.1 the differential 
cross sections (d<7/d&) B1 and (dcr/dO) B2 (obtained respectively from eqs. 
(8.84) and (8.102)) with the exact results (calculated by using the partial 
wave method and computing the phase shifts by numerical integration of the 
radial Schrodinger equations). This comparison is made for an attractive 
Yukawa potential of unit “range” a = a" 1 [18] and having a “strength” 
U 0 = 1. The results are given for three values of the wave number (k = 
1, 3, 5, in units a" 1 ) and various scattering angles. 
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A look at Table 8.1 shows that except at the lowest value of k the second 
Born approximation offers no improvement over the first Born values. The 
results at k = 5 are particularly discouraging since we would expect the 
Born series to converge quickly in this case for which \ U 0 \a/2k = 1/10. 

The reason for this failure of the second Born approximation may be found 
by returning to eq. (8.104) and noting that this formula does not provide all 
the corrections of order A; -2 to the first Born cross section . In fact, one may 
show [19] that the real part of the third order term / B3 of the Born series also 


Table 8.3 

Differential scattering cross section for the Yukawa potential U(f) = — U 0 e~ r jr of the 

text with U 0 = 0.2 


k 

(a~ l ) 

0 

(degrees) 

First Bom 
approximation 

Second Bom 
approximation 

Exact 


0 

4.00 (-2) 

4.17 (-2) 

4.16 (-2) 


30 

2.49 (-2) 

2.61 (-2) 

2.61 (-2) 


60 

1.00 (-2) 

1.07 (-2) 

1.07 (-2) 

1 

90 

4.44 (-3) 

4.87 (-3) 

4.83 (-3) 


120 

2.50 (-3) 

2.78 (-3) 

2.75 (-3) 


150 

1.79 (-3) 

2.01 (-3) 

1.99 (-3) 


180 

1.60 (-3) 

1.80 (-3) 

1.78 (-3) 


0 

4.00 (-2) 

4.02 (-2) 

4.02 (-2) 


30 

3.44 (-3) 

3.48 (-3) 

3.47 (-3) 


60 

4.00 (-4) 

4.09 (-4) 

4.07 (-4) 

3 

90 

1.11 (-4) 

1.14 (-4) 

1.13 (-4) 


120 

5.10 (-5) 

5.26 (—5) 

5.20 (-5) 


150 

3.34 (-5) 

3.46 (-5) 

3.41 (-5) 


180 

2.92 (-5) 

3.02 (-5) 

2.98 (-5) 


0 

4.00 (-2) 

4.01 (-2) 

4.01 (-2) 


30 

6.75 (-4) 

6.80 (-4) 

6.79 (-4) 


60 

5.92 (-5) 

5.98 (-5) 

5.96 (-5) 

5 

90 

1.54 (-5) 

1.56 (-5) 

1.55 (-5) 


120 

6.93 (-6) 

7.03 (-6) 

6.98 (-6) 


150 

4.50 (-6) 

4.57 (-6) 

4.53 (-6) 


180 

3.92 (-6) 

3.98 (-6) 

3.95 (-6) 


gives a contribution of order k~ 2 (for large k) to the scattering amplitude 
and therefore also to the differential cross section. The second Born cross 
section (8.104) lacks this term [20] which is of third order in the potential 
(i.e. proportional to Ul). We note that the importance of this missing term 
with respect to the contribution coming from Re / B2 should increase with the 
“strength” | U 0 \ of the potential. This is illustrated by Tables 8.2 and 8.3 which 
correspond respectively to the choices U 0 = 5 and U 0 = 0.2 of the potential 
strength. The second Born results are seen to be disastrous in Table 8.2; they 
are much better in Table 8.3. 
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It is important to remark that the above comments do not contradict the 
convergence criteria for the Born series discussed in Section 8.4, since these 
criteria apply to the wave function or the scattering amplitude , not the cross 
sections. If we denote by / the exact scattering amplitude, the convergence 
criteria only tell us that the quantities \f — / B il, \f — /biU etc. • • • are getting 
progressively smaller in the convergence domain. 

We have pointed out in Section 8.5 that the Born series may also be used 
for the computation of the phase shifts. As an example, we compare in 
Table 8.4 the first Born results for tan 8 t with the exact ones [obtained by 
integrating numerically the radial equation (4.17) and using eq. (4.113)] for 
two attractive Yukawa potentials (8.81) having a unit “range” a = 1 and 
strength parameters U 0 = 1 and U 0 = 20, respectively. This comparison is 
made for various values of / and for a wave number k = 5. We note that for 
the case U 0 = 1 (such that \U 0 \a/2k = 1/10), the first Born values are very 

Table 8.4 

Comparison of the quantity tan S/, as obtained from the first Bom approximation [see 
eq. (8.74)] and from the “exact” formula (4.113), for attractive Yukawa potentials of the 
form U(r) = — U 0 e~ r lr and for various values of /. The wave number is k = 5. The numbers 
in parentheses indicate powers of 10. 


l 

U 0 = 

Bom 

1 

Exact 

U 0 = 

Bom 

20 

Exact 

0 

2.31 (-1) 

2.38 (-1) 

4.62 

2.21 

1 

1.35 (-1) 

1.38 (-1) 

2.71 

-9.23 (-2) 

2 

9.17 (-2) 

9.28 (-2) 

1.83 

-1.55 

3 

6.57 (-2) 

6.63 (-2) 

1.31 

1.97 (+1) 

4 

4.85 (-2) 

4.88 (-2) 

9.70 (-1) 

1.95 

5 

3.65 (-2) 

3.66 (-2) 

7.29 (-1) 

1.05 

10 

1.01 (-2) 

1.01 (-2) 

2.02 (-1) 

2.12 (-1) 

15 

3.10 (-3) 

3.10 (-3) 

6.20 (-2) 

6.29 (-2) 

20 

1.00 (-3) 

1.00 (-3) 

2.00 (-2) 

2.01 (-2) 


accurate, even for the lowest partial waves. Indeed, the largest discrepancy 
(which occurs in the s-wave) is only about 3 %. For the stronger coupling case 
U 0 = 20 such that | U 0 \a/2k = 2, the first Born and exact results disagree for 
the lowest /-values, but come progressively close together as / increases and 
the centrifugal barrier /(/ + l)/r 2 keeps the particle away from the interaction 
region. In fact, for /= 10 we see that the first Born and exact results already 
agree very well (within 5%). This is in accordance with the discussion of 
Section 4.3.4. 

Finally, we display in Table 8.5 the total first Born cross sections which we 
compare with the exact results for the choice U 0 = 2 and several values of k. 
It is interesting to note that the first Born values are more accurate than 
expected at the lowest values of k. This is also true for the first Born 
differential cross sections given in Tables 8.1-8.3. 
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Table 8.5 


Total cross section for the Yukawa potential U{r) = — U 0 e _r /r, 
with U 0 = 2. The unit of length is the “range” of the potential 


k 

First Bom approximation 

Exact 

1 

10.0 

12.4 

2 

2.96 

3.12 

3 

1.36 

1.39 

4 

7.73 (-1) 

7.85 (-1) 

5 

4.98 (-1) 

5.02 (-1) 

6 

3.47 (-1) 

3.49 (-1) 

7 

2.55 (-1) 

2.56 (-1) 

8 

1.96 (-1) 

1.96 (-1) 

9 

1.55 (-1) 

1.55 (-1) 

10 

1.25 (-1) 

1.25 (-1) 


8.6.2. Superposition of Yukawa potentials 

The calculations made above for a simple Yukawa potential are easily 
generalized to include superposition of Yukawa potentials of the form 

f 00 e -vr 

U(r)=-U 0 \ p(v)-dv (8.105) 

J v 0 > 0 r 

where the weight function p(v) is bounded everywhere except perhaps for 
delta-function singularities. The “range” of the potential (8.105) is simply 
Vq 1 . Interactions of the form (8.105) are of interest in strong interaction 
physics. 

The first Born scattering amplitude is readily obtained from eq. (8.9); it is 
given by 

f 00 p(v) 

hi = tf°| 2 dv (8.106) 


and obviously reduces to eq. (8.83) when p(v) = <5(v — a). 

The second Born approximation to the scattering amplitude is 
/bz =/bi +/b 2 > with 

P 00 p 00 

f B2 = (2n 2 )~ l Uo d fi pin) dv p(v) 

J Vo J Vo 

X f dK (K 2 - k 2 - k)(p 2 + |k - fci| 2 )(v 2 + |k - fcfl 2 ) ( ' 8 ' 107 ^ 


an expression which generalizes eq. (8.95). Following the method of Appendix 
D, we find that 

U 2 f 00 f 00 f 1 d t 

/b 2 = —^ dp p(p) dv p(v) - 2 - 571 -^ (8.108) 

2 } vo y Jv„ Jo r[2ikr - p 2 t - v 2 (l - 0] 
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with 

r 2 = n 2 t + v 2 (l - t) + t( 1 - 0^ 2 - (8.109) 

Instead of analyzing in detail the expression (8.108), we shall simply obtain 
for further reference the leading term of / B2 for large k. Thus we write in this 
case 


jl (*oo l*oo 1*1 

Ail pin) dvp(v) 




dt 


J t + v (1 — t) + t(\ — t)A‘ 


+ ... 


( 8 . 110 ) 

where higher order terms in k~ l have been neglected. The ^-integral may be 
done in closed form [21] and yields 
n 


d t 


1 


L V 2 + Oi 2 — V 2 + d 2 )t — A 2 t 2 /IVyJl 

where 

+ v 2 + A 1 


u = 


== log [u + Vu 2 - 1] (8.111) 

( 8 . 112 ) 


so that 
/b2 


2/jv 

1 


poo l*oo 

= i 7 T d/i p(p) dv p(v)-log[M + V« 2 - 1] + .. . 

4fc J vo J VO pVy/u 2 - 1 

(8.113) 


We note that the leading term of / B2 for large k is imaginary and of order 
k~ x , as for the simple Yukawa potential [(see eq. (8.101)]. The real part of 
/ B2 may also be shown to be of order k~ 2 and to have the form given by 
eq. (8.100). The comments made in Section 8.6.1 about the second Born 
approximation also apply in this case. 

In order to illustrate our discussion, we consider a particular superposition 
of two Yukawa potentials of different ranges, namely [22] 

U(r ) = - £/ 0 (e~ r - 1.125 e~ 2r )/r. (8.114) 

Potentials of this kind, which may simulate a short-range repulsive and long- 
range attractive behaviour (or vice-versa) can be used to reproduce some of 
the features of strong interaction forces [e.g. 23]. We note that the first Born 
approximation amplitude 

/bi(J) = Uo [rri 2 ~ L125 4TdJ (8 - 115) 

may already exhibit a non-trivial structure since it vanishes for A ~ 4.8. 
Because the maximum value of A (reached for 6 = n) is d max = 2k, we see 
that/ B i(d), as given by eq. (8.115), will change sign in the “physical region” 
0 < A < 2k as soon as k ^ 2.4. 
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Table 8.6 

Differential scattering cross section for the “double Yukawa” potential 
U(r) = — U 0 (e~ r — 1.125 e -2 0 jr of the text with U 0 = 1. 

The wave number is k = 5 


e 

(degrees) 

First Bom 
approximation 

Second Bom 
approximation 

Exact 

0 

5.17 (-1) 

5.18 (— 1) 

5.17 (-1) 

30 

6.12 (-4) 

6.08 (-4) 

6.03 (-4) 

60 

1.10 (-7) 

1.60 (—7) 

1.63 (-7) 

90 

1.50 (-6) 

1.54 (—6) 

1.52 (-6) 

120 

1.17 (-6) 

1.17 (-6) 

1.16 (-6) 

150 

9.17 (-7) 

9.12 (-7) 

9.03 (-7) 

180 

8.40 (-7) 

8.33 (-7) 

8.24 (-7) 


Table 8.7 

Differential scattering cross section for the “double Yukawa” potential 
U(r ) = — U 0 (e~ r — 1.125 e~ 2r )lr of the text with U 0 = 5. 

The wave number is k = 5 


9 

(degrees) 

First Bom 
approximation 

Second Bom 
approximation 

Exact 

0 

1.29 (+1) 

1.32 (+1) 

1.29 (+1) 

30 

1.53 (-2) 

1.76 (-2) 

1.47 (-2) 

60 

2.75 (-6) 

1.22 (-5) 

1.35 (-5) 

90 

3.75 (-5) 

4.88 (-5) 

4.00 (-5) 

120 

2.93 (-5) 

3.56 (-5) 

2.80 (-5) 

150 

2.29 (-5) 

2.71 (-5) 

2.11 (-5) 

180 

2.10 (-5) 

2.45 (-5) 

1.91 (-5) 


Table 8.8 

Differential scattering cross section for the “double Yukawa” potential 
U{f) = — C/ 0 (e _r — 1.125 e~ 2r )lr of the text with U 0 = 0.2. 

The wave number is k = 5 


9 

(degrees) 

First Bom 
approximation 

Second Bom 
approximation 

Exact 

0 

2.07 (-2) 

2.07 (-2) 

2.07 (-2) 

30 

2.45 (-5) 

2.44 (-5) 

2.44 (-5) 

60 

4.40 (-9) 

4.76 (-9) 

4.78 (-9) 

90 

6.01 (-8) 

6.03 (-8) 

6.03 (—8) 

120 

4.69 (-8) 

4.68 (-8) 

4.68 (-8) 

150 

3.67 (-8) 

3.66 (-8) 

3.66 (-8) 

180 

3.36 (-8) 

3.35 (-8) 

3.34 (-8) 







THE BORN SERIES 


183 


We give in Tables 8.6, 8.7 and 8.8 a detailed comparison of the first and 
second Born differential cross sections with the corresponding exact results, 
for a wave number k = 5 and the three values U 0 = 1,5 and 0.2 of the 
“strength” parameter U 0 . The comments made about Tables 8.1-8.3 apply 
equally here, but the second Born approximation is nevertheless seen to be 
more accurate in the present case. This is undoubtedly due to the fact that 
the potential (8.114) is less “strong” than a corresponding simple Yukawa 
potential with the same value of U 0 [24]. 

8.6.3. The separable non local potential [25] 

The Bom series which we have discussed so far in the case of local interactions 
is readily generalized to include non-local potentials <r|l/|r'>. The basic 
equations (8.12) and (8.14) are still valid, and we have now explicitly 
[compare with eq. (8.39)] 

Jbj = - Lj*d r 1 d r\ ... d r 3 dr) exp(-ife f •i- 1 )<» , 1 |t / ki>G ( o + Vi» r 2 ) 

x (r 2 \U\r' 2 y . .. Gi + \r)_ u r,)<r,| U\r)} expGfc,• r)). (8.116) 

In momentum space we may use directly eqs. (8.41) and (8.42) if we replace 
eq. (8.40) by the more general definition 

(q\U\q'y = (2n)~ 3 f dr dr' txp(-iq-r)(r\U\r'} exp(i q'-r'). (8.117) 

We note that eqs. (8.116) and (8.117) reduce to eqs. (8.39) and (8.40), 
respectively, when <r|£/|r'> = U(r)S(r — r'). 

As an example of non-local interaction, let us consider the separable 
non-local potential (5.149), namely 

(r\U\/y = Xu(r)u{r ') (8.118) 

for which the exact amplitude is given by eq. (5.154). 

The first Born approximation, given by eq. (8.41), is simply 

/bi = - ^ j* dr exp( —ifc f • r)w(r) Jdr' w(r') exp(ikj • r') (8.119) 

where we have used eqs. (8.117) and (8.118). Introducing the Fourier trans¬ 
form of the function w(r), namely 

u(4) — (2tt)- 3/2 j exp(i^ -r)w(r)dr (8.120) 

we simply have 

f Bl = - 2n 2 Xu(—k f )u(k^. (8.121) 

Let us choose the function w(r) = u(r) = (n/2) lf2 exp(—j 6r)/r so that its 
Fourier transform u(q) assumes the simple form 

m = (<7 2 + i 8 2 )" 1 . (8*122) 


References and note s on page 186 



184 


POTENTIAL SCATTERING 


We shall call the corresponding separable potential the Yamaguchi potential 
[26]. Then we find that 

/ B1 = - 2n 2 X(k 2 + p 2 )~ 2 . (8.123) 


In contrast with the Yukawa potential studied previously, we note that 
/ B1 is of order A" 4 for large A. 

The second Born approximation f B2 for the scattering amplitude is given 
by / B 2 = /bi + /b 2 > where according to eq. (8.42), 

/„2 = 2rc 2 f dK 2 _ L _ • <fcfl^|tt> <K|C/|fe,>. (8.124) 

IKK IS 

Hence, for the Yamaguchi potential corresponding to the choice (8.122), we 
have 

/ B2 = 27 l 2 A 2 (k 2 + /? 2 ) 2 JdK — 2 - - 2 _ ifi)(fc2 - p2)2 • (8.125) 

The integral on the right-hand side of eq. (8.125) is just a particular case of 
the quantity L 2 (k , T, A) calculated in Appendix D. With r = ft and A = 0, 
we find that 

(8126) 

and therefore 

/B2 = /»l[l + p (k 2 _^2 + • ( 812? ) 

We note that for large k the quantity Re/ B2 is of order A -6 , while Im f B2 is 
of order A -7 . These results are again in marked contrast with those found 
for the Yukawa potential. 

Consider now the exact scattering amplitude given by eq. (5.40). We see 
from eq. (5.154) that for a separable potential this expression may be written 
as 


/ = /bi[1 -/B 2 //B 1 ]" 1 . • (8.128) 

The Born series for the scattering amplitude is simply obtained by expanding 
the quantity [1 — /B 2 //B 1]” 1 ineq. (8.128)as [1 — x]' 1 = 1 + x -I- x 2 + .. .. 
Returning to the case of the Yamaguchi potential, we find from eq. (8.128) 
that 


/ — /bi 



An 2 


P(k 2 - p 2 + 2ikp) 


~ -1 

1 


(8.129) 


an expression which is independent of the scattering angle 6 as the Yamaguchi 
interaction only acts in the s-state. We verify that the first Born approximation 
yields the correct result in the limit A 00 , but is only satisfactory at low 
energies (A 0) if 

W < n~ 2 p 3 


( 8 . 130 ) 
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i.e. for a very “weak” potential. More generally, the convergence of the 
Born series will be ensured if 


♦ 

Wn 2 

1 


P 

k 2 - p 2 + 2i kp 


or 


k 2 > p~\\X\n 2 ~ P 3 )- 

Two cases must be considered: 

1) If the quantity |A| is such that 

|2| < ; z~ 2 p 3 


(8.131) 

(8.132) 


(8.133) 


the condition (8.131) is fulfilled for any physical value of k. The convergence 
relation (8.133) is naturally less restrictive than the validity condition (8.130) 
of the first Bom approximation at low energies. One can easily show also that 
the convergence condition (8.133) implies that the separable potential 


(r\U\r' y ) = - X 0 u(r)u(r'), A 0 > 0 (8.134) 


cannot support a bound state. For example, if the Yamaguchi potential [such 
that u(r) = (n/ 2) 1/2 exp(—/?r)/r] has a bound state of energy s = —h 2 a 2 /2m 
one finds [26] that the corresponding parameter X 0 is given by 

A 0 = n~ 2 P(a + ft 2 , a,£ > 0. (8.135) 

Hence the condition (8.133) [which now reads X 0 < n~ 2 p 3 ] is never satisfied. 
2) On the contrary, if 

w > n~ 2 p 3 (8.136) 

the condition (8.132) becomes 

k > k 0 = (\X\n 2 /p - p 2 ) 1 ' 2 (8.137) 


so that the Born series will only converge for k > k 0 . 

We have thus far examined the first Born amplitude (8.123), the second 
Bom expression (8.127) and the exact expression (8.129). We may of course 
readily obtain the higher Born terms by expanding the exact amplitude in 
powers of X. For example, the third Born approximation / B3 is given by 
/b 3 = /bi + /b 2 + /b 3 > where 


Jb3 — fl 


2 _4 


X 2 n 


so that 

/b3 


— /bi|^1 + 


81 P 2 (k 2 - P 2 + 2i kP) 2 
Xn 2 


A 2 7T 4 

- P 2 + 2ikP) 2 _ ' 


(8.138) 


(8.139) 


p(k 2 - P 2 + 2ikp) P\k 2 
We see that for large k the quantity Re/ B3 behaves like k~ 8 while Im/ B3 is 
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proportional to k 9 . Thus for large k the scattering amplitude takes the form 



/b! /b2 /b3 


where A, B, C, D and E are constants. In particular, we note that the second 
Born amplitude / B2 gives correctly the leading contribution to the imaginary 
part of the scattering amplitude (as for the Yukawa potential) but also the 
two leading terms of the real part (in contrast with the Yukawa case [27]). It is 
worth recalling in connection with the above equations that the Yamaguchi 
potential is a very particular interaction which only acts in the s-wave. 
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Semi-Classical Approximations 


Semi-classical methods are useful approximation techniques when the de 
Broglie wavelength A = hjp of the incident particle is sufficiently short 
compared with the distance in which the potential varies appreciably. If 
the potential has a “range” a , this short wavelength condition is equivalent 
to the requirement that ka > 1. We shall first study in Section 9.1 the 
eikonal approximation which originated in optics [1]. The eikonal scattering 
wave function is derived from the Lippmann-Schwinger equation by a 
linearization of the Green’s function in momentum space. The eikonal 
scattering amplitude and cross sections are then obtained and their properties 
are discussed. In particular, it is shown that the eikonal approximation, 
within its range of validity, satisfies the optical theorem. We also make a 
detailed comparison between the eikonal approximation and the Born 
series. Section 9.2 is devoted to the study of the Wentzel-Kramers-Brillouin 
or W.K.B. method in the simple case of the scattering by a central potential. 
We first recall the classical limit of the Schrodinger equation. We then obtain 
the W.K.B. radial wave functions, the corresponding phase shifts and the 
scattering amplitude. 


9.1. The eikonal approximation 

Originally introduced in quantum scattering theory by Moliere [2], the 
eikonal approximation has been considerably developed by Glauber [3] who 
proposed a very fruitful many-body generalization of the method. We shall 
study in this section the essential features of this approximation, as applied 
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to the simple problem of non-relativistic potential scattering. A few other 
papers dealing with various aspects of the eikonal approximation are listed 
in references [4-23]. The application of the eikonal method to many-body 
scattering problems will be considered in Chapters 19, 20 and 21. 


9.1.1. The eikonal scattering wave function [24] 

Let us consider high-energy, non-relativistic potential scattering. We assume 
that ka > 1 (the short wavelength condition) and also that \ V Q \\E 1, where 
| V 0 \ is a typical “strength” of the potential. We denote by\U 0 \ the corresponding 
“strength” of the reduced potential U(r) = 2 mV(r)/h 2 . We start from the 
Lippmann-Schwinger equation (5.33), namely 


O) = (2n)~ 3/2 exp(ifci • r) + J G ( 0 + V, rW)CV) dr' 
where the Green’s function G ( 0 +) (r, r') is given by 


(9.1) 


G ( o + V, r’) = - 


1 exp{ifc|r — r'|} 
in | r - r'| 

= ~ ( 270 


3 lim 
£->0 


im dK 

■>o+ J 


exp{iK*(r — /)} 
k 2 — k 2 — ie 


(9.2) 


Since the potential varies slowly over the scale of the incident wavelength 
it is natural to factor out the free incident plane wave from the wave function 
and to write 

*k + V) = (2 tt)- 3/2 exp(i k., • r)cf>(r) (9.3) 


where 0(r) is a slowly varying function when ka is large. Substituting the 
ansatz (9.3) in eq. (9.1) we find that the function (j>(r) satisfies the equation 


<K»0 = 1 - (2ti) 3 JdK J*dK — 2 k ff u(r - R)(j>{r - R ) (9.4) 

where we have set R = r — r\ This equation is still exact since eq. (9.3) 
merely defines the new function cj)(r). However, it is now an easy matter to 
obtain an approximate form of </>(r) by using the fact that the product C/0 
varies slowly on the scale of the incident wavelength. In order to derive this 
result, let us first analyze the free propagator G ( 0 +) . Using its representation in 
wave vector space which we recalled in eq. (9.2), and introducing the new 
variable 


we find that 


p = k — k { 


(9.5) 


G ( o + \R) = - (2t r)- 3 exp(ifcj R) [dp ex P^~f> (9 . 6) 

J 2fcj -p + p- ie 

where the limiting process e -> 0 + is always implied. We may therefore write 
eq. (9.4) as 


4>(r) = 1 - I(r) 


(9.7) 
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where 

/(»•) = (2tt)- 3 


m 


d P :M r - - R) (9.8) 


2k i p + p 2 - ie' 

Since the product U(f) is slowly varying, this integral is dominated by small 
values of pjk. We may therefore expand [8] the quantity (2 k v p + p 2 — is) -1 
in powers of p/k as 

1 1 


2fc| -p + p 2 — ie 2 kp z + p 2 — is 


2kp 


1_A _ 1 2 + . \ 

, — ie\ 2kp z — ie^ ) 


(9.9) 


where we have chosen the z-axis in the direction of the incident wave vector 
k { . Accordingly, we may also write 

G ( 0 + \R) = Gq 1) (R) + G ( i\R) + ■■■ (9.10) 

and 

I(r) = l°\r) + / ( 2 V) + ’ • • (9.11) 

Here 

exp(i/> • R ) 


GtfXR) = - (2n)~ 3 exp(ifcj • jR) dp 


/• 


2kp z — ie 


(9.12) 


is the Green’s function which corresponds to a linearized propagator , obtained 
by neglecting the term p 2 in the expression (2k { p + p 2 — ie) -1 . The 
quantity G^ 2) (K) is given by [25] 

Gq 2) (R) = (2n)~ 3 exp(ik,'R) j 


exp(i p-R) 2 


(9.13) 


while 


= (2 it) 


and 


/ (2 >(r) = - (2«)- 


M 

■H 


d,2^0(, -KKr-K, 


2kp z — is 
exp(i/j • R) 


(9.14) 


T~p 2 U{r - R)(j>(r - R). (9.15) 


(2 kp z - isf 

Let us first examine the p integral that appears in eqs. (9.12) and (9.14). 
Choosing Cartesian coordinates in p space and denoting the components of 
R by (X, Y, Z), we have 

exp{i(p x X + PyY + p z Z)} 

2 kp z — ie 


x 


(9.16) 
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The integrals over p x and p y are easily performed, giving 


I 


dp 


exp(i/j • R ) 
2kp z — ie 


(2 n) 2 S(X)6(Y)±- k ^ X 


d Pz 


t\p(ip z Z) 
Pz~ ie 


(9.17) 


The integral over p z can be done in the complex p z plane, where the 
integrand has a pole at p z = + is. For Z > 0, we choose the integration 
contour as the real axis plus an infinite semi-circle C x in the upper half plane 
(see Fig. 9.1). Then, applying Cauchy’s theorem, we have 


I 


+ 00 


— 00 


dPz 


exp(i p z Z) 

Pz ~ ie 


2m, 


(Z > 0). 


(9.18) 



Fig. 9.1. The contours Ci and C 2 used to perform the p z integral of eq. (9.17) in the 
complex p z plane. The integrand has a pole on the positive imaginary axis at p z = u. 


For Z < 0, we close the contour by means of the infinite semi-circle C 2 in 
the lower half-plane, thus obtaining 


i: 


j exp(ip z Z) 

d p z -— =0, (Z < 0). 


(9.19) 


Pz - 18 

Therefore, if we retain only the first term on the right of eq. (9.10) we have 

G\) + \R) ~ GtfXR) = | ” 2k eXp(lfcZ) ' 5(X)5( ' y) ’ z > ° (9.20) 

1 0, Z < 0 

or, returning to the original variables r(x , y , z) and r'(x' 9 y\ z') 9 

GtfXr, r') ~ GftXr, r') 

= j- ^exp{ifc(z - z')}d{x - x')5(y - /), (z - z') > 0 ^ 


l 0 , 

Introducing the step function 0(x) such that 


(z — z') < 0. 


(9.22) 
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we may also write eq. (9.21) as 

Go +) 0. r') ~ G ( 0 n (r, r') = - ^-exp{i k(z - z')} 


x <5(x - x')c5(y - y')@(z - z'). (9.23) 

It is obvious that the linearized propagator r' ) describes purely 

forward propagation. Using eqs. (9.17)—(9.19) in eq. (9.14) we also find that 
the corresponding value of the quantity 7 (1) (r) is given by 

l w (x, y, z) = 2- U(x, y, z - Z)<t>(x, y, z - Z) dZ. (9.24) 

The correction term / (2) (r) appearing in eqs. (9.11) and (9.15) may be 
studied in a similar way [8]. We have already shown above that we 
expect this term to be small with respect to 7 (1) when ka > 1. However, if 
we want to neglect the contribution of 7 (2) in evaluating </>(r), we see from 
eq. (9.7) that it is not enough that |7 (2) | be small with respect to |7 (1) |; it must 
also be small with respect to one. A careful analysis of this last condition 
shows that it is satisfied when \ V 0 \/E <i 1 [22]. We shall therefore neglect the 
term 7 (2) in what follows. 

Let us now come back to eq. (9.7) in which we replace 7(r) by 7 (1) (r). The 
corresponding function <£ (1) (r) satisfies the equation 


<£ (1) (x, y, z) = 1 - j* U(x, y, z — Z)0 (1) (x, y,z - Z) dZ. (9.25) 
Changing variables to 

z' = z - Z (9.26) 

we obtain 


4> (l \x, y, z) 
and therefore 

y, z) 



U(x, y, z')(j) (i \x, y, z') d z' 


U(x, y, z') dz' 


(9.27) 


(9.28) 


Notice that <£ (1) varies negligibly over distances of order k~ l since U 0 !k 2 is 
small. We also remark that the integral (9.28) is evaluated along a straight 
line parallel to k { . 

Returning to the original ansatz (9.3) we deduce that the approximate 
scattering wave function which we have obtained - the eikonal wave 
function - is such that 


Mr) = (2 n)~ 312 



U(x, y, z') dz' 


(9.29) 
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or, in terms of the potential V(r) = h 2 U(r)/2m , 

\I/ E (r) = (In)' 312 exp|ifcj • r - 

where v = hk/m is the magnitude of the incident velocity. Thus a simple 
modification of the phase of the incident plane wave leads to the eikonal wave 
function. 

It is worth noting that the eikonal wave function ^ E (r) does not exhibit the 
correct asymptotic behaviour (3.27) when r -+ oo. Only in the region where 
the potential is non-zero does the modulating function </>(r) modify the incident 
plane wave. This fact does not cause any difficulty since we shall simply use 
the integral representation (5.40) to calculate the scattering amplitude. 
Therefore, we need to know the scattering wave function only where the 
potential is non-vanishing. 

Another important point concerns the angular range of validity of the 
eikonal approximation. We recall that the eikonal Green’s function (9.23) 
only describes forward propagation so that the eikonal phase in eqs. (9.28)- 
(9.30) is obtained by performing a straight line integration along the direction 
of k { . A more accurate evaluation of the scattering wave function would in 
fact involve the calculation of its phase along the actual curved classical 
trajectory. We therefore expect that the eikonal method will be justified for 
small angle collisions, where most of the high-energy scattering occurs (see 
Section 8.6). However, as we shall see below, the analysis of the angular range 
of validity of the eikonal approximation is more complicated than simple 
kinematical arguments would suggest. 


-f 

hv J. 


V(x, y, z') dz 




(9.30) 


9.1.2. The eikonal scattering amplitude 

Let us use the eikonal wave function (9.29) to calculate the eikonal scattering 
amplitude / E . By substitution in eq. (5.40), we find that 


/e 


-y 


dr exp( — ik { r)U(r) exp {ik^r — — 


U(x,y, z')dz'| (9.31) 


or 


/e = - j* dr exp(id • r)U(r ) expj- J U(x, y, z') dz'j- (9.32) 


where A = k { — k f is the wave vector transfer. Now we have just noted above 
that the actual phase of the scattering wave function should be evaluated in 
the semi-classical limit along the classical path. As a partial concession to 
this point of view, we shall perform the z' integration in eq. (9.32) along a 
direction h parallel to the bisector of the scattering angle (and therefore 
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perpendicular to the vector A). This is illustrated in Fig. 9.2. Furthermore, we 
adopt a cylindrical coordinate system and decompose the vector r as 

r=b+zft (9.33) 

where the z component of r lies along ft and b is an “ impact parameter” 
vector [26] perpendicular to ft. We may therefore write eq. (9.32) as 


/e 


-;m:: 


dz exp(L4 • b)U(b , z) 


x exp 


Hi: 


U(b, z') dz' 


(9.34) 



Fig. 9.2. Illustration of the vectors involved in eqs. (9.32) and (9.33). 

It is worth noting that eq. (9.34) may also be derived by performing the z' 
integration in eq. (9.32) along the original direction £, and then using the fact 
that for small scattering angles the vector A is nearly perpendicular to k { . 
In this case the cylindrical coordinate system in r space is chosen in such a 
way that 

r = b + zb, (9.35) 

and we have 

A • r = A -{b + z£j) = A • b + /cz(l — cos 0) ~ A • b (9.36) 

where terms of order 6 2 kz <> 6 2 ka have been neglected. Therefore, in this 
coordinate system, a qualitative angular validity criterion is given by 
6 <i (ka)~ l/1 . It is not unreasonable to expect that the choice of coordinate 
system (9.33) will lead to an improved (larger) angular domain of validity of 
the eikonal approximation [3]. That this is indeed the case will be illustrated 
below. 

The integration over the z variable in eq. (9.34) is now straightforward. 
We find that the eikonal scattering amplitude is given by 


/e 


.if 

2m J 


d 2 b exp(id • h)[exp{ix(fc, ft)} — 1] 


where the quantity 


X(k, b) 


1 

2k, 


(*+ 00 
J - 00 


(9.37) 


U(b, z) dz 


(9.38) 
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is called the eikonal phase shift function. In writing eq. (9.37) we shall agree 
that the cylindrical coordinate system (9.33) has been chosen with h perpen¬ 
dicular to A . 

For potentials which possess cylindrical symmetry, we can simplify 
eq. (9.37) by noting that the ordinary Bessel function J 0 is given by 

(•2 n 

J 0 (x) = I d 4> exp(bc cos (j )). (9.39) 

If we choose A as the x-axis in the plane perpendicular to h (so that the 
polar angle (j) of b is measured from A) we have A b = Ab cos (j> and eq. (9.37) 
reduces with the help of (9.39) to 

/b = * r d b bJ 0 (Ab)[exp{i X (k, b )} - 1] (9.40) 

1 J 0 

where A = 2k sin \Q and the phase shift function x now depends only on 
k and b. 

It is a simple matter to establish the relationship between the eikonal 
scattering amplitude (9.40) and the amplitude (4.63) which appears in the 
method of partical waves. Indeed, let us first use the formula 

Pf cos 6) ~ / 0 [(/ + m (9.41) 

valid [27] for / > 1 and 16 = 0(1). Eq. (4.63) then becomes 

m - 4 1 V + i) J o[0 + m [exp(2i<5,) - 1], (9.42) 

lK 1=0 

Since the number of important partial waves is large at high energies, we 
may replace the sum over / by an integral over the impact parameter b. 
Using the fact that 

b ~ yJTUTT)/k = (/ + *+•••)/* (9.43) 

we may then write 

f{6) = - I d b bJ 0 (2kb sin ±0) [exp{2i<5(fc, b)} - 1] (9.44) 

1 J 0 

where 

5(k, b) = 8 t (k) 9 l+i~kb (9.45) 

and we have replaced kbO by 2kb sin \9 in the argument of the Bessel function 
J 0 . This replacement is justified since we are dealing here with small angle 
scattering where the approximate formula (9.41) is valid. The formula (9.44) 
then reduces to (9.40), with 

<5(fc, b) = h(k, fe) = - 11 + ” U(b, z ) dz. (9.46) 
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We shall now verify that the eikonal approximation satisfies the optical 
theorem in the limit of high energies. Indeed, let us tentatively write the total 
(complete) cross section in the eikonal approximation as 


<7.ot = y Im /e(0 


/• 00 

= 0) = 4n I 


d b b[l — exp(—Im x) cos (Re *)] (9.47) 


where we have considered a complex (optical) potential U having azimuthal 
symmetry and we have written 

X(k, b ) = Re x(k, b) + i Im x (k, b). (9.48) 

Now the total elastic cross section is simply 

< = J dI2|/ E | 2 

= k 2 [ db b f d b' b'[e\p{ix(k, b )} - 1] [exp{-ix*(/r,i>')} - 1] 

Jo Jo 

x J dQ J 0 (2kb sin iO)J 0 (2kb' sin ±0). (9.49) 

Performing the azimuthal integration and changing the integration variable 
from 6 to A = 2 k sin we find that 

= 2n\ dbb\ db' b'[exp{ix(k, b )} - 1] [exp{-i x*(k, b ')} - 1] 
Jo Jo 


p2 k 

Jo 1 


d A dJ 0 (dh)J 0 (dh'). (9.50) 


At high energies, where the eikonal approximation is valid we may extend 
the upper limit of the d-integral to infinity. Then, using the completeness 
relation for the Bessel function / 0 , i.e. 


i: 


J 0 (Ab)J 0 (Ab’)A d A = -S(b - V) 
o ^ 

we obtain a simple approximate expression for namely 
= 4n\db b{ 1 - exp(-Im x) cos (Re /)] 


(9.51) 


r oo 

- 2 "J» 


db b[l - exp( —2 Im /)]. (9.52) 


We first note that when the potential U is real, so that Im / = 0, this 
expression agrees with eq. (9.47). When the potential is complex we find by 
comparing eqs. (9.47) and (9.52) that the total cross section for non-elastic 
processes <7f ot is given by 


&tnt - 


- = 2n J” db 6[ 1 - exp(-2 Im *)]. (9.53) 

This is a very reasonable result. Indeed, the intensity of a wave having 
unit amplitude and corresponding to the impact parameter b is simply 
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exp(—2 Im x) after it has penetrated through the region where the potential 
acts. Hence the quantity 1 — exp(—2 Im x) yields the absorption due to the 
area 2nb d b contained between two circles of radius b and (b + db ), 
respectively. 

We may easily generalize these considerations to the case where there is 
no azimuthal symmetry. Using eq. (9.37), we then have 


4 n r 

<T tot = Y Im /e(0 = 0) = 2 \d 2 b [1 - exp(—Im x) cos(Re /)] (9.54) 

where the phase shift function is given by eq. (9.38). 

The total elastic cross section is now obtained from the scattering 
amplitude (9.37) by writing 

< = f dG |/ E | 2 

d 2 b Jd 2 fc' exp {y (ft - b')} 

x [exp{ix(fe, b )} - 1] [exp{-i x*(k, b')} - 1], (9.55) 



Since the scattering is sharply concentrated near the forward direction at 
high energies, we may replace the integration over d Q by an integration over 
the vectors A lying in a plane perpendicular to k { . We may then write 
approximately 

<Tto t = (2 tt) - 2 j d 2 A j d 2 b j d 2 V exp{iJ •( b — b')} 

x [exp {ix(k, b)} - 1] [exp{-i**(fc, b')} - 1] (9.56) 

and since 

f exp{iJ (b - b’)} d 2 A = (2n) 2 8 (2) (b - b ) (9.57) 

we find that 

< 0 . = j |exp(ix) - l| 2 d 2 fe. (9.58) 

We note that when there is no absorption so that x is rea l ec l- (9.58) 
agrees with the expression (9.54) of the total (complete) cross section. We 
also find by analogy with eq. (9.53) that in the presence of absorption the 
total cross section for non-elastic processes is now given by 

<C = ff.ot - <ot = I d 2 b [1 - exp( — 2 Im /)]. (9.59) 


Of course the formulae (9.54), (9.58) and (9.59) reduce respectively to eqs. 
(9.47), (9.52) and (9.53) when the phase shift function has azimuthal symmetry. 

Let us illustrate the foregoing discussion on a simple example. We consider 
the scattering by a complex square well 


U(r) = 



r < a 
r > a 


(9.60) 
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U 0 = Ur + iUi (Ur, Ui > 0). 
Then, according to eq. (9.40), 


_ k f® 

_ ‘Jo 


d b bJ 0 (2kb sin %6) [exp{i/(fe, b)} — 1] 


Uo 

l(b, k)= fc 


\ja 2 — b 2 , for 0 < b < a 


for b > a. 


Therefore, 


/e = t J dh bJ 0 (2kb sin % 0 ) |Texp|i — — 1 J • 

We note that 

|e‘*| 2 = exp(-2 Im x) = exp|-“ 2 yja 2 - h 2 |, 0 < b < a. 


(9.61) 

(9.62) 

(9.63) 

(9.64) 

(9.65) 



Fig. 9.3. Illustration of the differential cross section (9.69) of the text. Here ka = 3. 
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Since D = 2yja 2 — b 2 is the distance travelled through the interaction region 
and corresponding to the “impact parameter” b , we can interpret the quantity 
A = k/Ui as the mean free path through the potential. For very small mean 
free paths, corresponding to strong absorption, so that 

kjUi < a or U^k > 1 (9.66) 

we may neglect the exponential in eq. (9.64) and write 


d b bJ 0 (2kb sin \0 ). 


This last integral is easily performed. One has 

2 J t (2ka sin %6) 


/ E = i ka 2 


2ka sin \0 


(9.67) 

(9.68) 


so that the corresponding differential cross section reads 



= a 2 (ka) 2 


Jf2ka sin %6) 2 
2ka sin \0 


(9.69) 


This is a well known result in optics [see e.g. 28] where it characterizes the 
Fraunhofer diffraction scattering by a black sphere. The angular distribution 
corresponding to eq. (9.69) is illustrated in Fig. 9.3 for the case ka = 3. 
We note from eq. (9.69) that when ka > 1 there is a large forward peak 
having a width of order l/ka. 


9.1.3. The eikonal approximation and the Born series 

Let us return to the eikonal scattering amplitude (9.37). By expanding the 
quantity exp(i/) in powers of x ~ and hence in powers of the potential - we 
define the eikonal multiple scattering series 

00 

/e = I /e„ (9.70) 

n — 1 

where 

/e„ = L ^ |d 2 b exp(id • b ) h(k, 6)]". (9.71) 


We note that if the summation and integration may be interchanged the 
series (9.70) always converges since exp(z) is an entire function of z. By 
analogy with our study of the Born series we also define the quantity 


kn = Z hy * (9.72) 

j= i 

We shall now examine more closely the quantity f E1 = / E1 . Using eqs. 
(9.38) and (9.71), we have 


/ei 



dz exp(Ld • b)U(b , z). 


(9.73) 
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With the choice of cylindrical coordinate system (9.33) such that the vector 
A entirely lies in the plane of “impact parameters” b , we have A • b = A • r and 
therefore 


/ei 


1 

4n 


J*dr exp(id • r)U(r) 


(9.74) 


or [see eq. (8.30)] 

/ei=/bi (9.75) 

where / B1 is the first Bom approximation to the scattering amplitude. 

This is an important relation, valid for all potentials (subject to the 
condition that the above quantities be defined) and all scattering angles. 
We note that if the z integration in eq. (9.38) had been performed along the 
direction fc i9 using the coordinate system (9.35), we would only have approxi¬ 
mately A-b ~ A-r for small A 9 s and the relation (9.75) would only hold at 
small angles. Since we know that the Born series converges at sufficiently 
high energies for non-relativistic potential scattering (see Section 8.4) it is 
very desirable to secure the relation (9.75) at all angles as our “starting point” 
of the eikonal multiple scattering series. Therefore the result (9.75) lends 
additional support to the semi-classical argument made after eq. (9.32) 
about the choice of the direction b along the bisector of the scattering angle. 
It actually goes beyond this argument since eq. (9.75) holds for all values of 0, 
including those large scattering angles for which the simple reasoning follow¬ 
ing eq. (9.32) is no more valid. Thus we shall continue in what follows to 
choose the direction b perpendicular to A . 

We now want to compare the higher order terms of the eikonal and Born 
series [29]. We shall simplify our discussion by considering only central , real 
potentials. In this case the quantities f En reduce to 

i n+1 k f 00 

hn - -r J 0 m lx(k, b)J b d b. (9.76) 

n • Jo 

We note that these expressions are alternatively real and imaginary, a fact 
which plays an important role in the discussion given below. 

Let us consider the second terms / E2 and f B2 of the eikonal series (9.70) 
and the Born series (8.18), respectively. Since Re/ E2 = 0 while in general 
Re/ B2 ^ 0, there is no analogue of eq. (9.75) for Re/ B2 and Re/ E2 . We 
shall return to this point below in our discussion of the relative merits of the 
second Born and eikonal approximations. For the moment, we focus our 
attention on Im/ B2 and Im/ E2 and consider first a simple particular case, 
i.e. a Yukawa potential of the form [30] 

U(r) = - U 0 e—/r 


(9.77) 
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for which the quantity / B2 (k, A) is given by eq. (8.99). On the other hand, 
for the same interaction (9.77) the eikonal phase shift function is given by [see 
e.g. 31] 

X(k, b) = ^K 0 (ab) (9.78) 

k 

where K 0 is a modified Bessel function of order zero. Therefore, one has from 
eq. (9.76) 

/e 2 = i § Jo(Ab) [K 0 (ab)Y b d b. (9.79) 

This integral may be performed, with the result [see e.g. 32] 

7 U 2 0 (4k 2 a . 2 + k 2 A 2 ) 1/2 + kA 

Jb2 1 2d[4fcV + k 2 A 2 Y 12 g (4fc 2 a 2 + k 2 A 2 y 2 - kA • K J 

Let us now return to eq. (8.99) which gives the second Born term f B 2 (k, A) 
for the Yukawa potential (9.77). For large k we note that the leading term of 
/ B2 is purely imaginary [see eqs. (8.100)—(8.101)] and such that 

f B2 (k 9 A) = A B2 (A)/k+ ... (9.81) 

where the quantity A B2 (A) depends only on A and we have neglected terms of 
higher order in k~ x [33]. On the other hand, we may write eq. (9.80) in the 
form 

f E2 (k, A) = A E2 (A)/k (9.82) 

and upon comparison of eqs. (8.99) and (9.80) we see that 

d E i(A) = d B2 (A) (9.83) 

for all wave vector transfers A. Thus, when k is large enough so that eq. (9.81) 
holds, one has 

Im J E2 (k,A) = Im f B2 (k 9 A) (9.84) 

for all values of A. 

It is a simple matter to generalize eq. (9.83) to an arbitrary superposition of 
Yukawa potentials of the form (8.105) namely 

l*ao -vr 

U(r)=-U 0 \ p(v) -dv. (9.85) 

J vo>0 ^ 

Indeed, the quantity f E2 is now given by 

/e2 = ^ |°° dp pip) j” dv p(v) J" J 0 (Ab)K 0 (pb)K 0 (vb)b d b. (9.86) 

The integral on the variable b may again be done [see e.g. 34] and yields 

dp (* dv p(p)p(v) — -f log[« + 7« 2 - 1] (9.87) 

V 0 J V 0 PVy/u 2 - 1 


= iUZ 
4k 
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with 

U = (fi 2 + V 2 + A 2 )l2fiv. (9.88) 

Hence we see that eq. (9.83) follows by comparing eq. (9.87) with the asymp¬ 
totic expression (8.113) of/ B2 , valid for high wave numbers k. 

Since eq. (9.84) deals with the region of “large” k , it is interesting to 
investigate when this asymptotic behaviour actually sets in. A simple look 
at eqs. (8.99) and (9.80) shows that ka (with a = a -1 ) does not have to be 
much greater than one for the asymptotic equation (9.84) to hold fairly 
accurately in the case of the simple Yukawa potential (9.77). This is illustrated 

Table 9.1 

Comparison of Im/ B 2 /&o and Im/ E 2 /C/o for a Yukawa potential 
U(r)= — U 0 Q~ r /r and for various values of the scattering angle 0 
and the wave number k (taken from ref. [22]). The unit of length is 
the “range” a = a -1 of the potential. The numbers in parentheses 
indicate powers of 10. 


k 

0 

(degrees) 

Im/ B2 /C/o 2 

Im/ E2 /t/o 2 


0 

2.00 (-1) 

2.50 (-1) 

1 

90 

1.59 (-1) 

1.90 (-1) 


180 

1.34 (-1) 

1.56 (— 1) 


0 

1.18 (-1) 

1.25 (-1) 

2 

90 

5.66 (-2) 

5.85 (-2) 


180 

3.94 (-2) 

4.04 (-2) 


0 

8.11 (-2) 

8.33 (-2) 

3 

90 

2.48 (-2) 

2.51 (-2) 


180 

1.58 (-2) 

1.60 (-2) 


0 

4.95 (-2) 

5.00 (-2) 

5 

90 

7.58 (-3) 

7.60 (-3) 


180 

4.52 (-3) 

4.54 (-3) 


0 

2.49 (-2) 

2.50 (-2) 

10 

90 

1.31 (-3) 

1.31 (-3) 


180 

7.46 (-4) 

7.46 (-4) 


in Table 9.1, where Im/ B2 /^o and Im/ E2 /^o are compared for the potential 
(9.77) for several values of k and of the scattering angle 0. We note that the 
agreement between Im/ B2 /t/^ and Im J E2 /U$ is always poorest in the forward 
direction [35]. A similar comparison is made in Table 9.2 for the super¬ 
position of two Yukawa potentials considered in Section 8.6, namely 

U(r) = - U 0 (e~ r - 1.125 e" 2r )/r (9.89) 

where the “range” of the first Yukawa potential is the unit of length. The 
conclusions are essentially the same as for the simple Yukawa potential 
(9.77) although the angle at which the agreement is poorest now depends on 
the wave number. 
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We have examined so far the quantities / B2 and f E2 for Yukawa-type 
potentials. It may also be proved that eq. (9.84) holds for large k and all 
momentum transfers in the case of exponential potentials of the form 
U(r) = — U 0 exp(—ar). On the contrary, for various other interactions it 
may be shown that the relation (9.84) only holds for large k and small 
momentum transfers [36]. 


Table 9.2 

Comparison of Im /biIUq and Im /eiIUo for a superposition of 
two Yukawa potentials U(r) = — £/ 0 (e -r — 1.125 e~ 2r )/r and for 
various values of the scattering angle 9 and the wave number k 
(taken from ref. [22]). The unit of length is the “range” of the first 
Yukawa potential 


k 

9 

(degrees) 

Im/ B 2 /t/o 2 

Im/E2/t/o 


0 

6.77 (-2) 

6.92 (-2) 

1 

90 

4.10 (-2) 

3.63 (-2) 


180 

2.68 (-2) 

2.15 (-2) 


0 

3.46 (-2) 

3.46 (-2) 

2 

90 

4.86 (-3) 

4.56 (-3) 


180 

1.07 (-3) 

1.09 (-3) 


0 

2.30 (-2) 

2.31 (-2) 

3 

90 

4.73 (-4) 

5.10 (-4) 


180 

-1.67 (-4) 

-1.13 (-4) 


0 

1.38 (-2) 

1.38 (-2) 

5 

90 

-1.15 (-4) 

-1.04 (-4) 


180 

-9.29 (-5) 

-8.65 (-5) 


0 

6.92 (-3) 

6.92 (-3) 

10 

90 

-2.47 (-5) 

-2.43 (-5) 


180 

-1.22 (-5) 

-1.20 (-5) 


The comparison of the terms J Bn and f En for n ^ 3 and large A: is a difficult 
problem which we shall not treat in detail here. For Yukawa-type potentials 
the generalization of eq. (9.81) reads [21, 22] 

hn(k. A) = ^rJ- } + CKk~ n ) (9.90) 


where the function A B „(A ) only depends on A. Then, defining the quantity 
A e „(A) by the relation [see eq. (9.82)] 


one has [37] 


f Bn (k, A) = A En (A)/k"~ l 


n(A) — ^En(^) 


(9.91) 

,(9.92) 


for all n and all values of the momentum transfer. Remembering that the 
quantities J En are alternatively real and purely imaginary, we see that for 
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large enough k (and Yukawa-type potentials) the relations (9.90)-(9.92) 
imply that 


f E3 (k, A) = Re/ B3 (£, A), 

(9.93a) 

Im/ E4 (&, A) = lm f B4 (k, A), 

(9.93b) 

f E „(k, A) = Rt f Bn (k, A), n odd 

(9.93c) 

Im f E „(k, A) = lmf En (k, A), n even. 

(9.93d) 


As an illustration of eq. (9.93a), we display in Table 9.3 the comparison of 
Re f B3 /UZ with / E3 /^o for the simple Yukawa potential (9.77) and a wave 
number k — 5. The agreement between the two quantities is seen to be 
excellent for all values of the scattering angle. A similar comparison is shown 
in Table 9.4 for the “double Yukawa” potential (9.89) with essentially the 
same conclusions. 


Table 9.3 

Comparison of Re / B3 /t/o with /e 3 IUq for a Yukawa potential 
U(r) = — U 0 e~ r /r and a wave member k = 5 (taken from ref. [22]). 
The unit of length is the “range” a = a -1 of the potential 


Q 

(degrees) 

Re/B3/IA? 

/E3/[/u 

0 

-3.84 (-3) 

-3.91 (-3) 

30 

-3.01 (-3) 

-3.02 (-3) 

60 

-2.05 (-3) 

-2.04 (-3) 

90 

-1.52 (-3) 

-1.51 (-3) 

120 

-1.24 (-3) 

-1.23 (-3) 

150 

—1.10 (—3) 

-1.09 (-3) 

180 

-1.06 (-3) 

-1.05 (-3) 


Restricting ourselves to Yukawa-type potentials, we shall now analyze 
some of the consequences of our comparison between the eikonal and the 
Born multiple scattering series. We first consider the weak coupling case such 
that 

\V 0 \a/hv = \U 0 \a/2k < 1. (9.94) 

Furthermore, we impose the conditions of validity of the eikonal approxi¬ 
mation, namely 

ka > 1 (9.95) 


and 


\Vq\/e= m/k 2 < i. 


( 9 . 96 ) 
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Table 9.4 

Comparison of Re /b3/£/q with fezlUl f° r a superposition of two 
Yukawa potentials U(r) = — U 0 (Q~ r — 1.125 e~ 2r )/r. The wave 
number is k = 5 (taken from ref. [22]). The unit of length is the 
“range” of the first Yukawa potential 


Q 

(degrees) 

Re/ B3 /t/o 

fmIUl 

0 

-2.79 (-4) 

-2.87 (-4) 

30 

-9.41 (-5) 

-9.31 (-5) 

60 

-4.52 (-6) 

-6.52 (-6) 

90 

5.78 (-6) 

4.16 (-6) 

120 

5.67 (-6) 

4.67 (-6) 

150 

4.95 (-6) 

4.27 (-6) 

180 

4.84 (-6) 

4.10 (-6) 

Table 9.5 


The real part of the scattering amplitude for a superposition of two Yukawa potentials 
U(r) = — (e -r — 1.125 e~ 2r )/r and an incident wave number k = 5 (taken from ref. [22]). 

Q 

(degrees) 

/bi 

/B2 

/e 

/e + /B2 

/ 

0 

7.188(— 1) 

7.194 (-1) 

7.185 (-1) 

7.191 (-1) 

7.191 (-1) 

30 

2.474 (-2) 

2.453 (-2) 

2.465 (-2) 

2.444 (-2) 

2.444 (-2) 

60 

-3.316 (-4) 

-3.976 (-4) 

-3.381 (-4) 

-4.041 (-4) 

-4.021 (-4) 

90 

-1.225 (-3) 

-1.235 (-3) 

-1.221 (-3) 

-1.231 (-3) 

-1.229 (-3) 

120 

-1.083 (-3) 

-1.078 (-3) 

-1.078 (-3) 

-1.074 (-3) 

-1.073 (-3) 

150 

-9.577 (-4) 

-9.501 (-4) 

-9.534 (-4) 

-9.459 (-4) 

-9.452 (-4) 

180 

-9.163 (-4) 

-9.081 (-4) 

-9.122 (-4) 

-9.039 (-4) 

-9.032 (-4) 


Table 9.6 

The real part of the scattering amplitude for a superposition of two Yukawa potentials 
U(r) = — 3(e _r — 1.125 e _2r )/r and an incident wave number k = 5 (taken from ref. [22]). 

Q 

(degrees) 

/bi 

/B2 

/e 

/e + /B2 

/ 

0 

2.156 

2.162 

2.149 

2.154 

2.154 

30 

7.422 (-2) 

7.236 (-2) 

7.172 (-2) 

6.986 (-2) 

6.986 (-2) 

60 

-9.947 (-4) 

-1.589 (-3) 

-1.169 (-3) 

-1.763 (-3) 

-1.689 (-3) 

90 

-3.676 (-3) 

-3.761 (-3) 

-3.565 (-3) 

-3.649 (-3) 

-3.604 (-3) 

120 

-3.248 (-3) 

-3.210 (-3) 

-3.123 (-3) 

-3.085 (-3) 

-3.062 (-3) 

150 

-2.873 (-3) 

-2.805 (-3) 

-2.758 (-3) 

-2.690 (-3) 

-2.677 (-3) 

180 

-2.749 (-3) 

-2.675 (-3) 

-2.639 (-3) 

-2.565 (-3) 

-2.553 (-3) 
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In this case the Born series converges and we may use the asymptotic 
results (8.100), (8.101) and (9.90) to write the exact scattering amplitude for 
fixed A and large k as 


f(k. A) = f m (A) + 


~A(A) . B(Af 

k 2 k 


+ ^ + ^( fc_3 )- 



Fig. 9.4. The real part of the scattering amplitude for a superposition of two Yukawa 
potentials of the form (9.89), with U 0 = 20 and k = 5. The solid curve shows the exact 
result, the dashed curve gives the eikonal result, the dotted curve represents the first Born 
approximation and the dash-dotted curve gives the second Bom approximation. Since a 
logarithmic scale is used we have indicated the sign of the various quantities (taken from 

ref. [22]). 


We have used here for convenience the functions A{A) and B{A) introduced 
respectively in eqs. (8.100) and (8.101), with A B2 (A) = i B(A) [33]. Further¬ 
more, we have written C(A) = A B3 (A). On the other hand, the relations 
(9.75), (9.91) and (9.92) imply that the eikonal scattering amplitude is given by 


/ E (k, A) = f Bi (A) + i 


.B{A) 


+ <9(k~ 


Je2 /e3 
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Upon comparison of eqs. (9.97) and (9.98), we see that neither/ B2 = f B i + Jbi 
nor / E are correct to order k~ 2 . Indeed, f B2 lacks the term C(A)/k 2 (as we 
have already pointed out in Section 8.6) while the real term A(A)/k 2 is not 
present in / E . Since A(A) - arising from Ibi -is proportional to U$, while 
C(A) - coming from / B3 - is proportional to it is obvious that when U 0 
is sufficiently small the second Born amplitude f B2 is closer to the exact result 
than / E . This is illustrated in Table 9.5 where the quantities / B1 , Re/ B2 , 
Re/ E , Re(/ E + f B2 ) and the exact result Re /are shown for a potential of the 
form (9.89) with U 0 = 1 and k = 5 (the range a of the first Yukawa potential 



Fig. 9.5. The imaginary part of the scattering amplitude for a superposition of two 
Yukawa potentials of the form (9.89) with U 0 = 20 and k= 5. The solid curve shows the 
exact result, the dashed curve gives the eikonal result and the dash-dotted curve represents 
the second Bom approximation (taken from ref. [22]). 

is the unit of length). We see from Table 9.5 that if we add to the eikonal 
amplitude the missing term Re j B2 the improvement is spectacular. We also 
note from eqs. (9.97) and (9.98) that for large k and small | U 0 \ the differential 
cross section is given more accurately by the second Born approximation 
than by the eikonal method. 

Let us now increase the value of \U 0 \, so that we enter in the region of 
“intermediate coupling ” such that 

\V 0 \a/hv= \U 0 \a/2k~ 1. (9.99) 
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We still require the conditions (9.95) and (9.96). On the basis of the foregoing 
discussion we expect the eikonal approximation to become progressively 
better since it includes the important term C(A)/k 2 which is proportional 
to U%. This is indeed the case, as shown in Table 9.6 for a “double Yukawa” 
potential (9.89) with U 0 = 3 and k = 5. 



Fig. 9.6. The real part of the scattering amplitude for a polarization potential of the 
form U(r ) = — £/ 0 /(r 2 + d 2 ) 2 , with U 0 = 10, d = 1 (unit of length) and k = 5. The solid 
curve shows the exact result, the dashed curve gives the eikonal result, and the dotted 
curve is the first Bom approximation (taken from ref. [22]). 

As another illustration of an “intermediate coupling” situation, where the 
value of | U 0 \ is still bigger, we show in Figs. 9.4 and 9.5 the real and imaginary 
parts of the exact, first Born, second Born and eikonal amplitudes for the 
interaction (9.89) with U 0 = 20 and k = 5. We see that the eikonal result 
follows very closely the exact amplitude even at large angles, while the first 
and second Born approximations are consistently poorer. 

Before leaving our discussion of intermediate coupling, we emphasize 
that the asymptotic relations (9.84) and (9.93) are valid for all momentum 
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transfers in the case of Yukawa-type potentials but not for all interactions. 
To illustrate this point, we compare in Figs. 9.6 and 9.7 the eikonal and 
exact results for a “polarization” potential of the form U(r ) = — U 0 /(r 2 + d 2 ) 2 , 
with U 0 = 10, d = 1 (unit of length) and k = 5. Also shown for comparison 
in Fig. 9.6 are the first Born approximation values. We note that at small 
angles the agreement between the exact and eikonal results is excellent, but 
at larger angles this agreement does not persist. 



Fig. 9.7. The imaginary part of the scattering amplitude for a polarization potential of 
the form U(r) — — U 0 l(r 2 + d 2 ) 2 , with U 0 — 10, d = 1 and k = 5. The solid curve shows 
the exact result, the dashed curve gives the eikonal result (taken from ref. [22]). 

It is also interesting to study what happens when we still increase the 
strength |C/ 0 1 of the potential so that \U 0 \a/2k = \V 0 \a/hv 1, with 
\U 0 \/k 2 = |F 0 |/is > 1. This is a strong coupling situation, for which the 
Born series is useless. Nevertheless, the eikonal approximation remains very 
accurate at small angles, provided that ka > 1. This is illustrated in Fig. 9.8, 
where we show the exact and the eikonal differential cross sections for a 
Yukawa potential of the form (9.77), with U Q = 250, a = or 1 = 1 and k = 5. 
This result is rather unexpected in view of the fact that the condition \ V Q \ 4. E 
has been required in order to obtain the eikonal wave function (9.29) [see 
Section 9.1.1]. However, we shall see in Section 9.2.4 that when ka > 1 and 
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for small angle scattering, the eikonal scattering amplitude is equivalent to 
the amplitude obtained by using the WKB phase shift in the partial wave 
series, together with the approximate formula (9.41). The accuracy of the 
eikonal results for small angle, large wave number scattering by strong 
potentials then follows from the fact that the WKB method is precisely exact 
in the strong coupling limit (see Section 9.2). 



Fig. 9.8. The differential cross section for a Yukawa potential of the form (9.77), with 
U 0 = 250, a = a -1 = 1 (unit of length) and k — 5. The solid curve shows the exact result, 
the dashed curve gives the eikonal result. 


9.2. The WKB Method 

The Wentzel-Kramers-Brillouin [38-40] or WKB approximation was 
introduced in quantum mechanics in 1926, although the corresponding 
mathematical apparatus had been developed earlier by several authors [see 
e.g. 41]. As an introduction to the method, we shall first examine the classical 
limit of the Schrddinger equation. We then discuss the WKB approximation 
as applied to one-dimensional problems, in particular to the radial equation 
for the scattering by a central potential. We derive in this way the WKB 
radial wave functions and the corresponding phase shifts. The WKB scatter¬ 
ing amplitude is then obtained by an approximate summation of the partial 
wave series. 
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9.2.1. The classical limit of the Schrodinger equation 

Let us return to the time-dependent SchrSdinger equation (3.21), namely 

nr, t) = ih | nr, t) (9.100) 

ot 

and look for a solution of the form 

nr, 0 = A exp|jV(r, . (9.101) 

The function W must then satisfy the equation 

dW 1 ih 

+ ^-(V^) 2 + V - — V 2 r W = 0 (9.102) 

at 2m 2m 

which in the classical limit (h -» 0) reduces to the Hamilton-Jacobi equation 
for the principal function W, namely 

dW/dt + H(r,p ) = 0. (9.103) 

Let us recall briefly the interpretation of eq. (9.103) within the framework 
of classical mechanics. For the one-body problem that we are considering, 
the function W depends on six integration constants. Since V is time- 
independent, these six parameters are the initial values (at t = t 0 ) of the 
canonical coordinates r and p. A particular solution W of the Hamilton- 
Jacobi equation then describes completely a single classical trajectory. That is, 
the coordinates r(t) may be inferred [42] from the knowledge of W and the 
momentum of the particle is given by 

pit) = V r W(r, t). (9.104) 

From eq. (9.104) we see that in the classical limit the possible trajectories 
are orthogonal to the surfaces of constant phase W. As Hamilton observed in 
1834, we may therefore interpret classical mechanics as the “geometrical 
optics” limit of a wave motion, the classical orbits or “rays” being orthogonal 
to the wave fronts W = constant. This idea was the starting point of the 
investigations of de Broglie [43] and Schrbdinger [44], which led to the formu¬ 
lation of wave mechanics. 

Let us now consider a stationary (energy) eigenfunction ^(r, t) = 
^(r)exp(— iEt/h). In this case we have 

W(r,t ) = S(r) - Et (9.105) 

and thus 

< Hr) = A exp|^S(f)J . (9.106) 

Furthermore, eq. (9.102) now becomes 

1 ih 

-~{V,S) 2 - [£ - K(r)] - —V r 2 S = 0. (9.107) 


-~V r 2 + V(r) 
2m 
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In the classical limit (h -> 0) this equation reduces to 


2m 


(V„S) 2 


= E - V(r) 


(9.108) 


which is the equation determining Hamilton’s characteristic function S in 
classical mechanics. We note that if we introduce the reduced de Broglie 
wavelength in the presence of the potential V(r) 9 namely 

X(r) = hlyj2m[E - V(r)\ (9.109) 

we may also write eq. (9.108) as 

(Vp5) 2 = [%{r)Y 2 (9.110) 


where we have defined §(r) = S(r)/h. This equation is often called the 
eikonal equation [45-46] since it determines the phase (or eikonal) of the 
function (9.106). It is precisely the equation of wave fronts of geometrical 
optics. We note that when V = 0 (i.e. for a free particle) a particular solution 
of eq. (9.110) is given by 

S = kr + constant (9.111) 

where A; is a given vector, of length k — X" 1 . The wave fronts are then planes 
perpendicular to k , the rays being straight lines parallel to k. 

Let us now return to eq. (9.107) but without going to the limit h -» 0. If 

\h(W 2 r S)\ < |lV„S) 2 | (9.112) 


we still expect eq. (9.108) to yield a useful approximation for the eikonal S. 
We shalhcall S 0 this approximate expression of S. To analyze this point in more 
detail, let us consider a one-dimensional example. In this case eq. (9.108) may 
be integrated directly and yields 


S 0 (x) = ± j* V2 m[E - K(x')] dx' 
so that, with the help of eqs. (9.106) and (9.109) we have 


t/dx) = A exp^+i J k(x') dx'^ 


where 


(9.113) 

(9.114) 


k(x) = X~\x) = ^2m[E - V(x)] 


(9.115) 


is the “effective wave number”. Moreover, the condition (9.112) may now be 
written as 


di(x) 


dx 


imy 


\m[ 


Hence the semi-classical wave function (9.114) will be useful if 

|d^(x)/dx| « 1 


(9.116) 

(9.117) 
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and provided that 

*(*) * oo. (9.118) 

The condition (9.117) implies that the potential energy V(x) must change 
slowly over a distance comparable to the wavelength. The other condition 
(9.118) states that we must stay away from those points x 0 for which 
V(x 0 ) = E. These are the classical turning points : the velocity of a classical 
particle vanishes and changes sign at x = x 0 , so that in classical mechanics 
the particles never go beyond a turning point. 

Let us consider again the semi-classical wave function (9.114). If we assume 
that E > |F(x)|, we may expand the effective wave number as 

K(X) = " l 2lE^ + "] = k ~^ + ‘" (9 - 119) 

where k = (2 mEY /2 /h and U(x) = 2mV(x)/h 2 . The semi-classical wave func¬ 
tion (9.114) then becomes 


ij/(x) = A exp ±i^kx — J* U(x') dx'^ 


(9.120) 


which is the one-dimensional analogue of the eikonal wave function (9.29). 


9.2.2. The WKB Method in one dimension 

We have thus far considered the reduction of eq. (9.107) to the classical 
equation (9.108). We may generalize this procedure by expanding the function 
S as a power series in h, 

S = S 0 +hS t + h 2 S 2 + • • • • (9.121) 

The WKB method obtains the first two terms of this expansion. We shall 
consider here the particular case of one-dimensional problems , for which 
the WKB approach can be easily applied. Thus, writing eq. (9.107) as 

i hS” - S' 2 + 2 m(E — V) = 0 (9.122) 


we find by substituting the expansion (9.121) into eq. (9.122) that 
— So 2 + 2m(E — V) = 0, 

iSS - 2S£S; = 0, etc. 


(9.123) 


The first of these equations gives the result (9.113) for S 0 (x), while the second 
equation yields for E > V 

S t (x) = ±ilo gfc(x). (9.124) 

Thus, for E > V, we find that in the WKB approximation the wave function 
(9.106) has the form 




A exp i J* fc(x')dx' +£exp — ij* k(x') dx' |. (9.125) 
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Similarly, for E < V (i.e. in the classically forbidden region), one obtains 
<K*) = exp|^- J | K (*')I dx'J + D expj^J |*(x')| dx'j . (9.126) 


It is important to note that the wave functions (9.125) and (9.126) are 
“asymptotically” valid, since they may only be used several wavelengths 
away from the nearest turning point. A key problem of the WKB method is 
therefore to obtain connection formulae which allow one to join the two types 
of solutions (9.125) and (9.126) across a turning point. This interpolation is 
based on the fact that the original one-dimensional Schrodinger equation 
dV/d* 2 + [Jc 2 - U(x)W(x) = 0 (9.127) 

can be modified slightly so that an “exact” solution at and near a turning 
point may be written down [47]. This “exact” solution may then be joined 
smoothly on both sides of the turning point to the “asymptotic” wave 
functions obtained above. A detailed study of the connection formulae may 
be found in the references [48-52] listed at the end of this chapter. 


9.2.3. The radial equation and the WKB phase shifts 

Since the WKB approximation is simple in one-dimensional situations, it is 
natural to apply it to the solution of the radial equation (4.17), namely 

[d 2 /dr 2 + k 2 — /(/ + 1 )/r 2 - U(r)]u t (r) = 0. (9.128) 

We assume that the central potential U(r) decreases faster than r~ l as r oo 
and is less singular than r “ 2 at r = 0. 

We first make the change of variable 

r = k~ x e* (9.129) 

so that, as 0 < r ^ oo, we have — oo < x < + oo. We also define a new 
unknown function w(;t) such that 

u t (r) = e x/2 w(x). (9.130) 

The radial equation (9.128) then becomes 

d 2 w/dx 2 + Q\x)w = 0 (9.131) 

where 

Q\x) = e 2x (l - Ujk 2 ) - (/ + i) 2 . (9.132) 

Now Q 2 > 0 for x large and positive, while Q 2 < 0 when \x\ is large but 
x is negative. Let us assume that Q 2 (x) = 0 at one point x = x 0 , which we 
also call a turning point [53]. Hence Q 2 > 0 for x > x 0 and Q 2 < 0 for 
x < x 0 . 

To solve eq. (9.131), which is formally equivalent to the one-dimensional 
Schrodinger equation (9.127), we try the ansatz 


w(x) = 


1 

s!q{x) 



q(x') dx 


r 


(9.133) 
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where q(x ) is an unknown function. Substituting into eq. (9.131) we find that 
q\x) + R(x) = Q\x) (9.134) 

where 

R(x) = q"/2q - f (q') 2 /q 2 (9.135) 

and we have written q f = dq/dx , q" = d 2 q/dx 2 . The WKB approximation 
consists in neglecting the term i?(x) in eq. (9.134). This is allowed provided 
that 

\R(x)\ < \Q\x)\ (9.136) 


a condition which is satisfied when the potential changes slowly over a 
de Broglie wavelength of the incident particle. We also note that for fixed 
values of k and 1 the quantity | Q 2 | increases with the strength of the potential, 
while the correction term |/^| (as obtained by using the WKB ansatz# 2 = Q 2 ) 
does not. Hence the WKB approximation q 2 = Q 2 becomes exact in the 
strong coupling limit. 

Adopting the WKB approximation, we see that for x > x 0 the general 
solution of eq. (9.131) is given by [compare with eq. (9.125)] 

w(x) = expjj J Q(x') dx'J + B exp£-i j* g(x') dx'Jj , 

Q > 0, x > x 0 (9.137) 


where A and B are constants. For x < x 0 we have [compare with eq. (9.126)] 

w(*) = ^=jc exp [“ J I6(x')l dx'J + D expj^j I2(x')l dx'j , 

Q < 0, x < x 0 (9.138) 

where C and D are also two constants. Since;/,(()) = 0 we must have w(.y) = 0 
at x = — oo. We therefore have to choose C = 0, so that 


w(x) = 



I2(x')l dx 


/ 

J 


Q < 0, x < x 0 . (9.139) 


At the turning point x = x 0 , where the inequality (9.136) is no more valid, 
both expressions (9.137) and (9.139) of the function w(x) are inadequate. 
It is thus necessary to solve the original equation (9.131)-or a slightly 
modified version of it - around the point x = x 0 . We shall follow here the 
treatment of Goldberger and Watson [54]. Let us assume that in the neigh¬ 
bourhood of a; = x 0 the function Q 2 (x) may be written as 

Q\x ) = a(x - x 0 ) (9.140) 


where a is a non-vanishing constant. This is called the linear turning point 
approximation. Then, in the vicinity of x = x 0 , eq. (9.131) becomes 

d 2 w/dy 2 + ayw = 0 (9.141) 
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where we have set y = x — x 0 . This equation may be integrated explicitly 
and leads to the connection formulae [54] 

A = — i exp(ii7r)Z>, B = i exp(-ii7r)Z). (9.142) 

Hence, for x > x 0 

W(x) = sin^Tt + J Q(x') dx'J . (9.143) 

We now return to our original variable r. Using eq. (9.129), we find that 
Q\x) = r 2 F(r) (9.144) 

where we have set 

F(r) = k 2 — U(r) - (/ + i) 2 /r 2 (9.145) 

and the turning point at r 0 = k -1 exp(x 0 ) is such that F(r 0 ) = 0. Then, 
since u x (r) = [dxp(x/2)]w(x) and exp (x/2) = ( kr) lf 2 , we have for r > r 0 

u i(r) = (kr) 1/2 w = 2[k 2 /F(r)] 1/4 D sin|j|:7r + J F 1/2 (r') dr'J . (9.146) 

To find the phase shifts we take the limit r -> oo. As F(r) -* k 2 for r -> oo, 
we have 


Wj(r) -> 2D sin 

r-* oo 


jin: + J [F 1/2 (r') - k] dr' + fc(r - r 0 )j . (9.147) 


The constant D is seen to fix the “normalization” of the wave function. 
On the other hand, by comparing eq. (9.147) with the asymptotic form of the 
radial function, namely 


u t (r) -* A x sin(kr - \ln + b ,), (9.148) 

r-+ oo 


one obtains the WKB phase shifts 

Sf KB = (/ + — kr 0 + f [F 1/2 (r) - fc] dr. (9.149) 

J »*0 

After integrating by parts and remembering that F(r 0 ) = 0, we also have 

df KB = (/ + - f° r ^-[F 1/2 (r)] dr. (9.150) 

J ro 

Let us analyze a few properties of the WKB phase shifts. First of all, we 
verify from eq. (9.150) that 5f KB = 0 when U(r ) = 0. Indeed in that case we 
have F(r) = k 2 — (/ + i) 2 /r 2 and the corresponding turning point, which we 
call r u is given by r 1 = (/ + £)/k. The integral appearing on the right-hand 
side of eq. (9.150) then reduces to 

f 00 dT, (Z + i) 2 1 1/2 f 00 

J r drl - 2 — J d r = + i) J sech t dt = (Z + ^)^7r (9.151) 



SEMI-CLASSICAL APPROXIMATIONS 


217 


where we have made the change of variables r = r t cosh t and used the fact 
that j sechfdf = 2 tan -1 [exp(7)]. The result (9.151) also allows us to recast 
the WKB phase shift (9.150) in the form 




WKB 


dr 


-M'- 




(9.152) 


It is worth recalling at this point that in applying the WKB method we 
have already assumed that the short wavelength condition ka > I is satisfied 
(for a potential having a “range” a). Moreover, as we shall see below, 
quasi-classical scattering is dominated by large values of L The magnitude 
L of the angular momentum is then given by hy/l(l + 1) ^ h(l + i). In what 
follows we shall write 

L = h(l + i). (9.153) 

Hence the expression (9.149) for Sf KB becomes 


<S' WKB = f h - kr 0 + h 


TJ 


2 m[E - K(r)] 


L 2 ~ 

r 2 _ 


1/2 


hk j- dr. 


(9.154) 


If we treat / as a continuous variable and differentiate eq. (9.154) with 
respect to it, we obtain with the help of eq. (9.153) 

dd^/dl = h 8dT KD l8L = i& (9.155) 

where 

_ I?) 1/2 

r J 


0 = 71 + 2 




2 m[E - K(r)] 


dr 




r 2 {2m[£ — F(r)]L 2 — r 2 } 1/2 dr 


(9.156) 


is the classical angle of deflection [55, 56]. 

Another important property of the WKB phase shift follows from the 
fact [already pointed out after eq. (9.136)] that the WKB method becomes 
exact in the strong coupling limit. Thus the WKB phase shift Sf KB is the 
limiting value of 5 t when the strength |C/ 0 | of the potential becomes large. 

Let us now return to the expression (9.152) of the WKB phase shift. 
For large l (and fixed k), the value of r 0 also becomes large and the potential 
U(r) remains small over the integration range (r 0 , oo). We may therefore 
expand the quantity F l/2 (r) as 

F^\r) = [ k 2 - (/ + i) 2 /r 2 - L/(r)] 1/2 

- [*■ - +•••}• <* i57 > 
Moreover, we also have in this case 

r o — r i = (l + M- (9.158) 
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We then obtain from eq. (9.152), after integrating by parts and using the 
relations (9.157) and (9.158), 


™ f r 00 j7I — 

2k J (t+i)lk V ~ 


rU(r) 


dr. 


(9.159) 


(/ + i) 2 /fc 2 ] 1/2 

We note that this integral converges if U(r) tends to zero faster than r~ l as 
r ->■ oo. 

We now remark that according to eq. (9.43) the impact parameter b is 
given by b ~ (/ + %)/k. Hence we may write eq. (9.159) in the form 

rU(r) 


5?™(k) 


,-ir 

2k J i 


6 s/r 2 - b 2 


dr, l - 2 — kb. 


(9.160) 


Changing the integration variable from r to z = yjr 2 — b 2 and using the 
fact that U(b 9 z) = U(b, — z) we finally obtain (for large / and ka > 1) 

<5r KB (fc) ~ - 2. f U(b, z)dz, l + i = kb (9.161) 

J -00 

which is the eikonal phase shift (9.46). 


Table 9.7 

Comparison of the eikonal, WKB and exact phase shifts 8/ (in radians), for attractive 
“polarization” potentials of the form U(r) — — U 0 l(r 2 + d 2 ) 2 , with d = 1 (unit of length) 
and various values of /. The wave number is k = 5. The numbers in parentheses indicate 

powers of 10. 




U 0 = 1 



U 0 = 250 


/ 

Eikonal 

WKB 

Exact 

Eikonal 

WKB 

Exact 

0 

7.74 (-2) 

7.69 (-2) 

7.80 (-2) 

1.93 (1) 

1.14(1) 

1.14(1) 

1 

6.90 (-2) 

6.89 (-2) 

6.90 (-2) 

1.73(1) 

1.12(1) 

1.12(1) 

2 

5.62 (-2) 

5.63 (-2) 

5.59 (-2) 

1.40 (1) 

1.09 (1) 

1.09 (1) 

3 

4.32 (-2) 

4.33 (-2) 

4.29 (-2) 

1.08 (1) 

1.04(1) 

1.04(1) 

4 

3.23 (-2) 

3.24 (-2) 

3.21 (-2) 

8.06 

9.78 

9.78 

5 

2.39 (-2) 

2.40 (-2) 

2.38 (-2) 

5.98 

8.95 

8.96 

6 

1.78 (-2) 

1.79 (-2) 

1.78 (-2) 

4.45 

7.94 

7.94 

7 

1.34 (-2) 

1.34 (-2) 

1.34 (-2) 

3.25 

6.71 

6.70 

8 

1.02 (-2) 

1.03 (-2) 

1.03 (-2) 

2.56 

5.25 

5.23 

9 

7.93 (-3) 

7.95 (-3) 

7.95 (-3) 

1.98 

3.61 

3.56 

10 

6.24 (-3) 

6.26 (-3) 

6.26 (-3) 

1.56 

2.32 

2.31 

15 

2.27 (-3) 

2.28 (-3) 

2.28 (-3) 

5.68 (-1) 

6.17 (-1) 

6.19 (—1) 

20 

1.04 (-3) 

1.05 (-3) 

1.05 (-3) 

2.61 (-1) 

2.69 (-1) 

2.69 (-1) 

25 

5.60 (-4) 

5.60 (-4) 

5.60 (-4) 

1.40 (-1) 

1.42 (-1) 

1.42 (-1) 


As an example, we show in Table 9.7 the values of the phase shifts S t 
obtained from the eikonal approximation [see eq. (9.161)], those correspond¬ 
ing to the WKB formula (9.149), and the exact values, obtained from a 




SEMI-CLASSICAL APPROXIMATIONS 


219 


numerical integration of the radial equation (4.17). This comparison is made 
for “polarization” potentials of the form U(r) = — U 0 /(r 2 + d 2 ) 2 , with d = 1 
(unit of length), k = 5 and two coupling strengths U 0 = 1 and U 0 = 250. 
We note that in the weak coupling situation (U 0 = 1) both the eikonal and 
the WKB phase shifts agree very well with the exact results for all values of /. 
For the strong coupling case (U 0 = 250) the WKB phase shifts are accurate 
for all values of /, while the eikonal phase shifts are only reliable for large 
/-values. 

9.2.4. The scattering amplitude 

Having obtained the WKB phase shifts, one may insert them in the partial 
wave series (4.63), namely 

m = “ Z (2i + 1) {exp(2i<5,) - l}P,(cos 0). (9.162) 

Zl/c I = 0 

In what follows we shall sum this series approximately by using the fact that 
we are in the semi-classical regime. Since ka > 1, large / values (of the order 
of ka) dominate the scattering. For small scattering angles such that Id = 0(1) 
we may use eq. (9.41) and turn the sum on / into an integral on the impact 
parameter b [see eq. (9.44)]. Because of the result (9.161) we then obtain the 
eikonal scattering amplitude (9.40). We emphasize that this procedure is 
justified for scattering angles 6 <> l~ l ~ (ka ) _1 which correspond to diffrac¬ 
tion scattering. 

Let us now consider the angular region 6 > (ka) -1 . We first observe that 
the closure relation for the Legendre polynomials yields [see eq. (B.6) of 
Appendix B] 

i £ (21 + l)P,(cos 0)P,( 1) = <5(cos d - 1) (9.163) 

1 = 0 

so that the term in the partial wave series (9.162) which does not contain the 
phase shift only contributes in the forward direction. Since we are excluding 
the angular range 0 < d < ( ka ) _1 , we may therefore omit this term and 
write 

m = L £ (2/ + 1) exp(2i«5,)P,(cos 6), 6 # 0. (9.164) 

2ik /=0 

We shall study this expression in the quasi-classical limit. In this case, the 
phases <5, are large and the terms with large /-values dominate the sum [51]. 
We may then use the asymptotic (large /) form of P*( cos 0), namely [see e.g. 
57] 

P ((cos 6) x [—T 2 sin[(Z + i)0 + *«]. (9.165) 

nl sin d 
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This approximation is valid for / > (sin 0) _1 , Hence, since large / values (of 
the order of ka) are the dominant ones, this approach is suitable for scattering 
angles 0 larger than ( ka ) -1 , i.e. those which we are presently considering. 
We thus have from eqs. (9.164) and (9.165) 

i r«r i ~i 1/2 

/<0) -it J . (9-166) 

where we have treated / as a continuous variable and set 


4 >± = 28 1 + (/ + i )8 + 471. (9.167) 

The exponential terms appearing in eq. (9.166) are rapidly oscillating, since 
the phases 0± are large. Thus effectively the scattering amplitude (9.166) is 
determined by the range of /-values for which the quantities (j)± have an 
extremum. These values of / therefore lie in the neighbourhood of the roots 
/ = l t of the equation 

d<f> ± !dl = 0 (9.168) 

or 

25<5,/d/± 0 = 0, (9.169) 

Let us assume that there is one root of eq. (9.168) at a large value / = / 0 . 

We then have in the neighbourhood of this value 

4>±(D = <t>±do) + P±do)(l ~ h? (9.170) 

with 

P±do) = i[S 2 ^±ldl 2 ]i=j 0 (9.171) 


and the scattering amplitude (9.166) becomes 
If 7 ) 1/2 f Zo+A * 

f(0) = - ? 7 )r exp{i^ ± (/ 0 )} exp{ijJ ± (/ 0 X/ - lo) 2 } dl (9.172) 

k[2n sin 0J J i 0 -m 


where we have indicated explicitly that the main contribution to the integral 
arises from the interval (/ 0 — A/, l 0 + A/) centered about the value / = / 0 . 
We may now change variables from / to £ = / — l 0 and extend without 
appreciable error the integral from — oo to + oo. This yields 


m = 



ex P0 <Mfo)}- 


(9.173) 


Before we discuss in more detail this expression, let us come back to the 
relation (9.169). From the results (9.155) and (9.156) we see that if we use 
the WKB phase shifts <5J VKB we obtain from this relation the classical result 


f 00 dV t 

J ro dL l 


2 m[£ - K(r)] - 


2 - 11/2 


'll 


dr + + jO = 0 


(9.174) 


or 


e = + 0(i o ) 


( 9 . 175 ) 
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where the choice of sign is determined by the fact that the scattering angle 0 
is always positive. The classical deflection angle 0 is positive for a repulsive 
interaction and negative for an attractive one. We shall call L 0 = (/ 0 + %)h 
the root of eq. (9.174). Moreover, we also have from eqs. (9.155), (9.167) and 
(9.171) 

P±do) = i[dO/dl]i =h = (i h/2)[d0/dL] L = Lo • (9.176) 

Let us now return to the scattering amplitude (9.173). In terms of L 0 , 
we may write the corresponding cross section as 

da/dQ = \f(6)\ 2 = (L 0 /p 2 sin 0)|dL o /d0| (9.177a) 

or 

da/dQ = (b 0 / sin 6)\db 0 /d6\ (9.177b) 

where p is the magnitude of the particle momentum and we have used the 
fact that L 0 = b 0 p with kb 0 ~ / 0 . The differential cross section given 
by eqs. (9.177) [compare with eq. (4.79)] is simply the classical cross section 
da c \/dQ. We note from the above derivation that the conditions for classical 
scattering through a given angle 0 are that the value l 0 should be large and 
that <5, should also be large for this value. We also assumed that there was 
only one stationary point at / = / 0 , which upon using eq. (9.175) means that 
0(1) should be a monotonic function of / such that 0 ^ 0(1 ) ^ n. If this is not 
the case one may obtain angular distributions which differ considerably 
from the classical one, even though the semi-classical conditions are satisfied. 
These more complicated situations, leading to “interference scattering”, 
“rainbow scattering”, “glory scattering”, etc. have been analyzed by Ford 
and Wheeler [58]. An outline of this subject may also be found in the 
references [59-61]. 

In the derivation leading to the classical result (9.177) we assumed that 
the scattering angle 0 should be such that 0 > ( ka ) _1 . It is easy to see why 
this condition holds. Indeed, a classical trajectory is only well defined if the 
uncertainty A0 in the scattering angle 0 is small compared to 0 itself. Now the 
uncertainty A p in the transverse momentum of the scattered particle, as given 
by the Heisenberg uncertainty principle, is of the order of 

A p ~ h/a. (9.178) 

The corresponding uncertainty A0 in the scattering angle is therefore given by 
A0 - Ap/p ~ (ka)' 1 (9.179) 

which implies that the scattering through sufficiently small angles 0 < (ka)~ x 
is never classical. 

We may also express the above idea in a more quantitative way by obtaining 
first an estimate of 0 and then writing the condition A0 0 for classical 
scattering. Since in the short wavelength limit (ka > 1) which we are con¬ 
sidering the bulk of the scattering occurs near the forward direction we shall 
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assume that 6 is small [62]. Now the (small) deflection angle of a classical 
particle is roughly equal to 

0 ~ Splp (9.180) 

where dp, the momentum transfer in the transverse direction, is given in 
order of magnitude by the force V 0 /a acting on the particle, multiplied by 
the “collision time” a/v (where v is the magnitude of the particle velocity). 
Hence 

0~ \V 0 \lpv= \V 0 \/2E. (9.181) 

Using the relations (9.179) and (9.181) the condition AO 0 for classical 
scattering yields 

\V 0 \a/hv = \U 0 \a/2k > 1. (9.182) 

We note that the condition (9.182) for classical scattering corresponds to a 
strong coupling situation in which the coupling parameter \V 0 \a/hv is 
large [63]. This is in contrast with the condition of validity (8.65) of the 
first Born approximation which requires that \ V 0 \a/hv <£ 1. 
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Variational Methods 


In this chapter we shall study the application of variational methods to 
scattering problems. First of all, we recall that by writing the variational 
principle 

SJ= 0 (10.1) 

one expresses the fact that a certain functional J , characteristic of the system 
considered, is stationary for a “natural” system [1]. This property leads to the 
well-known Euler-Lagrange equations of the system. 

The aim of (direct) variational methods is to search for solutions of the 
variational problem (10.1) among trial functions which depend on a finite 
number of variational parameters <x l9 a 2 ,. . . a„. The original functional J 
then becomes a function J{ol u a 2 , . . . a n ) of the variational parameters and 
the stationary property (10.1) yields the system of equations 

dJ/doti = 0 (/= 1 , 2 ,... #) ( 10 . 2 ) 

to determine the “best” parameters a?, a§,. . . a°. Thus, by solving directly 
the variational problem in a restricted functional space, variational methods 
provide a powerful way of obtaining approximate solutions to the corres¬ 
ponding Euler-Lagrange equations, i.e. to a variety of differential and 
integral equations. By virtue of eq. (10.2), the value of the functional for the 
“best” parameters, namely 

J 0 = J(a?, a§,.. . a°) (10.3) 

is correct to first order when variations are imposed on the trial functions 
considered. This last property is of great importance in performing practical 
calculations, since the functional J is thus relatively insensitive to errors made 
in the trial functions. 
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Since the early developments of quantum theory, variational methods have 
proved to be very useful for solving bound state problems. It was only much 
later that the application of variational principles to quantum collision 
phenomena was proposed by Hulthen [2, 3], Tamm [4], Schwinger [5] and 
Kohn [6]. Numerous related methods have followed their work [7]. 

It is convenient to classify variational principles into differential or integral 
forms. The various differential forms are based directly on differential 
equations and require trial functions satisfying the boundary conditions of 
the problem. In the case of integral forms, the Euler-Lagrange equations are 
integral equations and therefore the boundary conditions, being taken into 
account through the Green’s functions, need not be incorporated in the trial 
functions. 

In Section 10.1, we study the Hulthen-Kohn variational principle [2, 3, 6] 
which is currently the most widely used method based on the differential 
aspect of variational principles for collision processes. Section 10.2 is devoted 
to the Schwinger variational principles [5, 8-12] relying on the corresponding 
integral equations. Finally, in Section 10.3, we consider the important 
problem of minimum principles in scattering theory. 


10.1. The Hulthen-Kohn variational principle 


10.1.1. Variational principles for phase shifts 

We consider the non-relativistic scattering of a spinless particle of mass m 
by a real potential V(r). The exact radial function, which we denote here by 
ufr), satisfies the radial equation 

L t [u& = [d 2 /dr 2 + k 2 - /(/ + 1 )/r 2 - £/(r)]u,(r) = 0 (10.4) 

where U(r) = 2 mV(r)/h 2 is the reduced potential. In addition 

ti/(0) = 0 (10.5) 

and at large distances, we “normalize” ufr) in such a way that 

u t (r) sin(&7* - \ln + fji) (10.6) 

r~* oo 

where rj t denotes the exact phase shift. The symbol rj will be used throughout 
this chapter to denote phase shifts, in order to avoid any confusion with the 
variation symbol <5. Barred quantities are exact. 

Consider now the functional 



w,(r)L,|>,(r)] dr. 


(10.7) 


We note that I t = 0 when u t = Let us adopt a trial function w,(r) such that 
u,(r) = u,(r) + <5 u,(r) (10.8) 
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and satisfying the same boundary conditions as u t (r). That is 

i/i( 0) = 0 (10.9) 

and 

u t (r) -> sin(&r — ^/;r + tu) (10.10) 

r-* oo 

where rj, is a trial phase shift. Hence 


and 


Su t (0) = 0 
5u,(r) -* cos (kr — 

r~*00 


( 10 . 11 ) 

( 10 . 12 ) 


We now calculate the variation <57, of the functional /,. We first have 

= | o («/(r) + <5u,(r))L,[u,(r) + <5 u ,(>-)] dr - j ^ u,(r)L,[u,(r)] dr. (10.13) 

Using eq. (10.4) and the fact that L t is a linear operator (i.e. L,[m, + 8uj\ = 
T,[w,] + L,[<5wj]), we find that 

<57, = | M,(r)L,[5n,(r)] dr + J du^L^du^ry] dr. (10.14) 

Neglecting the second term on the right-hand side of eq. (10.14) since it is of 
second order in 8u h and using Green’s theorem [13], we have 


51, = J^u,(r) ^ 5u,(r) - 5u,{r) ^u,(r)J • (10.15) 

Hence, using eqs. (10.5)—(10.6) and (10.11)—(10.12), we obtain 

8I t = - k8ru (10.16) 

so that the functional 

J t = /, + kru (10.17) 

is stationary [8J t = <5(7, + kr^) = 0]. Using this stationary property we may 
write 

h + k*ii — 1 1 — krj t + • • • = 0 (10.18) 

where second (and higher) order terms have been neglected. Since 7, = 0, the 
variational phase shift which we shall denote by [*/J is therefore given by 

bit] = ’ll + (10.19) 

In actual calculations, one starts from a trial function u t (c l9 c l9 . . . c n \ rj t \ r) 
depending on (n + 1) parameters [namely c l9 c l9 .. . c n and the trial phase 
shift rji], and satisfying the boundary conditions (10.9)—(10.10). One then 
calculates Ji(c l9 c l9 . .. c n \t]^ and the (n + 1) parameters are determined by 
solving the system of (n + 1) equations 




(i = 1, 2,. .. n) 


( 10 . 20 ) 
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or 



(i = 1,2,... n) 



— k. 


( 10 . 21 ) 


The trial phase shift rj t being determined in this way, the “variationally 
correct” phase shift [rj t ] (second order accurate) is then obtained from 
eq. (10.19). 

Slightly different variational principles can be written down with different 
“normalizations” for the functions u x (r) and u x (r). For example, with 



u x (r) -+ sin (kr — %ln) + l t cos (kr — \ln) 

r~* oo 

(10.22) 

and 

u t (r) -+ sin(/:r — %ln) + cos {kr — %ln) 

r~* oo 

(10.23) 

where l t 

= tan fj t and A, = tan rj t , one gets 



<5(7, + kX t ) = 0. 

(10.24) 

In this case the equation 



[AJ = Aj + k-% 

(10.25) 


replaces eq. (10.19). The variational principle (10.24) is more convenient to 
use in practice than the corresponding variational principle (10.16) because 
the quantity 2, appears as a linear parameter in the trial function. The 
Hulthen-Kohn procedure leading to eqs. (10.20)—(10.21) is unchanged, with 
now J x = 1 1 + kX x . Hence one must solve the system of (n + 1) equations 


4- h = 0 (i = 1, 2,... n) 



- k. 


(10.26) 


As a particular case of eq. (10.25) we may easily derive a Hulthen-Kohn 
variational principle for the scattering length 


a = — lim tan rj 0 (k)/k. (10.27) 

k-+ o 

Indeed, dividing eq. (10.25) by (—k) after setting l = 0, we find that 

|~_ tan „ 0 (fc) j = _ tan iy 0 (fc) _ J*® u 0 (k, r) ^j~ M 0 (fc, r) j ^ 2g) 

where we have used eq. (10.7) and we have explicitly displayed the /^-dependence 
of the function w 0 . Let us now introduce the function 
u°(r) = lim A(k)u 0 (k, r) 


(10.29) 
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where the superscript refers to the fact that k = 0, and A(k) is a “normaliza¬ 
tion” constant. We shall choose A(k) = — 1/A: so that from eqs. (10.23) and 
(10.29) we deduce that 

u°(r) a — r. (10.30) 


We now come back to eq. (10.28) in which we let k -> 0. We then find that 


[a] = a - J ^ u°(r)L 0 [u°(r)] dr (10.31) 

which is the desired variational principle for the scattering length. 

Let us illustrate the variational principles (10.25) and (10.31) on a simple 
example. We consider a square well potential simulating low-energy neutron- 
proton scattering in the 3 S t state. That is, 

'rtl <10 ' 32) 

with U 0 = 0.855 fm“ 2 and a = 2.04 fm [14], (1 fm = 10“ 13 cm). 

We first examine s-wave scattering at zero energy. The exact scattering 
length a is then given by eq. (4.157). This yields in our case 


a = 5.3708 fm. (10.33) 

To apply the Hulthen-Kohn variational principle (10.31) we choose a trial 
function of the type 


/ N 

Of, j t c /‘> 
« to = 

la — r, 


for r < a 
for r > a 


(10.34) 


where c ( and a are variational parameters. The conditions of continuity of 
the function u°(r) and of its first derivative at r = a yield two constraints, so 
that the number of free parameters is (N — 1). Table 10.1 gives the values of 
[a] for several values of N. It is seen that a very accurate value of the scattering 
length is readily obtained with very simple trial functions. 


Table 10.1 

Variational calculation of the scattering length for the square well potential (10.32), 
using the Hulthen-Kohn variational principle (10.31). The trial function used is given by 
eq. (10.34). The exact scattering length a is given by a = 5.3708 fm. 


N 

[a] in fm 

1 

-2.4161 

2 

5.5448 

3 

5.3810 

4 

5.3709 

5 

5.3708 
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Let us now consider s-wave scattering by the same square well (10.32), but 
for k = 0.25. We choose a trial function of the form 


«oO) 


- N 

E c i r ‘ 

1=1 

.sin kr 4- X 0 cos kr 


for r < a 
for r > a 


(2 0 = tan *fo) 


(10.35) 


where c t and X 0 are variational parameters. This function is “normalized” 
according to eq. (10.23). The variational principle (10.25) then yields for 
[X 0 ] the values listed in Table 10.2 for several choices of N. The exact value X 0 , 
obtained by using eq. (4.154) is given by I 0 = — 1.9010. We note that, as in 
the preceding case, a variational value correct to five significant figures is 
obtained by using a simple trial function with only four free parameters. 


Table 10.2 

Variational calculation of the quantity A 0 = tan rj 0 for the square well potential (10.32), 
using the Hulthen-Kohn variational principle (10.25). The trial function used is that of 
eq. (10.35). The exact value is A 0 = — 1.9010 


N 

[A 0 ] — [t^ n ^o] 

1 

0.4768 

2 

-1.9982 

3 

-1.9082 

4 

-1.9011 

5 

-1.9010 


It is not difficult to devise similar systematic procedures to perform 
Hulthen-Kohn variational calculations in more general cases. For example, 
if we consider the variational principle (10.25) for which the “normalization” 
(10.23) was adopted we may write the trial function u t (r) as 

t*i(r ) = 4>i(r) + E c iXi( r ) (10.36) 

1=1 

where ) yields the “asymptotic” part of u t (r), namely 

<; pi(r ) sin(/:r — \hi) + X t cos(kr — \ln). (10.37) 

r-+ oo 

The variational parameters are c t and X h while the functions Xi( r ) are some 
set of basis functions, confined to the region where the potential U(r) acts. 
For example 

Xi(r) = e~ Kr r l (i = 1,2(10.38) 

where the additional nonlinear parameter k is a scale factor which may also 
be varied. 

With the choice of basis functions (10.38) and if eq. (10.37) is satisfied by 
the function <^(r), the trial function u t (r) clearly obeys the boundary condition 
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(10.23) for r oo. We recall, however, that we must also have u t = 0 at 
r = 0. Since the basis functions (10.38) are such that x$) = 0, we must also 
impose the condition <£*(0) = 0. For example, in the case of s-wave scattering, 
we may write 

<£o00 = sin At + A 0 cos A:r(l — e"* r ) (10.39) 

so that the trial function u 0 (r) is then given explicitly by 

N 

w 0 (r) = sin kr + A 0 cos kr( 1 - e~ Kr ) 4- e"*' £ c,r f . (10.40) 

i = 1 


Let us now return to the variational principle (10.25). For a value of 
the nonlinear parameter k, the problem reduces to a simple one of matrix 
inversion. Indeed, using eq. (10.36) and defining 


Aij = Aji = 

= k 1 1 ^ XiLiiXj] dr 


= k~ l 

1 OO 

XiLM dr 

0 

(10.41) 

C = k~ l 

* 00 

WW dr 

0 


the variational principle (10.25) reads 


N N 

N 


M —EE c fjAij + 2 E c iBi + c + A,. 

(10.42) 

1=1 j =1 

i = 1 


Let us perform the variation with respect to the parameters c v 
system of N linear equations 

. This yields the 

i 

II 

- Bi (i = 1,2 ,...«) 

(10.43) 


j =i 


so that, by inversion of the matrix (A u ), one determines the variational para¬ 
meters c t . Varying also with respect to k x and substituting in eq. (10.42) one 
then obtains the stationary value [A J, “second order accurate”. The calculation 
may then be repeated for several values of the nonlinear parameter k. 

A similar procedure may of course be applied to the variational principle 
(10.31), with now 

«V) = <f>°(r) + £ c iXl (r ) (10.44) 

1 = 1 

and 

-> a - r. (10.45) 

r-* oo 

Schwartz [15] has pointed out that the finite matrix (A lV ) which represents 
the operator L x in the space spanned by the N basis functions can occasion¬ 
ally have an eigenvalue very close to zero. In this case the whole variational 
procedure is meaningless. This fact can only occur because the variational 
principles discussed here, by contrast with those used in the study of bound 
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Fig. 10.J. Schematic plot of variational estimates of as a function of the non-linear 
parameter k. For small values of N (the number of linear variational parameters) the 
singularities are broad and there are no flat regions (dashed curve). For N large (solid 
curve) there are more singularities but they are narrow and there are flat regions leading 
to the variational estimate of A 0 shown on the ordinate axis. 

states, are not minimum principles but simply stationary principles. A typical 
variational calculation, where [A 0 ] is shown as a function of the nonlinear 
parameter k is displayed in Fig. 10.1. From this example, we see that the 
saving grace of the variational procedure is that the average value of [A 0 ] 
between the singularities becomes smooth and flat. In this way a reasonably 
convergent extrapolation procedure can be devised and precise values of the 
phase shifts can be obtained. Several methods have also been proposed to 
avoid the difficulties connected with the appearance of these singularities 
[see e.g. 16]. 

The Hulthen-Kohn method has been extended to the calculation of phase 
shifts corresponding to the (low energy) scattering of a particle by a composite 
system including, if necessary, the effects of the Pauli exclusion principle 
between the incident and target particles. We shall examine this question in 
Chapter 19, where three-body problems are discussed. 

10.1.2. Variational principle for the scattering amplitude 

The Hulth6n-Kohn variational principle can also be formulated for the 

scattering amplitude. In this case we start from the Schrodinger equation 

[V? + k 2 - U(ry]\l/(r) = 0 (10.46) 

and consider the integral 

![>-*,>'M = l 'l'-k,(r)[V 2 r + k 2 - TJ{r)\\p k f r) dr (10.47) 
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where the wave function \j/ki(r) has the asymptotic form 

*A*iOO (27c)" 3/2 [exp(iA: i -r) 4- f(k i • P) exp(ikr)/r] (10.48) 

r-* oo 

and i//-k t (r) has a similar asymptotic form with k { replaced by — k { . 
Introducing the variations dij/ki and §il/-k t such that 

gifcr 

SK -* (271)- 3/2 — Sfdrf) (10.49) 

r-> oo f 

and 

Q \kr 

&K - (2n)- 3 ' 2 -8f(k r t) (10.50) 

r-* oo r 

one can show by using Green’s theorem that [6] 

51= - (27i 2 )- 1 M « f ) (10.51) 

so that the functional 

J = I 4- (27c 2 )" 1 /(^ i ^ f ) (10.52) 

is stationary for variations of and \j/-k t around their correct values. 
Since 7 = 0 for the exact wave function, we obtain 

[M • tr)] = M • £ f ) + 27r 2 /[iA- fcr , (10.53) 

which is a direct extension of eq. (10.19). We note that for the simplest 
choice of trial functions, namely 

ij/kM = (2n)~ 3/2 exp(i k r r) (10.54) 

and 

^ic r (r) = (27r)~ 3/2 exp(ifc f -r) (10.55) 

one has / = 0 and 

/ = - (2n)~ 3 f exp{i(*i - k t )-r}U(r ) dr (10.56) 

so that[/], as given by eq. (10.53), reduces to the first Born approximation 
(8.26). 

10.2. The Schwinger variational principle 

10.2.1. Variational principle for the scattering amplitude 
We begin by recalling the two integral representations of the scattering ampli¬ 
tude given by eqs. (5.40) and (5.74), namely 

f=-2n\^ kt \miV'> (10-57) 

and 

/= - 27i 2 <^7>|C/|d> fcl ). (10.58) 

Moreover, from the Lippmann-Schwinger equation (5.53) we also deduce that 
!#*.> = I VuV> " (10.59) 
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which, upon substitution into eq. (10.58) yields 

/ = - 27T 2 [<^7 ) |1/|^ ) > - <^r ) l^ +) l/|^ ) >]. (10.60) 

After these preliminaries, we are now able to write down a variational 
principle for the scattering amplitude /. It is given by 

[/] = - 27r 2 [<<f> fcf ic/i^ ) > + <^rwi* fci > 

-<^7W- UG^UWi+M (10.61) 


We first note from eqs. (10.57), (10.58) and (10.60) that the expression 
(10.61) is indeed a correct representation of the scattering amplitude. That is, 
it gives the exact scattering amplitude when the exact wave functions 
and are used. 

Let us now verify that 8\f] = 0 for arbitrary variations of the bra ( k 7 } | 
and the ket around their correct values. Varying first the bra <^7 } | 

by an amount < Sij/ ( k 7 ) |, we have 

<5[/] = - 2n 2 [(dxl,[;'\U\<P kl > - - UG< 0 + nj\W>l (10.62) 


Therefore, if |^+>> satisfies the Lippmann-Schwinger equation (5.53), we 
have 

5[f] = 0. (10.63) 

Similarly, by varying the ket 1around its correct value, we find that 
eq. (10.63) is verified if the bra <^" ) | satisfies the equation 

<^7 } l = <**rl + <^7 } l UG^ (10.64) 

which is equivalent to eq. (5.65). The expression (10.61) which is bilinear in 
and <^- )| is called the bilinear form of Schwinger's variational principle. 
We may at once take advantage of the variational principle (10.61) by 
choosing trial kets and bra’s such that 

- A\^y 

and (10.65) 

<<Afc7 ) l - b^I ;>| 


where A and B are variational parameters. Inserting these expressions in the 
variational principle (10.61) and varying with respect to A and B , we obtain 
the fractional form of Schwinger's variational principle 


rn _ _ 9 2 <K ) m*kX*t'\u\ttV> 
L/J 71 - uGp>vwi+>y 


( 10 . 66 ) 


We note that this variational principle, as does the bilinear form (10.61), 
incorporates automatically the correct boundary conditions (i.e. does not 
require trial wave functions which satisfy the boundary conditions as in the 
case of the Hulthen-Kohn method), and uses only the trial wave functions 
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in the region where the interaction is non-vanishing. Furthermore, the 
fractional form (10.66) is independent of the “normalization” adopted for the 
trial functions. 

As a first illustration of the variational principle (10.66), let us replace in 
this expression the unknown exact quantities |^ } ) and <^7 ) | by the 
corresponding Born free waves \<Pki} and <#* f |. That is, 

- 1 **,> 

and (10.67) 

<<An - 

With this simple choice of trial functions, we find by using eqs. (8.15) and 
(8.16) that [17] 

imK > 

If the quantity x = |/ B 2 //biI is small, we may expand the expression (10.68) 
and obtain 

If] = /bi + /b2 + ''' (10.69) 

which agrees with the Born series through second order in the interaction 
potential. The expression (10.68), which is based on a variational principle, 
often gives more accurate results than the second Born approximation. This, 
however, is not always the case since in general the variational principle 
(10.66) is not a minimum principle. 

An evaluation of eq. (10.66) using the approximation (10.67) together with 
more elaborate choices has been carried out for 3 S t nucleon-nucleon 
scattering described by a Yukawa potential [18] or by an exponential or 
a gaussian potential [11]. The variational results turn out indeed to be more 
accurate than the second Born approximation. This statement, however, is 
meaningless at low energies, where the Born series does not converge. In 
fact, the first Born approximation may even give less inaccurate cross 
sections than the variational estimate based on the simple choice (10.67). Such 
examples illustrate the difficulties that may appear when poor trial functions 
are used in variational principles. Applications of the variational expression 
(10.68) to weaker interactions provide more satisfactory results [19]. 

As another application of the Schwinger variational principle (10.66), let 
us consider the case of a non-local separable potential <r|I/|r'> = Au(r)u(r') 
[see eq. (5.149)]. A simple calculation shows that in this case, for any choice of 
trial functions 

[/]=/ (10.70) 

where / is the exact scattering amplitude. 

10.2.2. Schwinger variational principles for the phase shifts 

The variational expression (10.66) also provides a direct way of obtaining 

variational principles for the phase shifts. If we develop the trial functions 
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ifri+Xr) and 1/^7 } (r) in spherical harmonics and consider the coefficients as 
variational parameters, we obtain the following stationary expression 



where 


J o ji(kr)U(r)u,(r)r dr 


[ dr [ dr'ti,(r)l/(r)G,(r, r')l/(r')ti,(r')rr' — f U(r)uf(r)dr 
J o J o Jo 

(10.71) 


G,(r, r') = kj$cr<)n$cr>) (10.72) 

while r< and r> and respectively the smaller and the larger of r and r\ Of 
course, one can directly establish the variational principle (10.71) by starting 
from the integral equation satisfied by the exact function M*(r), namely [see 
eq. (5.98)] 

u t (r) = rji(kr) + r J G,(r, r')l/(r')w,(r')r' dr' (10.73) 

and using the relation [see eq. (5.96)] 

tan yj x = -/cj j£kr)U(r)ujr)r dr. (10.74) 


The foregoing treatment [5, 8] in fact historically preceded the variational 
principle (10.66) for the transition amplitude. It played an important role in 
nuclear theory where it allowed the first rigorous derivation of the effective 
range formulae [20] used in the analysis of low-energy nucleon-nucleon 
scattering. We also note that a bilinear form of the Schwinger variational 
principle for phase shifts may be written down by starting from the variational 
expression (10.61). It is given by 


[nP] = “ 2 J Ji( kr ) u ( r ) u i( r ) r dr + U(r)uf(r) dr 

- f ” dr f ” dr' u,(r)U(r)G,(r, r')C7(r')«,(r')rr' (10.75) 

Jo Jo 


with 


u,(r) -+ rj,(kr) - rn,(/er) tan tj,. 

r-+ oo 


(10.76) 


By analogy with the discussion of the Schwinger variational principle for 
the scattering amplitude we note that by choosing the simple trial function 

«i(r) = rjikr) (10.77) 

and substituting in the stationary expression (10.71), we get 


Ran v)f] 

.... D 

[ J j'i(kr) U(r )r 2 dr J 

2 

L k J 


*00 

dr 

0 

d r'Mkr)U(r)G,(r, r')U(r')j,(kr')r\ 

0 

r’ 2 - f °° jHkr)U(r)r 2 dr 
JO 


(10.78) 
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which agrees with the Born series through second order [see eqs. (8.74)—(8.75)]. 
Again, this expression which rests on a variational principle is often more 
accurate than the second Born approximation. 

As an example, let us compare various calculations of the scattering 
length a corresponding to the square well (4.141) of depth {7 0 (>0) and of 
range a. Defining the dimensionless quantity 

P = Uh' 2 a (10.79) 

the exact scattering length is given by eq. (4.157), namely 



Note that a becomes infinite and changes sign at /? = in, \n, etc. The first 
Born approximation gives 

a B , = - it8 2 a (10.81) 

while the second Born approximation yields 

«B2 = - (i/? 2 + A/?V (10.82) 

With a simple trial function u°(r ) = r for zero-energy s-wave scattering, the 
Schwinger variational principle (10.71) leads to the result 

M = " iP 2 a/(l - I/? 2 ). (10.83) 

These various expressions are compared in Table 10.3 where it is seen that 
the variational expression is very accurate. We note in particular that by 
expanding the quantities a and [a] in powers of jS 2 (i.e. in powers of the 


Table 10.3 

Comparison of various calculations for the scattering length a, as a function of f$ = U£ ,2 a. 
The values of a are given in units of a. The numbers in parentheses indicate powers of 10. 


p 

a Bl 

a B2 

[a] 

a 

0 

0 

0 

0 

0 

0.2 

-1.33 (-2) 

-1.35 (-2) 

-1.36 (-2) 

-1.36 (-2) 

0.4 

-5.33 (-2) 

-5.67 (-2) 

-5.70 (-2) 

-5.70 (-2) 

0.6 

— 1.20 (—1) 

— 1.37 (—1) 

— 1.40 (—1) 

— 1.40 (—1) 

0.8 

-2.13 (-1) 

-2.68 (-1) 

-2.87 (-1) 

-2.87 (-1) 

1.0 

-3.33 (-1) 

-4.67 (-1) 

-5.56 (-1) 

— 5.57 (—1) 

1.2 

-4.80 (-1) 

-7.56 (-1) 

-1.13 

-1.14 

1.4 

-6.53 (-1) 

-1.17 

-3.02 

-3.14 

1.6 

-8.53 (-1) 

-1.73 

3.56 (+1) 

2.24 (+1) 

1.8 

-1.08 

-2.48 

3.65 

3.38 

2.0 

-1.33 

-3.47 

2.22 

2.09 

2.2 

-1.61 

-4.74 

1.72 

1.62 

2.4 

-1.92 

-6.34 

1.47 

1.38 

2.6 

-2.25 

-8.35 

1.32 

1.23 

2.8 

-2.61 

-1.08 (+1) 

1.22 

1.13 

3.0 

-3.00 

— 1.38 (+1) 

1.15 

1.05 
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potential strength U 0 ) 9 we have from eq. (10.80) 


a = — ($p 2 + + 0.0533 p 6 + ■ 

•)a 

(10.84) 

while eq. (10.83) yields 



[a] = - ($p 2 + -jVjS 4 + 0.0540 p 6 + • 


(10.85) 


Although the Schwinger variational principles are intrinsically superior to 
the corresponding differential variational principles, this advantage is usually 
offset by the fact that the matrix elements involving Green’s functions which 
appear in Schwinger’s method are tedious to evaluate in all but the simple 
cases. The greater simplicity of the Hulthen-Kohn forms, on the other hand, 
allows for the use of more elaborate trial functions, even for relatively 
complicated problems [see e.g. 15, 21]. 

10.3. Minimum principles in scattering theory 

The scattering variational principles which we have developed thus far are 
stationary principles but they are not, in general, minimum (or maximum) 
principles. This fact constitutes an important difference when compared to 
bound state problems, where upper bounds on the energy eigenvalues are 
readily obtainable. Thus, in scattering problems the variational result can fall 
either above or below the true value. Without a minimum (maximum) principle, 
the variational determination of the parameters is only the most plausible 
one (in the absence of other information) and greater flexibility in the choice 
of trial functions may even lead to less satisfactory results. Therefore, in 
applying the variational principles discussed in the two preceding sections, 
great care must be taken and extensive work has in general to be done in 
order to obtain reliable results. 

It is thus of considerable interest to develop variational principles giving 
upper and (or) lower bounds for phase shifts, scattering lengths, scattering 
amplitudes, etc. This was initiated by Kato [22] and developed extensively by 
various authors [see e.g. 23, 24]. As an introduction to these techniques, we 
shall derive in this section the Kato identity, and then limit our discussion to 
the case of variational bounds for scattering lengths. 

10.3.1. The Kato identity 

Let us start from equation (10.4) and adopt for u l the “normalization” [25] 
u x (r) cos (kr — \ln + y) 4- cot (fj l - y) sin(£r — \ln + y) (10.86) 

r~* oo 

where y is a fixed constant such that 0 ^ y < n. The trial function u x (r) has 
the same asymptotic behaviour with i/* replaced by rj t . 

Now let us apply Green’s theorem 


(10.87) 
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where/= u z and g = w z . Recalling that u z (0) = w z (0) = 0 and taking into ac¬ 
count eq. (10.86), we get 



dr = k cot (t] t — y) — k cot (t] t — y). 


( 10 . 88 ) 


Setting 

and noting that 


w,(r) = w,(r) - M,(r) 


L,[w,] = L t [u,] 


(10.89) 

(10.90) 


we obtain the Kato identity 

p CO p 00 

kcot(fj t — y) = kcot(rh — y) — w*L/[w z ] dr + w z L z [w z ] dr. (10.91) 

Jo Jo 

The first two terms on the right-hand side of eq. (10.91) can be calculated 
by specifying the trial function u v They give an approximate value of the 
quantity k cot (fj t — y), while the last term (of order wf) should be small if 
u t is a good approximation to u t . In fact, for the choice y = the neglect 
of the last term on the right side of eq. (10.91) leads to 


\k tan ijJ = k tan ;/ z + J U/L z [u z ] dr (10.92) 

which is precisely the Hulthen-Kohn variational principle (10.25). The above 
discussion can be generalized to elastic scattering by compound systems. A 
generalized version of the Kato identity can also be obtained for multichannel 
scattering. 

Since eq. (10.91) is an exact formula, one may obtain bounds on 
k cot (rji — y) and, hence, on fj l9 if the last term on the right of equation 
(10.91) can be estimated. We illustrate this point in the next paragraph by 
showing how variational bounds can be obtained for scattering lengths . 


10.4.2. Variational bounds for scattering lengths 

Let us consider the simple case of s-wave scattering by a short-range potential 
at zero incident energy [26]. Choosing y — in eq. (10.91) we have (with 
L 0 ss L) 

a = a — [ w°L[w°] dr + [ wL[w] dr (10.93) 

Jo Jo 

where a and a denote, respectively, the exact and trial scattering lengths while 
the radial functions u°(r) and u°(r) corresponding to zero energy s-wave 
scattering are such that 

u°( 0) = u°( 0) = 0 (10.94) 

u°(r) -> oc- r (10.95) 
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and 


u°(r) -+ a — r. 

r-+ oo 


(10.96) 


We note that the function w = u° — u° satisfies the boundary conditions 

w(0) = 0 (10.97) 

and 


w(r ) -+ a — a. 

r~* oo 


(10.98) 


Now, if the potential cannot support a bound state , one has 



dr < 0. 


(10.99) 


To prove this statement, we first note that if no bound state exists, L is a 
negative definite operator on the space of quadratically integrable functions. 
This argument, however, cannot be applied directly to the case considered 
here since the function w(r) approaches a constant value for large r and is 
therefore not quadratically integrable. Nevertheless, if we introduce the 
functions 

m(r) = w(r) e~ Xr (10.100) 

with X > 0, we have 

M(X) = [ w A (r)L[w A (r)] dr < 0. (10.101) 


To show that M(0) is not positive, it remains to prove that M(X) is continuous 
at X = 0. This is easily done by considering the quantity 


M(A) - M(0) = J ” w(r) [e -2Ar - l]L[w(r)] dr 

f: 


+ A 2 | w 2 (r)e 2Ar dr — 2X\ w(r)w'(r)e 2Ar dr 10.102) 


and checking that each of the three terms on the right-hand side of eq. (10.102) 
vanishes in the limit X -> 0. Thus, if no bound state exists, the scattering 
length satisfies the relation 



a < [a] = a — | u°L[m°] dr 

(10.103) 

with 

w°(0) = 0 

(10.104) 

and 

u°(r) -+ a — r. 

r~* oo 

(10.105) 


We recognize on the right-hand side of eq. (10.103) the Hulth^n-Kohn 
variational principle (10.31) for the scattering length, which therefore gives 
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an upper bound on a under the above specified conditions. The procedure to 
determine the variational parameters is now perfectly unambiguous. Using a 
trial function u°(c u c 29 . . . c n ; a; r ) one determines the variational parameters 
c l5 c 2 , .. . c n and a by solving the system of equations 

= o (i = 1 , 2 ,..., n ) (10.106) 

CCi 

and 

3[a]/da = 0. (10.107) 

For linear variational parameters, this system leads to a unique set of values 
for the parameters. For nonlinear variational parameters, there is in general 
more than one set of parameters. In this case eq. (10.103) shows that one 
should choose the set which gives the lowest value of [a]. 
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Analytic Properties of 
Scattering Amplitudes 


Since the early work of Kramers, Moller and Heisenberg [1-3] who first 
related bound states to analytic properties of scattering amplitudes, the study 
of these amplitudes as functions of complex energies, complex wave numbers 
and even complex angular momenta has been developed in great detail. 

We shall present in this chapter an introduction to these methods within 
the framework of non-relativistic scattering by a central potential, where the 
basic ideas of this approach can be illustrated in a simple way. The full 
scope and utility of these techniques, however, is only apparent in more 
complicated situations, particularly in “elementary particle” physics [see e.g. 4]. 

We begin in Section 11.1 by introducing the lost functions [5] and studying 
their analytic properties. The properties of the S-matrix elements and the 
partial wave amplitudes as functions of complex wave numbers and complex 
energies are then investigated in Section 11.2. An important theorem due to 
Levinson [6], which relates the zero-energy value of the phase shift to the 
number of bound states, is proved in Section 11.3. The next section is 
devoted to the study of Regge poles [7] which arise in the investigation of the 
analytic properties of the S'-matrix in the complex angular momentum plane. 
Dispersion relations are considered in Section 11.5. Finally, in Section 11.6 
we make use of the analytic properties of scattering amplitudes to examine 
low energy potential scattering and derive the effective range theory. 

ILL The Jost functions 

Let us consider s-wave (/ = 0) scattering by a central potential. The radial 
Schrodinger equation reads 

[d 2 /dr 2 + k 2 — U(r)]u(k, r) = 0 (11.1) 
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where we have dropped the subscript referring to / = 0 and exposed explicitly 
the dependence of the function u on the wave number k. 

We shall assume that the reduced potential U(r) is less singular than r~ 2 at 
the origin and vanishes faster than r“ 3 at infinity. Thus 

°° dr r\U(r)\ < oo (11.2) 

J o 

and 

| dr r 2 \U(r)\ < oo. (11-3) 

The point r = 0 is therefore a regular point of the differential equation (11.1). 
The solutions of eq. (11.1) which vanish at the origin are generally called 
regular; those which do not are irregular . The physical solution u(k 9 r) 
introduced in Chapter 4, satisfies the boundary conditions 


p 

3 

II 

o 

(11.4a) 

u(k 9 r) -+ A sin(&r + 8) 

r-> oo 

(11.4b) 

and is evidently a regular solution. Another interesting regular 
<f)(k, r) of eq. (11.1) is defined by the simple conditions at r = 0 

solution 

<p(k, 0) = 0 

(11.5a) 

and 


II 

S' 

(11.5b) 


where the prime denotes differentiation with respect to r. We may also write 
that the function (j)(k , r) satisfies the boundary condition 

lim r _1 <£(fc, r) = 1 . (11.6) 

!—o 

The conditions (11.5) have several interesting implications. First of all, the 
function (j)(k, r) must be real for real k. Secondly, since eq. (11.1) depends 
only on k through k 2 and the conditions (11.5)—(11.6) are independent of k 9 
the function (j)(k , r) is an even function of k 9 

<iP(~k 9 r ) = 4>(k, r). (11.7) 

Finally, as a consequence of a theorem proved by Poincare [8], the absence 
of k dependence in the boundary conditions (11.5) implies that (j>(k 9 r) 9 
considered as a function of k 9 is an entire function of k . That is, <j>(k 9 r) is an 
analytic function of k in the open complex k- plane. 

Since the function cj)(k 9 r) is real for real k 9 we can use the Schwarz 
reflection principle [9] to deduce that 

(/)*(k* 9 r) = <j)(k 9 r). (11.8) 

Let us now consider two irregular solutions f(±k 9 r) of eq. (11.1) which we 
define by the relations 

lim e ±ikr f(±k 9 r) = 1. 

r~* oo 


(11.9) 
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The boundary conditions (11.9) do not define f(k,r) in the upper half 
complex k -plane or /(— k, r) in the lower half &>plane. However, we shall 
now prove that, if the inequalities (11.2) and (11.3) are satisfied, f(k 9 r) is, 
for all r, an analytic function of k when Im k < 0 while f(—k , r) is, for all r, 
an analytic function of k if Im k > 0. 

Let us first consider the function f(k, r). Following Bargmann [10], we set 



g(k, r) = e ikr f(k, r ). 

(11.10) 

Then 




[d 2 /dr 2 - 2ikd/dr]g(k, r ) = U(r)g(k, r ) 

(11.11) 

and 




lim g(k 9 r ) = 1 

(11.12) 


r-> oo 

for every real non-vanishing k. We now replace eqs. (11.11) and (11.12) by 
the Volterra integral equation 


g(k, r) = 1 + J ” D k (r' - r)U(r')g(k, r') dr' (11.13) 

where 

1 _ -2i k$ /•$ 

° k (0 = 2ik = o e~ 2lkx dx. (11.14) 

We readily verify that a solution of the integral equation (11.13) satisfies 
eqs. (11.11)—(11.12) provided uniform convergence in r allows one to 
differentiate under the integral sign. We now attempt to solve eq. (11.13) by 
the series 


where 

and 


00 


g(k, r) = £ g n (k, r) 

(11.15) 

71 = 0 


g 0 (k, r) = 1 

(11.16) 

9n(k, r) = | D k (r' - r)l/(r')g„_ 1 (fc, r') dr'. 

(11.17) 


We shall prove that the series (11.15) converges when Im k < 0. We assume 
that the inequality (11.2) is true and set 



If Im k < 0, then we may use eq. (11.14) to write 
\D k (r' - r)\ < r' - r < r' 


(11.18) 

(11.19) 


and by induction 


r)| < 


n\ 


< 


[xm n 

n! 


( 11 . 20 ) 
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Therefore the series (11.15) converges towards a solution. Differentiating the 
series with respect to k we also obtain by the same reasoning a convergent 
series because of the inequality (11.3). Hence the function f(k 9 r) exists and is 
analytic in the lower-half fc-plane. In the same way f(—k 9 r ) can be shown to 
be analytic in the upper-half k- plane. 

We may extend the region of analyticity of the functions f(±k 9 r) if we 
impose stronger conditions on the potential. Thus, if we assume that 

1(g) = | e Mr \U(r)\ dr < oo, g real > 0 (11.21) 

then f(k 9 r) is analytic for Im k < \g and f(—k 9 r ) is analytic for Im k > — \g 
(see Fig. 11.1). 


Im k Im k 



(a) (b) 

Fig. 11.1. The unshaded areas are the regions of analyticity (a) of f(k, r); (b) r) 

when the condition (11.21) is satisfied by the potential. 

To prove these statements, we assume that Im k ^ \g x with g t < / u. We 
note that 

\D k (0\ ^ « exp Qi t Q ^ C expou© (11.22) 

where C is a suitably chosen constant. Defining 


Y(r ) = | exp(/zr') \ U(r')\ dr' (11.23) 

we find by induction that 

\g n {k 9 r)| ^ [CY(r)] n /n\ < [Cmf/nl (11.24) 

which proves the uniform convergence of the series (11.15). The analyticity of 
g(k 9 r) and therefore of f(k 9 r) is obtained by differentiating with respect to k 
and using the same arguments. The analytic character of f{—k 9 r) for 
Im k > — \\i clearly follows in a completely analogous way. 

Finally, if the potential has a strict finite range (i.e. vanishes identically 
beyond a certain distance a) 9 then I{jx) is finite for all \i 9 so that f(k 9 r) and 
f(—k 9 r) are entire analytic functions of k. It is worth noting that the existence 
of singularities in the functions f(±k 9 r ) is very sensitive to the tail of the 
potential. If we cut the potential U{r) at a distance r = a 9 even arbitrarily 
large, all the singularities of f(±k 9 r ) disappear. 
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Let us now relate the two functions f(k 9 r ) and f(—k 9 r). If the condition 
(11.21) holds, we deduce from eq. (11.9) that in a region of analyticity 
connected to the real axis 

f*(-k* 9 r)=f(k 9 r). (11.25) 

Next, we relate the two irregular solutions f(±k 9 r ) to the regular solution 
${k 9 r). Since the solutions f(k 9 r) and f(—k 9 r) are clearly linearly inde¬ 
pendent - except for k = 0- we may express <t>(k 9 r) in terms of f(±k 9 r). 
Let us write 

<t>(k, r) = a(k)f(—k, r) + b(k)f(k, r ). (11.26) 

The coefficients a(k ) and b(k) are easily obtained by evaluating the Wronskians 
[11] W[f(k, r), <f>(k, r)] and W[f(-k, r), <j>(k, r)]. Thus 

W[f(k, r), <[>(k, r)] = a(k)W[f(k, r), f(-k, r)] (11.27) 

and 

W[f(~k, r), <f>(k, r)] = b(k)W[f(-k, r),f(k, r)]. (11.28) 

Since the Wronskian of two linearly independent solutions is independent of 
r, we may evaluate W[f(—k, r),f(k, r)] in the limit r -+ oo. Then, by using 
eq. (11.9), we find that 

W[f(k,r),f(-k,r)] = 2ik. (11.29) 

We now define the Jost functions f(+k) such that 

f(±k) = W[f(±k, r), <f>{k, r)] (11.30) 

and therefore 

<P(k, r ) = L[ /(k)/( _ /C) r) _ f(-k)f(k, r)]. (11.31) 

Furthermore, if we evaluate the Wronskian of eq. (11.30) at r = 0 and use 
eqs. (11.5) and (11.6), we find that 

A±k)=f(±k,0). (11.32) 

The Jost functions f(±k) clearly enjoy the same analyticity properties as 
the functions f(+k, r). Also, from eq. (11.25), we find that 

= f(k) (11.33) 

while eqs. (11.10), (11.13) and (11.32) may be used to derive an integral 
representation of f(k), namely 

f(k) = 1+|” D k (r)U(r) e ikr f(k, r) dr. (11.34) 

From this equation we deduce that /(k) -+ 1 as \k\ -► oo and Im k ^ 0. 

We now prove a very important property of the Jost function /(fc), namely 
that its zeros in the lower half k-plane correspond to bound states . Indeed, let 
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us assume that /(&) = 0 for k = k 0 . Since /(k) = W[f(k 9 r) 9 $(k 9 r)], we 
have 

W[f(k O9 r) 9 <i>{k O9 r)} = 0 (11.35) 

and f(k 09 r ) is therefore a multiple of (j)(k 09 r) 9 i.e. 

f(k 09 r) = Ccj)(k 09 r ); C = const. (11.36) 


Since the left-hand side of eq. (11.36) behaves for large r as exp(— ik 0 r) 9 
and (j)(k 9 r) vanishes at r = 0, we see that (j)(k 09 r) is a square integrable 
eigenfunction of the Schrodinger equation corresponding to the eigenvalue 
k% 9 provided Im k 0 < 0. It is also a simple matter to show that Re k 0 = 0 
so that the corresponding bound state energy E = h 2 k%\2m is indeed real 
and negative. 

Furthermore, if the point —k 0 = i\k 0 \ lies within a region to which /(/c, r ) 
can be analytically continued we may calculate the constant C from eq. 
(11.31), i.e. 


2\kp\ 

/(i|*ol) 

so that 

lim (j)(—i\k 0 \, r) = C _1 exp(-|fc 0 |r). 


(11.37) 

(11.38) 


It is worth noting that the Jost function /( k ) cannot vanish for k real ^0. 
Otherwise we would also have /(— k) = 0 and therefore (j)(k 9 r) = 0 [see eq. 
(11.31)], in contradiction with the boundary condition (11.6). The point 
k = 0 is therefore the only one on the real &-axis where the Jost function 
may vanish. However, in contrast with the case Im k < 0, the fact that 
/(0) = 0 does not imply a bound state [12]. Indeed, from eq. (11.36) we see that 


/(0, r) = C<£(0, r ). 


(11.39) 


Since/(0, r) -+ 1 for r -> oo, the function 0(0, r ) is not square integrable, so 
that a zero of /(&) at k = 0 does not correspond to a bound state [13]. 
Furthermore, if k approaches zero from the lower half-plane, it can be shown 
[14] that /( k ) tends to zero as k 9 i.e. 

/(k) - 0(k ); [/(&)] ” 1 - 0(k~ ‘). (11.40) 

We now prove that the zeros of the Jost function at the points k 0 = —i\k 0 \ 
are simple [15]. We first note that the Wronskian of two solutions f t (k 9 r ) 
and f 2 (k\r) of the radial Schrodinger equation (11.1) corresponding to 
different wave numbers k and k ' satisfies the equation 


Jr W\J\(k, r), f 2 (k', r)] = (fc 2 - k' 2 )Mk, r)f 2 {k', r) 


(11.41) 


so that 


W\_<f>(k, r), <j)(k 0 , r)] = (fc 2 - 



dr' cf>(k, r')(j)(k 0 . 


r') 


(11.42a) 
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and 

W[f(k, r), f(k 0 , r)] = - (k 2 - kl) j dr' f(k, r')f%, r'). (11.42b) 

Next we differentiate eq. (11.30) with respect to k 2 (indicated by a dot), set 
k = k 0 and use eq. (11.36) to obtain 

/(4) = W{f(k 0 , r), (f>(k 0 , r)] + W[f(k 0 , r ), 4>(k 0 , r)] 

= C~ 1 W [/(fc 0 , r), /(/c 0 , r)] + C ^[>(4, r), 0(/c o , r)]. (11.43) 

If we now differentiate eqs. (11.42) with respect to k 2 and use the results in 
eq. (11.43), we find that 

[3//a/c 2 ] t=t0 = - C J J <t>\l c 0 , r) dr. (11.44) 

Since (j)(k 0 , r) is real and C cannot vanish - otherwise the boundary condition 
(11.9) would be violated - we see that 

[S/m^ k0 = - 2 k 0 C | J 0 2 (/c o , r) dr # 0 (11.45) 

and therefore the zeros of /( k ) in the lower half k -plane are simple. This 
shows that the radial Schrodinger equation (11.1) for / = 0 cannot have 
degenerate eigenvalues. Only for other values of / can degeneracies arise. 

The zeros of /{k) in the upper half-plane [or those of /(— k ) in the lower half 
plane] do not have the same meaning since in this case f(k , r) [or /(— k, r)] 
grows exponentially with r at large distances. In fact these zeros are not 
confined to the imaginary axis but because of eq. (11.33) they appear in sym¬ 
metrical pairs about the imaginary axis (see Fig. 11.2). 


* 


lm k 

t * 




x 

X 


Fig. 11.2. The zeros of the Jost function /(k). x : Zeros appearing on the negative 
imaginary axis and corresponding to bound states. ■, *: Zeros appearing by pairs in the 
upper half plane, and symmetrical about the imaginary axis. O: Possible zeros on the 

positive imaginary axis. 
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The above analysis of the properties of the Jost functions may be extended 
to higher angular momenta (/ ^ 1); a detailed discussion may be found in 
the work of Newton [14]. Starting from the radial equation (4.17), namely 

[d 2 /dr 2 + k 2 — /(/ + l)/r 2 - U(r)]u t (k 9 r) = 0 (11.46) 

we now define regular solutions <£*(£, r) of this equation, such that 

limr-*- 1 <^(fc,r) = 1. (11.47) 

r->0 

As a consequence of the Poincare theorem mentioned above the functions 
<; pi(k , r ) are entire functions of k. 

Irregular solutions fi(±k 9 r) of eq. (11.46) may still be defined by the 
boundary condition (11.9), namely 

lim Q ±ikr fi(±k, r) = 1. (11.48) 

r~* oo 

The analytic properties of fi(±k 9 r) in the complex fc-plane are identical to 
those already discussed for the case / = 0, except at k = 0. Thus /,(£, r ) is 
analytic in the lower half fc-plane if the potential satisfies the conditions 
(11.2) and (11.3), except at k = 0 where it has a pole of order /. If the more 
stringent inequality (11.21) is true, the domain of analyticity of f t (k 9 r ) may 
be extended in the upper half-plane to Im k < $n. If the potential has a 
strict finite range, the function /,(£, r ) is analytic in the open fc-plane, except 
at k = 0. 

The corresponding “generalized” Jost functions k ) are defined by the 

extension of eq. (11.30), namely 


M+k) = W[a±k, r), 0] 

so that 

(11.49) 

4>i(k, r) = ^-^/i(k.)fi-k, r ) - /j(-r)]. 

(11.50) 

Furthermore, if the condition (11.21) holds, we may write 



(11.51) 

We note, however, that the simple relation (11.32) is no more true in this 
case; we have instead 

7,(±k) = c 21 + 1) lim r l U±k, r ). 

r-> 0 

(11.52) 

Moreover, one has now 


lim k l /,(+k) = (2/ + 1)!! exp(+£i/;r) 
l*|-oo 

(11.53) 

with Im k ^ 0 for the function /i(+k) and Im k ^ 0 for / i(—k) 9 respectively. 
It is therefore convenient to introduce other Jost functions / t (±k ) such that 

H , n ^exp(±iik) 7 

fl±V) - (2 , + 1)M A±k) 

(11.54) 
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which are continuous at k = 0 and such that / \{±k ) 1 as \k\ -> oo (with 
Im k ^ 0 or Im k ^ 0, respectively). The Jost functions / \{±k ) also satisfy 
eq. (11.51). The study of their analytic properties is similar to that made for 
the case / = 0, except that a zero of f t (k) at k = 0 can correspond to a bound 
state [13, 14]. 

Finally, we mention an important result obtained by Bargmann [16]: the 
number n t of bound states of angular momentum / satisfies the inequality 


n, < (21 + l)- 1 !” dr r|l/(r)|. (11.55) 

Let us illustrate our study of the analytic properties of the Jost functions 
on a simple example. We consider the case of s-wave scattering by a square 
well potential 


U(r) 


= J-U 0 , 

10 , 


r < a 
r > a. 


(U 0 > 0 ) 


(11.56) 


For r > a, we find from eq. (11.9) that the function f(k, r ) is given by 

f(k, r) = e~ ikr , r > a. (11.57) 

In the “interior” region r < a we have 

(11.58) 


f(k, r ) = C,(k) e iKr + C 2 (k ) e 


*-i »cr 


r < a 


where C^k) and C 2 (k) are two constants (for fixed k ) and we have defined 
the quantity 

K = y Jk 2 + U 0 . (11.59) 

In order to determine the “constants” C x and C 2 we use the fact that the 
function f(k, r ) and its first derivative with respect to r are continuous at r = a. 
That is, 


e iKa + C 2 Q~ iKa = e' ika 

and 

i kC 1 e iKfl - kC 2 e _i,cfl = - ik e~ ika 

so that 


Ci(fc) 


2k 6 


and 


C 2 (fc) 


k + k 
2k 


Q i(K-k)0' 


Hence the Jost function /( k ) is given by 


/(fc) = c t + c 2 


-i ka 


i k . 

cos Ka H— sin Ka 

K 


(11.60) 

(11.61) 


(11.62) 
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We verify from eq. (11.62) that /( k ) is an entire function of k [cf. the discussion 
following eq. (11.24)]. The zeros of /( k ) appearing on the negative imaginary 
axis at the locations k = — i k n (k n > 0) are found by solving the equation 


where 

and 


£ cot £ = — rj 
£ = K n a, tj = k„a 
k„ = - *»• 


(11.63) 

(11.64) 


The relation (11.63) is precisely the well-known condition which deter¬ 
mines the / = 0 bound states of the square well (11.56) having energies 
E n = —h 2 k*/2m [see e.g. 17]. 


11.2. The S-matrix 

The physical solution u x (k , r) of eq. (11.46) has been shown in Chapter 4 to 
have the asymptotic behaviour 

u x (k , r) -> A x (k) sin[fcr - %ln -|- 8 x (k)] (11.65) 

r-+ oo 

where 8 x (k) is the phase shift for an angular momentum /. We have also 
decomposed the right-hand side of eq. (11.65) into radially ingoing and 
outgoing waves as [see eq. (4.48)] 

u,(k, r ) -+ A,(k)l-(-) 1 e~‘ kr + S,(fe) e i,ir ] (11.66) 

r~* oo 

where A x (k) is given by eq. (4.49) and we recall that the S-matrix elements 
S x {k) = exp{2i<5j(A:)} (11.67) 

are the coefficients of the outgoing waves and are determined by the collision 
process. From the definition (11.67) we first note that 

N = 1 (11.68) 

so that the S-matrix elements S x belong to a unitary matrix [18], 

We now specialize again to s-wave scattering, dropping consistently the 
subscript / = 0 [i.e. S(k ) = S 0 (fc), 8{k) = 8 0 (k\ A(k) = A 0 (k), etc]. Let us 
return to the solution (j)(k , r). Since the two regular solutions (j)(k 9 r) and 
u(k 9 r) are clearly proportional we may set 

u(k 9 r) = a (k)(j>(k 9 r). (11.69) 

Then, using eq. (11.66) with / = 0, we find that 

(j)(k 9 r) -+ B(k) [S(k)e ifer - e“ ikr ], 

r-+ oo 

where B(k) = a~ 1 (k)A(k). 


(11.70) 
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Let us consider eq. (11.31) in the limit r-+ oo. Using the boundary 
conditions (11.9), we have 

4>(k, r) - -?-[/(k) e ik ' - /(-k) e- 1 ^. (11.71) 

r-* oo 

Hence, by comparison with eq. (11.70) we may express the 5-matrix element 
S(Ic ) in terms of the Jost functions as 

m-ffiy (11.72) 

Since /(k) -► 1 as |k| -> co and Im k ^ 0, we deduce immediately that 

S(k) —> 1 for k -» + oo. Furthermore, for real k we see from eq. (11.33) that 

S(-k) = S*(k) = (11.73) 

More generally, for complex k we also note from eqs. (11.33) and (11.72) that 

5 *^ = S(k)' 0 1 - 74 ) 

We recall in this connection that eq. (11.33) is a particular case of eq. (11.25) 
which implies that the condition (11.21) holds. If this condition is not 
realized we are in general not allowed to continue S(k ) off the real k -axis and 
to relate S(k ) from positive to negative values of k. 

If we set 

/(+k) = |/(±k)| exp{i(p(+k)} 
and use again eq. (11.33) we obtain, for real k 

/*(k) = |/(k)| exp{ —i<p(k)} = /(-k) 

so that 

|/(k)| = |/(-k)| (11.77) 

and 

<p(k) = - <p(-k). (11.78) 

Next, from eqs. (11.67) and (11.72) we have cp(k ) = <5(k) [modulo n], so 
that the Jost functions /(±k) may be written as 

/(±k) = |/(+k)| exp{i5(±k)} (11.79) 

with 


(11.75) 

(11.76) 


<5(k) = - 5(-k). (11.80) 

It is interesting to evaluate the quantity a(k) appearing in eq. (11.69). 
We find that 

«(k) = kA(k)/\/(k)\ (11.81) 


References and notes on page 292 



254 


POTENTIAL SCATTERING 


so that the ratio of the radial wave function to the corresponding unperturbed 
solution (no interaction), computed at r = 0, is simply 


m(/c, r) ~1 <x(k)(j)'(k 9 0) 1 

_A(k) sin fcrj r=0 = kA(k) = |/(fc)| ‘ 


(11.82) 


The quantity \!F\ 2 which measures the probability of finding the particle 
at r = 0 relative to that when there is no interaction, is called the enhancement 
factor [19]. It is seen from eq. (11.82) to be the inverse of the modulus 
squared of the Jost function. 

We now study the analytic properties of the 5-matrix element S(k). The 
basis of this analysis is provided by the properties of the Jost functions 
discussed above. However, since S(k ) = f(k)j /(—&), the discussion of the 
analytic properties of S(k ) is clearly more difficult. 


1m k 


Rek 


Fig. 11.3. The poles of S(k ) for a potential with a strict finite range, x : Poles correspond¬ 
ing to bound states. ■, *: Poles appearing by pairs in the lower half-plane. O: Poles on the 

negative imaginary axis. 

We begin by considering the simple case for which the potential vanishes 
identically beyond a certain distance. In this case the functions f(±k) are 
both regular in the fc-plane so that the only singularities of S(k) are poles 
which arise from the zeros [20] of /(—A:). The poles in the upper half-plane 
are thus located on the positive imaginary axis and correspond to bound 
states (see Fig. 11.3). In the lower half-plane the poles lie either on the 
negative imaginary axis or by symmetrical pairs about it. There can be no 
pole of S(k) for k real ^ 0. It is interesting to note that the poles of S(k ) also 
show up as zeros of S(—k ) because in this simple case the analytic continua¬ 
tion from positive to negative k values is allowed. 
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If the potential only satisfies the condition (11.21), both /( k ) and /(— k ) 
are regular within the strip 

— \\i < Imk < \\x, (11.83) 

Within this “analyticity strip”, one can prove [20] that /(k) does not vanish at 
the same points as /(—A:), so that the poles of S(k ) correspond to the zeros of 
/(— k). Outside the analyticity strip, however, other singularities (poles, 
branch cuts) may appear. Also, if for a value k 0 = —i|Ar 0 | such that |A: 0 | > i B 
the lost function /(— k 0 ) is infinite while /(Jc 0 ) is finite, S(k 0 ) will vanish 
but this zero will not correspond to a bound state pole at i|fc 0 |. Indeed, such a 
redundant zero disappears if we cut off the potential at an arbitrary large 
distance, thereby eliminating the singularities of the lost functions [21]. 

We have already seen that the poles k n = i\k n \ of S(k ) lying on the positive 
imaginary axis within the analyticity strip correspond to bound states of 
energy E n = — h 2 \k n \ 2 /2m. We now show that the residues of these poles are 
directly related to the bound state wave functions. These are given by 

K(r) = <x n <Ki\k„\, r) (11.84) 

or 

u n (r) = PJ(-i\k„\,r) (11.85) 

so that 

u„(r) -> P„exp{-\k„\r}. (11.86) 

r~* oo 

From eq. (11.36) we also have 

/(—ilU r) = CJ(-i\k n \, r ) = CM\K\, r). (11.87) 


Thus a„ = fi n C n . Moreover, from the requirement that the bound state 
wave functions «„(/•) be normalized to one we deduce that 

4IU 2 


a„ 2 = 


2|fc„|C„ 


where we have used eqs. (11.37) and (11.45). Hence 


B 2 = — 

rn ^2 


i/(i|U) 


L d/C Jfc=i|fc„j 


( 11 . 88 ) 


(11.89) 


Finally, by using eq. (11.72) together with the Cauchy theorem we deduce that 


Res S(fc)l*-i lw = T- £ S ( fc ) dk - - ft 2 (11-90) 

where the contour C is a small circle described by the complex variable k in 
the conventional positive sense around the pole at k = i|A: w |. We see from 
eq. (11.90) that the residue of S(k ) at the bound state pole k = i|A: w | is indeed 
related to the corresponding wave function. 
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We now consider briefly the case of higher angular momenta. First of all, 
we note from eqs. (11.48) and (11.50) that 

Hk, r ) - rk m e ikr - /7(-/c) e- ,b ], (11.91) 

r-+ oo 

an obvious generalization of eq. (11.71). Then, from eq. (11.66) and the fact 
that the two regular solutions u t (k , r) and , r) are proportional, we have 

Sfic) = e"“ mi/J-k) (11.92) 

or using eq. (11.54), 

sm ’W*Y ( "' 93) 

Most of the results found above for the case / = 0 are unchanged. For example 
Si(k) -> 1 for k ± oo. Moreover, for real k , we may use eq. (11.51)- 
which implies that the condition (11.21) holds - to deduce that 



*-» - - m 

(11.94) 

We also have 

M±k) = \/i(±k)\ exp{i(5,(±fc)} 

(11.95) 

with 

W) = - H-k). 

(11.96) 

For complex k , eq. (11.51) also yields 



S!m = HUf 

(11.97) 


Moreover, for potentials satisfying the condition (11.21), the 5-matrix S t (k) 
is analytic in the strip (11.83), except for poles corresponding to the zeros of 
//(-*). 

Instead of discussing the analytic properties of the 5-matrix as a function 
of k , it is also instructive to visualize the 5-matrix as a function of the energy 
E — h 2 k 2 /2m. We shall write here somewhat loosely S t (k) = S t (E). As in the 
discussion following eq. (5.116), it will prove convenient to consider the energy 
plane as made up of two superposed planes (Riemann sheets), which cor¬ 
respond to two choices of Im k. For Im k > 0 we recall that we are on the 
physical sheet while Im k < 0 corresponds to the unphysical sheet . The two 
sheets having the common boundary Im k — 0, we shall consider the complex 
is-plane as cut along the real axis from 0 to + oo (see Fig. 5.4). If the potential 
satisfies the condition (11.21), the 5-matrix may be continued to complex 
energies inside the parabola 

(Im E) 2 - (h 2 p 2 l2m) Re E - h 4 p*/l6m 2 = 0 (11.98) 

which corresponds to the analyticity strip |ImA:| < \p in the k- plane. 
Within the region defined by (11.98) on the physical sheet the 5-matrix has 
only simple poles at the bound state energies E n . 
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Consider now a pole of the S matrix which lies within the analyticity region 
of the fc-plane at k = k x — i k 2 (k i > k 2 > 0) close to the real axis. Then S x (k) 
has also a pole at k = — k i — i k 2 and a zero at k = k t + i k 2 . We may thus 
write 

S,(k) = k ~l l ~ l^ 2 S t (k) (11.99) 

k — k t + l k 2 

where S t (k) is a slowly varying function in the vicinity of k = k i — i k 2 . 
Remembering that S^k) = exp(2i<5,) and setting 

«fc) = «fc) + TO (11.100) 

[see eq. (4.216)], we find that 

exp{2i£(fc)} = S t (k) (11.101) 

and 

5\(k ) = tan -1 , — (11.102) 

k l — k 

Thus ^[(A:) sharply increases by an amount 7r in an interval of approximate 
width k 2 about and goes through (modulo ri) at k = Such a 
behaviour is characteristic of a resonance as we have seen in Chapter 4. 

We now translate these results into the energy plane . Since Im k < 0 we 
are on the unphysical sheet. Moreover, we remain within the parabola given 
by eq. (11.98). Defining 



E r = - kl), 

2m 

(11.103) 

and 

r = —fe,fe 2 

m 

(11.104) 

with k± > k 2 

> 0, we may now write 



e — E r — \\r ~ 

S t (E) = ' y. S,(E). 

' e — E r + ii r 

(11.105) 

If we set 

5 t (E) = UE) + 8\(E) 

(11.106) 

then 

exp(2i UE)} = Sm 

(11.107) 

and 

^(E) = tan- 1 ^i^ 

(11.108) 


so that a pole at E = E r — \\r on the unphysical sheet produces a resonance 
of width r and energy E r , provided r is not too large (i.e. the pole lies close 
to the real axis). The fact that both bound states and resonances are con¬ 
nected with poles of the S matrix suggests a strong similarity between these 
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two concepts. In Chapter 4 we have already seen that resonances can be 
interpreted as metastable states with a lifetime z ~ h/T. The analogy between 
bound states and resonances has been further developed in modern theories 
of “elementary” particles, where poles of the relevant S matrix on the real 
axis of the energy plane (stable particles) and complex poles (unstable particles) 
are treated on the same footing [see e.g. 4]. 

Until now we have only considered potentials which vanish identically 
beyond r — a or satisfy the condition (11.21). It may happen that U(r ) does 
not obey the inequality (11.21) for g> fi 0 but that the region of analyticity 
of the S matrix may still be enlarged outside the strip |ImA:| < ig 0 . For 
example, in the case of an exponential potential U(r) = £/ 0 exp(— ctr) one 
finds that the Jost function /(— k ) has no singularities in the lower half¬ 
plane except for simple poles at k = — (n = 1, 2,. ..). For a Yukawa 
potential U(r ) = U 0 exp(—ar)/r, the Jost function /(— k ) has a (logarithmic) 
branch point at k = — \\cl. More generally, for a superposition of Yukawa 
potentials of the form 

U(r) = [°° dvp(v)e" v 7r (11.109) 

J v o >0 

the Jost function /(— k ) is regular in the complex k- plane (provided that p(v) 
decreases fast enough as v -► oo) except for a cut running from k = — iiv 0 
to — i oo. In the energy plane, this cut runs from E = — ft 2 vg/8m to E — — oo 
and is often called the left-hand cut. The right-hand cut , which separates the 
physical and unphysical sheets, runs from E = 0 to E = + oo. 

To conclude this section, we note that the analytic properties of the partial 
wave amplitudes 

°i = \ ex P( i,5 i) sin 5 i = 2^[exp(2i<5,) - 1] = f k (S t - 1) (11.110) 

[see eq. (4.65)] are given by those [22] of the S matrix S t = exp(2i<5 f ). For 
example, in the case of a superposition of Yukawa potentials, the singularities 
of the quantities a x in the energy plane are 

1) A right-hand cut from E = 0 to E = + oo. 

2) A left-hand cut from E = — h 2 v%/$m to E = — oo. 

3) Poles on the physical sheet at the bound state energies. 

4) Poles on the unphysical sheet, among which those lying close to the positive 
real axis may be interpreted as resonances. 


11.3. The Levinson theorem 

As an application of the analyticity properties studied above, we shall now 
find the relation between the zero-energy value of the phase shift and the 
mimber of bound states. Let us assume that the Jost function f(—k) has n 
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zeros in the domain D enclosed by the contour C (see Fig. 11.4). This 
contour consists of a semi-circle of radius R in the upper half-plane, 
plus the real axis from — R to +R , except the origin which is avoided along 
a semi-circle of radius e. Then, since /(—&:) is analytic in the upper half-fc- 
plane, where it has simple zeros corresponding to the bound states, we find 
by using the argument theorem [23] that the quantity 

n = d log/( —fe) (11.111) 

yields the number of bound states of zero angular momentum. Because 
/(-&)-> 1 as \k\ -+ oo when Imk ^ 0, the large semi-circle does not 
contribute to the integral (11.111) in the limit R-+ oo. To evaluate the 
contribution from the small semi-circle as e -> 0 we must distinguish two 
cases. If /(0) # 0 there is evidently no contribution. If /(0) = 0, we know 
that /(k) tends to zero as k [see eq. (11.40)]; the contribution from the small 
semi-circle is then given by 

j* d log k = in. (11.112) 


lm k 



Fig. 11.4. The integration contour of eq. (11.111). 


Using eq. (11.79), we now obtain from eq. (11.111) 


lim j-5(R) + 5(e) - 5(-e) + 5(-R) + i log * R) *. f |{ 
«-o+ ( r\”) /( e ) |J 

R-> oo 

= (2n(n + 1), if AO) = 0 
[Inn, if /(0) # O' 


(11.113) 


The imaginary part of the left-hand side vanishes because of eq. (11.33). 
Using eq. (11.80) and the fact that 5(oo) = 0, we then obtain the result 


5(0) = 


’(« + i)n, 

nn, 


if /(0) = 0 
if /(0)*0 


(11.114) 
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which is the Levinson theorem. This proof can easily be extended to the case 
/ ^ 1. Using the fact that /,(, k) tends to zero as k 2 , one obtains 

<5X0) = ni n (11.115) 

where n t denotes the total number of bound states of angular momentum /, 
including those at zero binding energy [24]. 

11 A. Complex angular momenta - Regge poles 

We have analyzed so far the analytic properties of scattering amplitudes as 
functions of complex wave numbers and energies. For example, we found 
that the partial wave scattering amplitudes a x are analytic functions of the 
energy E , except for possible poles (corresponding to bound states and 
resonances) and cuts. In this analysis the angular momentum quantum 
number / always took its discrete, physically allowed values / = 0, 1, 2,. . . . 
The basic idea of Regge [7] was to observe that the radial Schrodinger 
equation depends in a simple way on the angular momentum /, so that one 
could analyze its solutions for continuous and even complex values of /. 
This, of course, does not mean that the quantization of the angular momentum 
has been abandoned. The investigation of Regge provides a new mathematical 
device to analyze scattering experiments, which also yields a great deal of 
additional physical insight. Although the method is useful in non-relativistic 
scattering theory, its main interest lies in high-energy particle physics. We 
shall only outline here the method for non-relativistic potential scattering. 
Additional developments may be found in the references [25-29] listed at the 
end of this chapter. A simple application of the Regge theory to high-energy 
particle physics will be described in Chapter 18. 

Let us consider a superposition of Yukawa potentials [30] 

poo Q~ vr 

U(r) = p(v)-dv (11.116) 

J vo>0 ^ 

and analyze the properties of the S matrix as a function of the complex 
variable /. We first note that the regular solution , r), which we rewrite as 
<£(/, k , r), is a regular function of / only in the domain Re / > — Indeed, 
the boundary condition for the regular solution is given by eq. (11.47), 
namely 

limr~* _1 <£(/, k, r) = 1 (11.117) 

r-* 0 

while the irregular solution behaves as r~ l at r = 0. Therefore, when 
Re / < — i, the boundary condition (11.117) does not prevent an arbitrary 
admixture of the irregular solution at r = 0. 

Consider now the irregular solutions /(/, ±k,r) = f x (±k , r ). Because the 
boundary condition (11.48) is independent of / these functions are regular in 
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the entire complex /-plane, for fixed values of r and for fixed k not lying on 
the “Yukawa cuts” extending from k = iiv 0 to +ioo for /(/, k , r) and from 
k = — iiv 0 to — ioo for/(/,— k , r). 

These analyticity properties of the functions <£(/, k , r) and/(/, ±£, r) imply 
that the Jost functions /(/, ±k) = //(+&) defined by eq. (11.54) are analytic 
in the /-plane provided that Re / > — \ and for any fixed k not on the 
“Yukawa cuts”. The 5-matrix element being given by 

01.118) 

the poles of 5(/, k) in the complex /-plane - called the Regge poles - are due 
to the zeros of /(/, — k). The equation 

/(/,-*) = 0 (11.119) 

then defines / = oc(k) as an analytic function of k for Re / > — \ provided its 
values are finite. The functions / = cn{k) are called Regge pole trajectories. 
We shall also write / = a(£) to denote Regge pole trajectories generated by 
varying the energy E. 

Let us now try to locate the Regge poles. We assume that the value of /, 
lying in the half-plane Re / > is such that eq. (11.119) is verified. 
Setting k = / + \ (with Re k > 0), we first obtain from the radial Schrodinger 
equation, for real energies, 

^- WW*, 4>] = 2i Im 2 2 r" 2 |4>| 2 (11.120) 

dr 

where W[<j>*, <j>] is the Wronskian of the functions </>* and (j). Integration of 
eq. (11.120) then yields 

lim <f\ = 2i Im A 2 f ” dr r~ 2 \4>\ 2 . (11.121) 

r~* oo JO 

Let us first examine the case of negative energies, so that k is positive 
imaginary. Since the value of / is such that eq. (11.119) is true, <£(/, k , r) is 
exponentially decreasing as r -> oo, and the left-hand side of eq. (11.121) 
vanishes. Because the integral on the right-hand side does not vanish, we 
must have Im k 2 = 0. Hence, for negative energies and for Re k > 0 one 
has Im k = 0, so that the Regge poles for negative energies lie on the real 
l-axis (with Re / > — i). Furthermore, a reasoning similar to that leading to 
eq. (11.45) shows that these poles are simple as functions of k. Finally, one 
may prove [27, 28] that these poles move towards the right when the energy 
increases. 

We may also use eq. (11.121) to analyze the case of positive energies. 
Using eq. (11.91) we find that 

l/(/,fc)| 2 - I/(/, — fc)| 2 = 8/c Re 2 Im 21°° dr r -2 |$| 2 (11.122) 


References and notes on page 292 



262 


POTENTIAL SCATTERING 


where /(/, k) = /*(£) is the generalized Jost function defined by eq. (11.49) 
Because the integral on the right-hand side of eq. (11.122) is manifestly 
positive, we see that /(/, —k) vanishes in the domain Re 2 > 0 only for 
Iml > 0 [31]. Therefore, once the threshold E = 0 for scattering processes 
is reached, the Regge trajectory leaves the real axis and moves into the first 
quadrant of the complex A-plane. It never penetrates into the fourth quadrant. 

As the energy continues to increase, the Regge trajectories may or may not 
turn over and go back to the left towards the “forbidden region” Re / < — i, 
depending on the nature of the potential. We show on Fig. 11.5 a typical 
Regge trajectory which does turn over. 


Im F 



Fig. 11.5. A typical Regge trajectory. The shaded area is the “forbidden region” 
Re / < — The energies are such that E 0 < Ei < E 2 < E 3 . 


Having studied the Regge trajectories (i.e. the motion of Regge poles 
with the energy as a parameter) in the complex /-plane, we now obtain a 
physical interpretation of Regge poles. Assume first that there is a negative 
energy E n such that the Regge trajectory yields 

*(E n ) = n (11.123) 

with n a non-negative integer. For energies E close to E n we may develop 
ol(E) as 

a(£) = a (E„) + (E - E n )a'{E n ) +••• 

~ n + (E - E n )a'(E n ). (11.124) 

On the other hand, the partial wave amplitude 

a(l,E) = ±-lS(l,E)- 1] (11.125) 


having a Regge pole 
/ as 

a(l, E) = 


for / = a may be written in the vicinity of this value of 

R a (E) fi n j te terms at / = a 
/ - a(E) 


(11.126) 
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where R a (E) is the residue of a(l, F) at / = a. Using eq. (11.124) in eq. (11.126), 
we find that 


a(l E) ~ - «)/ a '( £ ») - ( £ - J (1L127) 

so that, at the energy E = E ni the partial wave amplitude a(l — n , E) has an 
energy pole which corresponds to a bound state of angular momentum l = n. 

Therefore, if the Regge trajectory oc(E) goes through a non-negative integer 
n for an energy E n < 0, this implies a bound state of energy E n and angular 
momentum l = n. For example, the Regge trajectory shown on Fig. 11.5 yields 
two bound states at n = 0 and n = 1, the corresponding energies being 
E 0 and E v 

Let us now consider the case E > 0 and assume that there is an energy E m 
such that 

Re ot(E m ) = m (11.128) 

with m a non-negative integer. Since the energy is positive, we know that ol(E) 
has an imaginary part. We may thus develop cl{E) in the vicinity of E = E m 
as 


a (E) = Re a (E) + i Im a(£) 

~ m + (£ - £jj^ [Re a(£)]j^ ^ + i Im a (£ m ). (11.129) 

Assuming that Im a (E m ) is small so that no further terms in the development 
are required, and setting 


and 



(11.130) 




Im oc(E J 
<1 


we find that the partial wave amplitude (11.126) may now be written as 


Therefore, the amplitude a(l = m , E) has an energy dependence charac¬ 
teristic of a resonance at E = E m with a width T and an angular momentum 
quantum number l = m. Of course we require F > 0 or q > 0 (since 
Im a > 0) and therefore the trajectory must increase through the value 
Re a = m when the energy increases. For example, in Fig. 11.5 we have a 
resonance corresponding to the value / = 2 at the energy E = E 2 , but no 
resonance at the value E = E 3 . 

It is obvious from the preceding considerations that Regge trajectories 
provide interesting correlations between bound states and (or) resonances 
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having different angular momenta. These relations arise because the same 
potential XJ(r ) describes the scattering in all the angular momentum states, a 
fact which is not explicitly incorporated in the standard partial wave method. 
Indeed, the partial wave analysis is unmodified when a different interaction 
potential acts in each partial wave. 

Let us briefly summarize the main results we have obtained so far. 
By using the solutions of the radial Schrodinger equation for complex / 
(subject to Re / > — f) we have seen that S-matrix elements S(l , k ) and therefore 
the partial wave amplitudes a(l , k ) may be defined for complex /-values. These 
partial wave amplitudes are meromorphic functions [32] of / for Re / > 

The poles of a(l 9 k ) - the Regge poles - occur on the real /-axis for E < 0 
and in the upper half-plane Im / > 0 for E > 0. It can be shown that their 
number is finite for the potentials of the type (11.116) considered here. The 
corresponding Regge trajectories are generated by the motion of the Regge 
poles as the energy is varied. If the real part of a Regge trajectory passes 
through a non-negative integer n at an energy E n9 it gives rise to a bound 
state (if E n < 0) or a resonance (if E n > 0, Im ot(E n ) is small and Re a (E n ) 
increases through E = E n ) having an angular momentum quantum number 
/ = n. 

Let us now explore the consequences of the analytic properties of 
a(l 9 E) as a function of / - and in particular those arising from the presence of 
Regge poles - on the partial wave sum (4.64), namely 


/(£, cos 6) = £ (21 + 1 )a(l 9 E)P t (cos 0). 


1 = 0 


(11.132) 


To this end, we shall use a mathematical device known as the Sommerfeld- 
Watson transform. It first considers the expression (11.132) as the sum 
of residues of an analytic function and then uses the Cauchy theorem to 
transform the sum into a contour integral. A deformation of the integration 
contour will then permit to exhibit explicitly the contributions from the Regge 
poles to the total scattering amplitude [33]. 

To carry out such a program, we first show that the series (11.132) can 
be expressed by the following integral 


f(E , cos 0) 


■n. 


(21 + l)a(l 9 E)P l (-cos 0) 
sin nl 


d l 


(11.133) 


taken along the contour C in the complex /-plane, as shown in Fig. 11.6. 
This formula is known as the Sommerfeld-Watson representation of the 
scattering amplitude. 

In order to prove this statement we first need an extension of the functions 
involved in (11.133) away from integer values of /. The Legendre poly¬ 
nomials P v (z) have a “standard” analytic continuation based on the Legendre 
differential equation. By letting the quantity v become complex in the Legendre 
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equation, one finds that the regular solution is the hypergeometric function 
[see e.g. 34] 

P v (z) = 2 F 1 (-v, v + 1; l;i(l - z)) (11.134) 

which, for fixed z, is an entire analytic function of v. For fixed v, it is an 
analytic function of z everywhere in the finite z-plane cut from z = — oo to 
z = — 1. 

We also want to interpolate the physical partial wave amplitudes a(U k) 
[/ = 0, 1, 2,. . .] by an analytic function of / which is regular in the neighbour¬ 
hood of the real axis. One possible interpolation has already been discussed 
above: it used the radial Schrodinger equation for complex /-values (such that 
Re / > — %). This interpolation, similar to the one we just discussed above 
for the Legendre functions, may be called the dynamic interpolation, since 
it contains the dynamics of the collision process through the radial Schrodinger 
equation. An infinite number of other interpolations can cleaily be found for 
the partial wave amplitudes or the S-matrix elements [35]. We shall adopt 
here the dynamic interpolation and justify it shortly. 


Im f 



Fig. 11.6. The contour C used in the evaluation of the integral on the right-hand side of 

eq. (11.133). 


We now return to the integral representation (11.133) of the scattering 
amplitude. The integrand is analytic for Re / > — \ except for poles which 
are 

i) the Regge poles, 

ii) the poles at I = n (n non-negative integer) arising from the vanishing of 
sin nl, For / close to n , we note that 


sin nl = sin nn + (l — 



(11.135) 


~ (/ — n)n cos nn = (/ — n)n( —)". 
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Since the contour C avoids the Regge poles, we may calculate the contour 
integral (11.133) from the knowledge of the residues of the function (sin nl )~ 1 
at / = n [36]. Setting 


</(/) = 


n(2l + 1 )a(l, E)Pj -cos 0) 
sin nl 


(11.136) 


and using eq. (11.135) together with the fact that 

P<(-cos 0) = (- l)^(cos 0) at / = n (11.137) 


we find that 


f g(l) dl = Y Res = n) 

Jc n = 0 

* n(2n 4- l)a(n, E) ( — l)"P n (cos 0) 

*(-!)" 

= £ (2n + l)a(n, E)P„(cos 0) (11.138) 


where Res g(l = n) means the residue of the function g(l) at / = n. Hence the 
series (11.132) can indeed be replaced by the integral (11.133). 

In order to exhibit the contribution from the Regge poles to the scattering 
amplitude, we use again the Cauchy theorem to deform the contour C. 
As shown on Fig. 11.7, we now consider the contour C', which is made up 
partly of the previous path C, but also of portions of a circle in the first and 
fourth quadrant; the radius of the circle will eventually tend to infinity. 
The contour C also contains the straight line Re / = — i + s, with e a 
small, positive quantity so that we always stay in the “allowed” domain 
Re / > — Applying the residue theorem to this new contour we find that 

£ g{l) dZ = - I Res g(l = a,.) (11.139) 

where the sum runs over all the Regge poles inside the contour C', and the 
minus sign arises from the fact that the contour is followed in the negative 
sense. We may decompose the integral on the left-hand side as 


1 


, ; (f 0(0d/ 

2m Jc 


-ifUdl + f 0(0 dZ 

27c1 LJc J large 

semi-circle 


pioo— 1/2+c ~ 

0(0 dZ . (11.140) 

J — ioo — 1/2 +e _ 


According to eq. (11.138), the first term on the right-hand side is simply the 
scattering amplitude f(E , cos 0). The second term may be shown to vanish 
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Fig. 11.7. Illustration of the contour C' of the text. 


for potentials of the type (11.116) as the size of the semicircle becomes 
infinite. Finally, if we define a background integral as 

i pi oo — 1/2 + e 

BI(E, cos 0) = - — g(l ) d/ (11.141) 

J —ioo-l/2 + e 

and use eqs. (11.139) and (11.140), we find that the scattering amplitude may 
be expressed as 

/(E, cos 0) = - £ Res g(l = a f ) 4- BI(E, cos 9) (11.142) 

t 

i.e. as a sum over the Regge poles to the right of Re / = plus a back¬ 
ground integral. The Regge pole contribution may be displayed in a more 
explicit way by calculating the residue of g(l) at / = a f . If oq is not an 
integer [37] we may use eqs. (11.126) and (11.136) to write 


Res g(l = a f ) = - 




sin rca;(E) 


?;(£) = - *[2oc,(£) + 1R,(£ 


(11.143) 

(11.144) 


so that eq. (11.142) becomes 


/(£, cos 6) = Z ^.(g)^,(E)( cos 0) + BI(£ cos 0) 
i sin 7ra f (E) 


(11.145) 


This important formula is known as the Regge-Sommerfeld-Watson 
(RSW) representation of the scattering amplitude. It allows one to analyze 
explicitly the contribution to the total scattering amplitude from each Regge 
pole. We shall see in Chapter 18 how the RSW representation is particularly 
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useful in describing high-energy collisions of elementary particles. We note 
that the physical interpretation of Regge poles given above may be recovered 
by extracting the physical partial wave amplitudes from eq. (11.145) as 


aiE) = i 



(lz /(£, z)P l (z). 


(11.146) 


Using the fact [38] that when / = m is a non-negative integer 



d z PJLzyPJi-z) = 


sin nx 


n (<x — m)(m + % + 1) 


(11.147) 


we get from the contribution of the nth Regge pole term in eq. (11.145) 


a\ n 2 m (E) = 


PM _ 1 

7r(m + x n (E) +1) a„(£) — m ’ 


(11.148) 


We first note that in general one Regge pole contributes to all partial waves. 
Furthermore, the particular contribution (11.148) to the / = m partial wave 
will dominate the scattering amplitude if x n is close to the integer m. Expand¬ 
ing x n {E) about the energy E m at which Re x n = m , we find again, as in the 
discussion [39] following eq. (11.126) that the amplitude a\ n 2 m exhibits an 
energy dependence characteristic of a resonance at E = E m provided Im x n 
is small and the Regge pole moves towards the right through the value 
Re x n = m. A similar reasoning yields the properties of the bound states : 
for E < 0 and olJ^E^ = m the partial wave amplitude a\ n 2 m has an energy 
pole at E = E m . 

We now return to the uniqueness of the interpolation procedure used to 
extend the partial wave amplitude - or the S-matrix element - away from 
integer values of /. We have seen above that, from a mathematical point of 
view, there are an infinite number of possible interpolations. However, it can 
be shown [see e.g. 40] that any two interpolations of the partial wave amplitude 
which at infinity behave well enough to allow the RSW representation , and 
which have only a finite number of poles in the domain Re / > — \ are identical. 
The dynamic interpolation, based on the radial Schrodinger equation and 
which we have used in order to obtain eq. (11.145) is therefore the physically 
“correct” interpolation. 

Before we leave the subject of Regge poles in potential scattering, let us 
analyze the case where the interaction between the two particles [41] includes 
exchange forces [42] in addition to the ordinary forces. The (space)-exchange 
potential operator V? p exchanges the space coordinates of the two interacting 
particles so that its action on the wave function i j/(r) describing the relative 
motion is given by 

V?m = Vfr)iK-r) (11.149) 


where Vfr) is a function of r which we assume to depend only on r = \r\. 
Let us call F d (r) the direct (ordinary) potential - which we also assume to be 
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central - and introduce the reduced potentials U d = 2m VJh 2 and 
U e = 2m VJh 2 . We may then write the Schrodinger equation in the C.M. 
system as 

[V 2 + k 2 - l/ d (r)]^(r) - l/.(i#(-r) = 0. (11.150) 

Let us decompose the wave functions \j/(r) and \j/(— r ) in partial waves as 

Mr)= 1 Ri(r)P t (cos0) (11.151a) 

1=0 

and 

<K-r) = t Ri(r)P t (-cos 6) = f R,(r)(-l)'P,(cos 0) (11.151b) 

1 = 0 1 = 0 

where we have used eq. (11.137). Introducing the functions u t (r) = rR t (r) we 
obtain from eq. (11.150) the radial Schrodinger equation 

+ k 2 - — + ^ - U d (r) - (-l)'l/ e (r)jM,(r) = 0. (11.152) 

In order to continue eq. (11.152) into the complex /-plane, we must handle 
the factor (— 1)* in front of UJj). A first approach is to extend (— 1)* to 
complex / by writing it as exp (ini) or exp(— ini). In this case, however, we 
have an exponentially growing potential in the lower or in the upper half 
/-plane, so that the RSW representation does not hold any more. 

Another possibility is to start from two decoupled sets of radial Schrodinger 
equations, one for even values of / with a potential 

V + (r)= V d (r)+ VJr) (11.153) 

and one for odd values of / with a potential 

V~(r)= V d (r)- VJr). (11.154) 

These radial equations are (with U + = 2mV + /h 2 , U~ = 2mV~/h 2 ) 

|jj ~2 + k 2 — ~ ^ + ( r )J M i( r ) = 0 (/ even) (11.155a) 

and 

[<P + fc2 ~ ' = 0 (Z odd). (11.155b) 

These two independent problems of analytic continuation may now be 
solved as for the case of an ordinary potential, except that in eq. (11.155a) 
only the even values of / are physical ; similarly, only the odd values of / are 
physical in eq. (11.155b). Therefore, a negative energy pole of the 5-matrix 
corresponding to eq. (11.155a) and going through an even integer value of / 
implies a physical bound state, while such a pole going through an odd 
integer value of / does not correspond to a bound state. Similarly, a physical 
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resonance is generated by a positive energy pole of the 5-matrix corresponding 
to eq. (11.155a) and passing near an even integral value of /. The same is 
true, mutatis mutandis, for eq. (11.155b) and odd values of /. The two 
equations (11.155) continued in the complex /-plane as for the case of an 
ordinary potential will therefore produce two sets of Regge poles a f and oef 
and Regge poles trajectories a f + (£) and a r(E). The superscript +, which 
makes the distinction between the two kinds of poles is called the signature. 
Hence, for Regge trajectories of even signature (+), only the even / are 
physical; for pole trajectories of odd signature (—), the odd values of / are 
physical. The case of an ordinary (direct) potential is evidently a special case 
in which the Regge pole trajectories of even and odd signature coincide. 

It is convenient to separate the total scattering amplitude f(E , cos 0) 
corresponding to the scattering of two particles interacting through direct 
and exchange forces into its even and odd parts. That is, the relation 

/(£, cos 0) = £ (2 1 + 1 )a(l 9 E)P t ( cos 0) 

1 = 0 

may be written as 

/(£, cos 0)= £ (21 + 1 )a(U E) U[P*(cos 0 ) + P t (- cos 0 )] 

1 = 0 

+ i[P l ( cos 0) - P t ( — cos 0)]} (11.156) 

= f + (E , cos 0 ) + /"(£, cos 0) 

where 

f ± (E, cos 0) = i £ (2/ + l)a ± (/, E) (P /(cos 0) ± Pj( — cos 0)}. (11.157) 
1 = 0 

Since P t (— cos 0) = (—) l P t ( cos 0), the amplitude / + only contains a sum over 
even / values, while the sum corresponding to/" only contains odd values of /. 
Accordingly, the only partial wave amplitudes contributing to / + are the 
a + (l, E) obtained by solving the Schrodinger equation with the potential V + . 
Similarly, the only partial wave amplitudes which contribute to/" are the 
a~(l,E ) obtained from the Schrodinger equation with the potential V~. 
Each of the amplitudes f + and/" can therefore be treated separately to yield 
a Regge-Sommerfeld-Watson representation. The final result for the total 
amplitude is [compare with eq. (11.145)] 

/(£, cos 0) = Z ^ [W-cos 0) + iV(E,(cos 0)] 

+Z ^> ,, ( - cos 0) - n 7 (E)(cos 0)] (11.158) 
+ BI(E, cos 0) 
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where the functions pf ( E ) and pj (E) are given by the analogue of eq. (11.144) 
[except for an extra factor and the background integral BI is now given by 

~ 1 p + ioo —1/2 + e 21 J_ 1 

BI(£, cos 0) = — — I dl —- r{a + (l, E)[P t ( — cos 0) + P t (cos 0)] 

J -ioo-l/2+fi Sin 7 ll 

+ a~(l, £)[P/(-cos 9) — P,(cos 0)]}. (11.159) 

We note that when one of the Regge trajectories a f + goes through an odd 
value of / the quantity sin 7ia f + vanishes; but since P«+(—cos 0) + P«+(cos 0) 
vanishes there also the contribution of this unphysical pole is perfectly 
regular, as it should be. The same comment applies to otj when it passes 
through an even value of /. 


77.5. Dispersion relations [43] 


11.5.1. Introduction 

The name “dispersion relation” has its origin in a well known relation 
between the real part and the imaginary part of the complex index of refraction 
introduced in optics. Let us first define this complex index of refraction as 

n(co) = Re n(co) + i Im n(co) (11.160) 

where Re«(co) is the index of refraction corresponding to the angular 
frequency co of the incident light, while Im n{pS) is related to the absorption 
coefficient a (co) of the medium [44] by 


Im n(a>) = — a(a>). 
2co 


(11.161) 


Classical electrodynamics then relates Re n(co) to a (co) as 

Re n(co) = 1 + -P f ~ ) dco' (11.162) 

71 J o CO — CO 

where P signifies that the principal value [45] of the integral must be taken at 
the point co f = co where the integrand is singular. Kronig [46] and Kramers 
[47] showed that the requirement that light does not propagate with a 
velocity greater than c precisely yields the relation (11.162). Following 
Kramers’ argument, we formally define the index of refraction for negative 
angular frequencies by 

n(—co) = n*(co) (11.163) 


so that Re n(co) is an even function of co, Im n(co) is odd and a(a>) is even. We 
may then write eq. (11.162) as 


Re n(co) 


n J-c 


a (©') 


2 (o'(o)' - co) 


dco' 


(11.164) 
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ReW^-O-gr 1 ^')-^ (11.165) 

^ J —oo w - CO 

This equation, which relates the real and imaginary part of n(co) is called a 
dispersion relation . It is simply the real part of 


_ i.Fr-«Hi B 

^ J -00 ^ - 0) 

vn relation [48] 

im -—r = P{-) ± i7T<5(x — x 0 ) 

-> 0 + x — x 0 + is \x — x 0 J 


n{co) 

Using the well known relation [48] 

lim 
£~*0 

we also find that 


(11.166) 


(11.167) 


i p+oo _ 1 

n(co) - 1 = — lim ——-r dco' (11.168) 

2711 £ -*o + J -oo CO - CO - IS 

provided «(co) — 1 vanishes faster than (logco) _1 for co oo, so that the 
integral exists. 

This important relation shows that we may define «(co) as a function of 
a complex variable co, which is analytic in the upper half-plane Imco > 0. 
That is, 

»+ 00 


n(at) 


-1 ‘ (.1,69, 

2rci J -00 CO - CO 


Conversely, if we suppose that the function «(co) may be continued to complex 
values of co, is regular in the upper half-plane Imco > 0 and such that 
«(co) — 1 vanishes as |co| -► oo, then eq. (11.169) immediately follows from 
the Cauchy theorem. Kramers has shown that the required analytic behaviour 
of «(co) is equivalent to wave propagation through a medium in such a way 
that no signals are transmitted with a velocity greater than c. This causality 
requirement therefore imposes the analyticity of the function n(co) and hence 
the dispersion relation (11.165). 

It is instructive to rewrite the dispersion relation (11.165) in terms of the 
electromagnetic scattering amplitude. Using the classical Lorentz relation 

n{(o) = 1 + Nf{(o ) (11.170) 

co 


where N is the number of scattering centers per unit volume in the medium 
and f(co) is the forward scattering amplitude of light at a frequency co , we 
obtain 


Re /(co) = —P 

71 



Im /(a)') 
co' 2 (co' — co) 


dco' 



Im /(co') 
co'(co' 2 — co 2 ) 


dco' 


(11.171) 
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where we have used the fact that Im/(—co) = — Im/(co). The total scattering 
cross section <r(co) of light is related to the imaginary part of the forward 
scattering amplitude Im /(co) by the optical theorem 


Anc 

<j(co) = — Im /(co) 
co 

with co = kc . Therefore eq. (11.171) may be written as 


co 


Re/(«,)- 2 -^P 


A* 00 

J 0 


g(a>') 
co' 2 - co 2 


dco' 


(11.172) 


(11.173) 


so that the knowledge of the total scattering cross section at all frequencies 
yields the forward scattering amplitude at any frequency . It is important to 
note that this result is only true if /(co) = 0 for co = 0 since otherwise 
«(co) — 1 would have a pole at co = 0. Moreover, we recall that the function 
n{oS) — 1 must vanish as |co| oo. Thus eq. (11.173) is only valid in certain 
cases, for example when light is scattered by bound electrons. For free 
electrons, which can respond to zero frequency, /(0) is finite. Moreover, the 
condition n(a>) — 1 -> 0 for |co| —► oo is no more satisfied, so that the 
quantity /(oo) is infinite [see eq. (11.170)]. One must then replace eq. (11.171) 
by 


while eq. (11.173) now reads 
Re /(co) — Re /(0) = 


These last equations are known as the Kramers-Kronig dispersion relations . 
We note that eq. (11.175) implies that 


2 w2 P r a.' 

n Jo (o'(o)' 2 - co 2 ) 

(11.174) 

co 2 f°° cr(co') 

-r-j-P —n - 2 dco . 

lire J o co 2 — co 2 

(11.175) 


Re /(oo) = Re /(0) 


1 f°° 
~~ 27T 2 cJ o 


o-(co') dco'. 


(11.176) 


It is important to remark that the Kramers-Kronig result (11.175) can be 
deduced from the relation 

Re /(co) = -4-P [°° \ d (o' (11.177) 

7 7 2n 2 c J 0 co' 2 - co 2 ’ 

if the integral on the right of eq. (11.177) converges. This condition, however, 
is more stringent than that required by eq. (11.175), so that eq. (11.177) is 
less general than eq. (11.175). We note in particular that eq. (11.177) yields 
the result 


Re/(0) 


if 00 
~~ 2n*c J o ° 


c(co) dco 


(11.178) 
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which is not valid for the scattering of light by free electrons. Indeed, in that 
case the quantity /(0) is given by the Thompson amplitude 

m = - — 2 (ii-i79) 

me 

while the right-hand side of eq. (11.178) is clearly positive. We must then 
return to the more general Kramers-Kronig result (11.175). The procedure 
of passing from the stronger (less general) relation (11.177) to the weaker 
result (11.175) is called a subtraction. It is clearly related to the asymptotic 
behaviour of f(co) as |a>| oo. A detailed study of the subtraction procedure 
will be given below [see eqs. (11.187)—(11.194)]. 

Let us now summarize what we have learned from this classical example. 
Starting with the principle of microcausality that no signals propagate at 
velocities faster than c , we have obtained dispersion relations which relate 
the index of refraction to the absorption coefficient or the real part of the 
forward scattering amplitude to the total cross section. We note that no 
detailed knowledge of electromagnetic theory is necessary to establish these 
dispersion relations. 

The importance of the work of Kronig and Kramers for quantum 
mechanical scattering processes was not realized for a long time until 
Kronig [49] pointed out that microscopic causality should impose limitations 
on the S-matrix. This problem was further analyzed by several authors 
[50-52], and a derivation of the Kramers-Kronig relation from quantum 
field theory was proposed by Gell-Mann, Goldberger and Thirring [53]. 
We may remark here that in elementary particle physics the interactions 
cannot in general be characterized by simple potentials, and reliable approxi¬ 
mation methods for strong interactions are very difficult to construct. It is 
then particularly interesting to rely on dispersion relations, since these allow 
one to deduce observable consequences without making specific assumptions 
about the nature of the interactions and to relate seemingly different physical 
quantities (such as the index of refraction and the absorption coefficient in our 
classical example). New approximation methods based on dispersion relations 
may then be devised to deal particularly with strong interactions, the greatest 
success of dispersion relations in elementary particle processes having been 
obtained in connection with the study of pion-nucleon scattering [54]. 

Although the importance of dispersion relations is only evident in the 
study of elementary particle processes, we shall discuss here dispersion 
techniques within the framework of non-relativistic potential scattering. 
This will provide an introduction to the subject in a framework where the 
basic features of the method can be illustrated simply. Before we discuss the 
non-relativistic theory, however, we shall review some mathematical 
techniques which are particularly useful in dispersion theory. 
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11.5.2. Mathematical background 

We have already analyzed in connection with the Kramers-Kronig formula 
some of the simplest aspects of dispersion relations. We now discuss in a 
more systematic way how dispersion relations may be established once the 
analytic properties of a function are known. 

Let us first consider a function f(z) which is regular for Imz ^ 0 and 
such that/(z) -+ 0 when |z| oo. Using the Cauchy theorem we obtain 


2m J x - z 


(11.180) 


for any z in the upper half-plane. If we let the point z approach the real axis, 
we have 


27T1 J _ w X' - (X + 18) 
which by means of eq. (11.167) becomes 

VlJ-ooX ~ X 


(11.181) 


(11.182) 


Taking the real and imaginary parts of eq. (11.182) we obtain the dispersion 
relations 


and 


Re f(x) = - 

71 


C+ oo 

J — oo 


X — X 


Im f(x) = - 



Re/QQ 

x' — x 


dx'. 


(11.183) 

(11.184) 


Relations such as (11.180)—(11.182) are also often called “dispersion relations” 
We note that Re f{x) and Im f(x) are related by a Hilbert transformation [55]. 
If the function f(x ) satisfies a relation such as 

f(-x) =/*(*) (11.185) 

[cf. eq. (11.163) for the case of the complex index of refraction], then eq. 
(11.183) can be written as 


Re/w _? P r*_™ dJ ,. 

n Jo x 2 - x 2 


(11.186) 


The last dispersion relation is particularly useful when /(x) takes on its 
“physical” values for positive values of x only. 

We have already encountered in our classical example the case where the 
function/(z) does not tend to zero for |z| -> oo. If /(z) tends to a constant 
/(oo) when |z| -► oo, then we may apply the Cauchy theorem to the function 
f(z) — /(oo) and obtain the “subtracted” form of eq. (11.182), namely 


/«-/(co). 

ircj -^X - X 


(11.187) 
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f+°° 

where we have used the fact that P I (x' — x)' 1 dx' = 0. If we operate 
the subtraction at x = x 0 , then we find that 

/W - /<*„) - (X - *o> I <»™> 

and therefore 

P f +0 ° Im f(x') 

Re f(x) - Re f(x 0 ) = (x - x 0 )- —--; dx'. (11.189) 

^ J -00 X)(X Xo) 

The subtraction procedure can easily be generalized to the case where the 
asymptotic behaviour of /(z) is given by 

f{z) -> t (11.190) 

| z | oo j = 0 

so that /(z) tends to a polynomial of degree n when |z| —► oo. One then 
applies the Cauchy theorem to the function /(z')/(z' — z 0 ) n+1 (Imz 0 > 0) 
and after taking the limit Im z 0 -> 0 one obtains 

•‘C L. 


= (* - X 0 Y 


x)(x' - x 0 y 

so that {n + 1 ) subtractions are necessary in this case. 

Next, let us consider the case where the function /(z) has a finite number P 
of poles in the upper half-plane at the points z = z*. Calling the correspond¬ 
ing residues r t and assuming that /(z) -► 0 as |z| -► oo, we now have 

p r 

m = e — . ,. 

z — z t 2m 

When z approaches the real axis we use again eq. (11.167) to find that 


ifMi,, (11.192) 

2m J _ x x' - z 


m = e 


2£i + p r 00 fix') 
i“i x - Zi in J x' — x 


dx'. 


(11.193) 


If the asymptotic behaviour of f(z) is given by eq. (11.190) and f(z ) has still 
P poles in the upper half-plane, eq. (11.193) is replaced by 

£ (* - X 0 ) J / d J f \ = £ 2(x-x 0 ) n+1 r, 


fix) 


7=0 Ji \dx j J x= 

p /* + <» 

+ (x-x 0 rv 

1* J -oo (^ - 


xo it'tix - zi){x 0 - Zi ) n+1 

fix') 


Y dx'. (11.194) 


x)(x' - x 0 )" +1 

We now want to consider the case where the function /(z) has singularities 
on the real axis. Isolated poles can be treated by the same method as the 
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complex poles considered above, but the case of branch points is more 
involved. Suppose for example that /(z) has a branch point at x = a, as 
shown on Fig. 11.8, but that it is otherwise regular in the complex z-plane. 
Therefore, f(z ) is analytic in the z-plane cut (for example) along the real axis 
from x = a to x = + oo. Applying the Cauchy theorem to the contour C 
shown on Fig. 11.8, we find that 


m 


1 p p(x') 

nja x' - 


where the quantity 

p(x') = lim -[fix' + ie) - fix' - ie)] 
£-> 0 + 


(11.195) 

(11.196) 


is the discontinuity along the branch cut. In particular, if f(x) is real for 
x < a, then we may use the Schwarz reflection principle [9] to deduce that 


and therefore 


p(x') = Im/(x') 



Im/(x') 
x' — z 


dx'. 


(11.197) 

(11.198) 


lm z 



Fig. 11.8. Illustration of the branch point at x = a and of the contour C. 

If we let z approach the real axis, but not on the cut , we find the dispersion 
relation 

fix) = Re fix) = - r im f{X ) dx'. (11.199) 

n J a X - X 

Complex poles and subtractions can be handled here as before. 
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11.5.3. Dispersion relations in non-relativistic potential scattering 
Although there is no limiting velocity in non-relativistic physics, it is never¬ 
theless possible to derive dispersion relations in this case. These were first 
obtained by Khuri [56] and further developed by several authors [57-59]. 

Let us start from the integral representation (5.40) of the scattering 
amplitude and use the compact solution (5.50) in terms of the complete 
Green’s function. We assume that the potential is spherically symmetric. 
If we denote by A = k { — k { the wave vector transfer such that 

A = |*, - k f | = 2fcsini0 (11.200) 

we may write 

f{k. A) = - l[j exp(id • r)U(r) dr 

+ |exp(—ifc f • r)U(r)G (+ \r, r', k)U(r') exp(ifc, • r') dr dr'J , (11.201) 

where we have displayed explicitly the fc-dependence of the Green’s function 
G (+) . 

We note that the first term on the right-hand side of eq. (11.201) is simply 
the first Born approximation / B 1 (d) to the scattering amplitude. The total 
Green’s function G (+) (r> r\ k) has been defined in Section 5.4. It is such that 

[V 2 + k 2 - l/(r)]G (+) (r, r', k) = 8(r - r') (11.202) 


and satisfies the integral equation 

G (+) (r, r\ k) = G ( 0 +) (r, r\k) + f G^ +) (r, r",k)U(r")G i+ \r",r\k)dr" 


with 


G£, + V, r\ k) 


1 exp{ifc|r - r'|} 

An |f - 7\ 


(11.203) 

(11.204) 


It is important to remark that f(k. A) is the physical amplitude for k > jA, 
as we easily see from eq. (11.200). The physical scattering values of k are 
indeed real and positive, with 

0 A < 2Jt. (11.205) 

For k < \A we are in the “unphysical region”. 

We now want to establish a dispersion relation for the scattering amplitude 
f(k, A). We shall only discuss [60] in some detail the case of forward scattering, 
for which the scattering amplitude f(k) = f(k, 0) is only a function of the 
wave number k. We may then write 


J(k) = | F(r, r\ k) dr dr' 


(11.206) 


m =m -f B1 


where 


( 11 . 207 ) 
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and / B1 = — (4k) 1 j U(r) dr while 

F(r, r', fc) = — 7 - exp (—ik ■ r)U(r)G (+) (r, r', k)U(r') exp(ifc • r') (11.208) 

with k = k { = kf. 

Starting from the physical scattering amplitude f(k), which is defined 
above for positive real wave numbers k , we now want to extend the function 
f(k) to complex values of k. To this end we remark that except for possible 
poles, F(r, r\ k ) can be continued into the upper half £ plane, £ = k + is, as 
an analytic function. Indeed, the total Green’s function G (+) (r> r\ £) is analytic 
[see e.g. 61] in £ 2 for almost every r, r', except on the spectrum of the 
Hamiltonian H where it has discrete poles at the values of £ 2 corresponding 
to the bound states, and a cut (arising from the scattering states) which runs 
from 0 to +oo. Thus, in the upper-half £-plane, the only singularities arise 
from bound states and are located on the imaginary £ axis. Furthermore, if 
the potential U(r ) is such that 

| r\U(r )| dr < oo 

then the number TV of such bound states (located at £* = i K h i = 1, 2,... N) 
is finite. 

Let us decompose the Green’s function G (+) as 

G (+) (i% r', £) = G B (r, r', £) + G^\r, r', £) (11.209) 

where 


G B (r, r > 0 


£ 2 + ^ 2 


( 11 . 210 ) 


is the contribution to G (+) arising from bound states and 


G ( c + \r, r\ 0 = JdK ’ 


C 2 - K 2 


( 11 . 211 ) 


is the continuum contribution to G (+) . The bound state wave functions <pj 
may be chosen to be real, and we have adopted the continuum wave functions 
i/4 +) , although any complete set - for example the functions ) - is equally 
suitable. In addition, since [62] 


^ ( - T k = *Ak ±} * (11.212) 

we note that 


(?+)(r, r\ k) = G(+)*(r', r, -A:) (11.213) 


which implies the symmetry property 

/(*)=/*(-*)• (11.214) 

Having isolated G B from G (+) , we have located the only part having sin¬ 
gularities for Im £ > 0. Therefore, if we choose an integration contour C 
which consists of that part of the real axis and a large semi-circle, such that 
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ICI < A and containing all the poles (see Fig. 11.9), we may use the Cauchy 
theorem to write 

ilrtiy.n,, ,,, , „ , £ wtr ,/) 

2»i f c y - e dt - lf<r ' ' - ■ 0 + & F (U - 215> 

where r ( (**, r') is the residue of F(r, r', f) at C = We have also used the 
fact that 


c ir i i " 

c 2 - c 2 “ 2|_c - c + 1' + c_ 


(11.216) 


which implies that only the first term on the right contributes to the integral. 
Using eq. (11.210), we obtain explicitly 


with 


nr, r') = ^A t {r, r') 


(11.217) 


Afar’) = - — lim [exp{iCt|-(r' ~ r)}l7(r)l7(r')<?>i(p)<?>*(^)]- (11.218) 


c—Ci 


We may then rewrite eq. (11.215) as 

P(r r' n v r '> . 1 I *■'. n,,, m ^ 

F(r>r ’ 0 & + dC (1L219) 
which explicitly displays the analyticity properties of F(r, r\ £). 



Fig. 11.9. Illustration of the integration contour C of the text. 

We now return to eq. (11.206) which we rewrite in terms of the complex 
variable £ as 

/(0 = J F{r, r', 0 dr dr' (11.220) 


J(k) = lim /(£ = £ + ie). 

E -*0 + 


so that 


( 11 . 221 ) 
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Hence 


hk) = Z jAt -2 + lim - [ dr dr' ^f } d£' (11-222) 

i=lC “ Ci e->0 +7rl J JC £ “C 


where 


= J dr dr' /lj(r, r'). 


(11.223) 


From the asymptotic behaviour 9 ,.(r) ~ exp(—fc f r) it is easy to see that 
is finite at £* = iic £ . Furthermore i?, is real. 

In order to obtain a dispersion relation for J(k), one must still show that 

1) The contour integration may be interchanged with the two integrations 
over y and y in eq. (11.222) 

2) As A -> oo, the contribution from the semi-circle vanishes. 


The first point amounts to proving that the integral (11.220) converges 
uniformly with respect to f on C. The second point requires an analysis of 
the asymptotic behaviour of G (+) (r, y\ Q with respect to £. The arguments 
are given in detail by Klein and Zemach [57] and will not be developed here. 
We then have 


Kk) = I 


R , 


i=i k 2 - C? 


- lim 

ft e->0 + 


f°° fc'I 

Jofe 7 ^ 


k' I m /(fc') 
(/c + ie) : 


dfc' (11.224) 


where we have used the symmetry relation (11.214). Going back to the 
scattering amplitude f(k ) we find that it satisfies the forward dispersion 
relation with one subtraction 


m = hi 


+ 


N 


I 



+ - lim 

n e-»0 + 


f 00 k' Im /(fc') 

J 0 k' 2 - (k + i£) 2 


dk' 


(11.225) 


where we have used the fact that Im/ = Im/since/ B1 is real. The conditions 
on the potential which are necessary to obtain this result have been given by 
Klein and Zemach [57]. Defining 


“ J]7T7j dr ' < 11226 ) 

they find that I v (r) must be such that 

I v {r) < oo for all y 

I v (y ) is continuous in y (11.227) 

I v (y) ~0(r _1 ) as r oo. 

It is interesting to rewrite the dispersion relation (11.225) in terms of the 
energy E = h 2 k 2 /2m instead of the wave number k. Then 


, , £ Ri ,1,. r Im/(£') JD , 

f(E) = hi + I F-F + ; lun f F y dE ( lL228) 

i = 1 & 71 e->0 + J 0 E £j 18 
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where E t are the bound state energies and R ( the corresponding “residues”. 
This form of the dispersion relation is valid for all values of E on the physical 
sheet* of the complex E-plane. It must be remembered here that the entire 
physical sheet of the .E-plane corresponds to the upper half fc-plane Im k ^ 0. 
We also recall that the total Green’s function G (+) (r, r\ E) is analytic in the 
E-plane except for bound state poles at E = E f < 0 and a cut extending along 
the positive real axis, which corresponds to the scattering states. 

Let us now concentrate on real values of E. Using the relation (11.167) in 
(11.228), and remembering that/ B1 and R t are both real, we find that the real 
part of eq. (11.228) yields 


Re /(E) = / B1 


+ 



P f 00 Im /(£') 
+ *Jo E’-E 


d £' 


(11.229) 


while the imaginary part reduces to the identity Im/ = Im/. We may now 
use the optical theorem 


Im /(£') = 


(2 m£') 1 /2 /ft 
471 


*tot (E') 


(11.230) 


to express the integral on the right-hand side of eq. (11.229) in terms of the 
total cross section <r tot (E'). Hence eqs. (11.229)—(11.230) allow one to calculate 
the forward scattering amplitude /(E) for any energy if the total cross section 
is known for all energies and the bound state energies E t with the correspond¬ 
ing residues [63] are known. This is the most important consequence of the 
dispersion relation (11.229). 

We now consider briefly dispersion relations for nonforward scattering. It is 
convenient to use the energy E and the wave vector transfer A as variables to 
describe the scattering amplitude. We shall actually hold A fixed to obtain a 
dispersion relation in the energy. Defining the vector 

q = + k f ) (11.231) 

so that 

q 2 = k 2 - \A 2 = 2 mE/h 2 - \A 2 (11.232) 

we may write the scattering amplitude as 

/(£, A) = f m (A) - j*dr dr' expfti A ■ (r + r')} 

x l/(r)G (+) (r, r\ E)U(r f ) exp{i^*(r' — r)} (11.233) 

where we have used the fact that the potential is spherically symmetric to 
deduce that the scattering amplitude does not depend on the direction of A. 
For the same reason the vector q can only appear as q 2 so that there is no 
branch point at q = (k 2 — id 2 ) 1/2 . 

It is important to note that the integral on the right-hand side of eq. 
(11.233) does not exist for arbitrarily large A at fixed k, since in this case q 2 
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becomes negative and exp[i(fc 2 — \A 2 ) 112 q-(r f — r)] increases exponentially. 
This difficulty, which arises in the “unphysical region” (A > 2k) may be 
avoided by requiring that [57] 

J dr tr U(r) <oo, n> 0 (11.234) 


in which case one obtains the dispersion relation 


f(E, A) = f m (A) + £ ~~ + - lim d E' (11.235) 

i =l L — hi 71 e ->o + J o & — tj — \e 


valid for A < 2jx. We note that the evaluation of the integral on the right- 
hand side of eq. (11.235) requires the knowledge of Im f(E\A) down to 
E' = 0. However, for A ^ 0 fixed, the region 0 ^ E' < ft 2 d 2 /8m corresponds 
to an unphysical region of the scattering amplitude, for which Im f(E\ A) 
cannot be extracted from experiments. What we need then is the analytic 
continuation of Im f(E\ A) into this unphysical region. The simplest approach 
to this problem is to use the partial wave expansion 

/ = \ t (- 21 + !) exp{i<5A)} sin ^(k)P^l - ^ . (11.236) 


Except for pathological cases, this series converges in the physical region, 
for which 


— 1 <a> < 1 (11.237) 

where we have defined a> = 1 — A 2 l(2k 2 ). Here, however, we need to examine 
the convergence of the series (11.236) when k 2 -+ 0, i.e. for co — oo. To 
accomplish this, we use a well known theorem of analysis [see e.g. 64] which 
states that if a function ofco = cos 0 is analytic inside an ellipse in the complex 
co-plane with foci at ± 1 , then this function may be expanded in a convergent 
series of Legendre polynomials inside that ellipse. It is possible to show [see 
e.g. 65] that Im f(E ', 9 ) is indeed analytic inside an ellipse with foci at co = + 1, 
semimajor axis 1 - 1 - 2p 2 /k 2 and semiminor axis (2p/k) (1 + p 2 /k 2 ) 1/2 . We may 
then use the above theorem to carry out the analytic continuation of Im /for 
real values of co = cos 6 such that 

|co| < 1 + 2 p 2 /k 2 (11.238) 

or 

A 2 < 4k 2 4 - 4/c 2 . (11.239) 

Since we are interested in continuing Im f(E, A) down to E = 0 (i.e. k = 0), 
we see that the required condition of analytic continuation of Im f(E , A) into 
this unphysical region by means of the series (11.236) is 

A < 2p. (11.240) 

This is precisely the range of A for which the dispersion relation (11.235) 
at fixed momentum transfer holds. Hence no further restriction is required 


References and notes on page 292 



284 


POTENTIAL SCATTERING 


for the analytic continuation of Im f(E , A) into the unphysical region than 
for the derivation of the dispersion relation (11.235) itself. 

An interesting question is to ask whether the non-forward dispersion 
relation (11.235) together with the unitarity condition (4.94), namely 

Im /(*„ fe f ) = ^ J/*(fc f , k')/(fc„ fc') dQ' (11.241) 

may provide the basis of a dynamical theory, i.e. an alternative to the 
Schrodinger equation. The answer is negative because of the limitation 
A < 2/i on the wave vector transfers. It is therefore of great interest to 
investigate whether the dispersion relation can be extended to larger values 
of A and also to inquire into the analytic properties of f(E , A) with respect 
to A. This was first studied by Mandelstam [66] in connection with the 
analysis of pion-nucleon scattering. He conjectured a double dispersion 
representation that exhibits the analytic properties of the scattering amplitude 
as a function of both the energy and the momentum transfer. 

The Mandelstam representation has attracted considerable interest in 
strong interaction physics [67] although the problem of its derivation has not 
yet been solved. For non-relativistic potential scattering, however, the 
Mandelstam representation may be derived. We shall not discuss here these 
calculations which may be found in the literature [68]. 


11.5.4. Dispersion relations for the Jost function 

We have shown in Section 11.1 that the Jost function /*(&) is analytic in the 
lower half-plane and that f^k) — 1 tends to zero as \k\ -> oo and Im k 0. 
We may then apply Cauchy’s theorem to write 

^ - 1 - ik ' (11 - 242) 

where C is the contour shown on Fig. 11.10 and containing the point k . 
Letting the radius of the semi-circle tend to infinity, we obtain 

<l, ' 243) 

since the contribution from the semi-circle vanishes. If we let k approach 
the real axis from below, we may write 


/,(k) = 1 - — lim 

Z7C1 £_>() + 



rm -1 

fc' - (fc - is) 


dfc' 


which, by using eq. (11.167) yields 


(11.244) 



rm -1 


dfc'. 


fc' - fc 


(11.245) 
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Taking the real part of this equation, we obtain the dispersion relation 

*+ 00 ' 


Off" 

leq. (11.167) 

m -1 - i 

J -oo fc “ k + is 


or, using again eq. (11.167) 


Because //(A:) = |//(k)| exp[i<5j(k)] we may also write 

y(k') exp{—i<5*(fc')} sin <5,(k') 


/A) 


=! - i i, m n^> 

^ £-»0 + J - 00 


(11.246) 


(11.247) 


k' — k + ie 


dfc'. (11.248) 



Fig. 11.10. Illustration of the contour C of the text. 


The solution of this integral equation for / z (k) requires in general the 
knowledge of the zeros of /,(k) in the lower half k-plane (i.e. the bound state 
energies E t ) in addition to the phase shift S t (k). It is then possible to show 
[14, 69] that 


m / p\ r i f + oo 


W) 


k' — k + is 


dk' 


(11.249) 


where n x is the number of bound states of angular momentum / and 
E = h 2 k 2 /2m. 

It is also of interest to obtain dispersion relations for the Jost function in 
the energy plane. To this end, we first note that 


A(~k) = 1 + 


- lim f 
^ e-*0 + J — o 


(k' + k) Im /,(— k') 


k' 2 - (k + is) 2 

Defining D t (E) = /i(—k), we obtain 

^ e-»0 + J 0 E E IS 


dk'. 


(11.250) 


(11.251) 


where we have used the fact that Im /,(k) is an odd function of k [because 
/j(k) = /*(—k)]. We note that the physical value of D,(E) is obtained by 
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approaching the real axis from above. The representation (11.251) allows one to 
extend D t (E) as an analytic function in the entire physical sheet of the com¬ 
plex energy plane, cut along the real positive axis. From the definition of 
D t {E) we see that along the real axis 

D l {E) = \D t (E)\ exp{ —i<5/CE)} (11.252) 

so that 


lim n If + ' £ \ = exp{-2i<5 i ( J E)} = Sf’(£). 
£ _ >0 + ~ 

We also obtain from eq. (11.249) the expression 


(11.253) 




where we have used the fact that S^k) is odd in k. 


11.6. Effective range theory 


In this section we want to apply our knowledge of the analytic properties of 
scattering amplitudes to the analysis of potential scattering at low energies. 
We shall first prove by using the properties of the Jost functions that for a 
certain class of potentials the quantity k 2l + 1 cot d t (k) may be expanded for 
sufficiently small values of A: as a power series in k 2 . 

To this end, let us consider the partial wave amplitudes 

a,(k) = ^(/c) - 1] (11.255) 


which we express in terms of the Jost functions /,(/c) and [see eq. 


(11.93)] as 


a,(fc) = 


1 m - A( -k) ~ 

2ifc[_ /,(-fc) _ • 


(11.256) 


We impose on the potential the condition (11.21), namely 
| °° e'"' |t/(r)| dr < oo 

so that the Jost function /(k) is analytic for Irak < and the partial wave 
amplitude a,(k) may be continued off the real axis into the complex fc-plane. 

Following Goldberger and Watson [70], we rewrite eq. (11.256) in the 
energy plane as 

a i{E) = Ni(E)/Di(E) (11.257) 


where D t (E ) = /,(— k) as in the preceding section and 

m - A(-k) 


N,(E) = 


2i k 


(11.258) 
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We note that since /*(—&*) = f x (k) the function N X (E) is real for real E. 
Furthermore N X (E) is unmodified when k -► — k. Thus, since f x {k) is analytic 
in the fc-plane for Im k < N X (E) is analytic in the energy plane for 

\E\ < h 2 p 2 /Sm. (11.259) 

Let us now consider the quantity 

ar\E) = D£E)/N£E) = k cot 8 x (k) - i k. (11.260) 

Using the fact that N X (E) is real [71], we have 

kN t (E) cot 8 X (E) = DIE) + i kN t (E). (11.261) 

Now N X (E) is an analytic function of E inside the circle defined by (11.259) 
and D X (E ), as given by eq. (11.251), is analytic in the is-plane cut along the 
real axis. Moreover, as E -> E exp(2i7r), we see that 

D X (E) -> D X (E e 2in ) = //(A:) 

= K-k) + [fi(k) - /,(-*)] = Dm + 2\kNi(E) (11.262) 

while at the same time i kN x (E) -+ — ikN x (E). Therefore, the right-hand side of 
eq. (11.261) is unchanged when E -> E exp(2in) and we may conclude that the 
function kN x (E) cot 8 X (E) is analytic in the E-plane within a circle of radius 
h 2 p 2 l%m. We may thus write in this domain the power series expansion 


kN x (E) cot 8 X (E) = cl 0 4- cl^E + cl 2 E 2 + • • • (11.263) 

Except for a zero-energy resonance [in which case D X ( 0) = 0], we see from 
eq. (11.257) that for \E\ < h 2 p 2 /Sm we may also expand the function N X (E) as 

N X (E) = k 2l (P o + M + P 2 E 2 + • • •) (11.264) 

where we have used the fact [see eq. (4.124)] that 

am - k 21 . (11.265) 

o 

Replacing the development (11.264) in eq. (11.263), we find that 

k 2l+1 cot S,(E) = c 0 + c t E + c 2 E 2 + ■■■ (11.266) 


for \E\ < h 2 n 2 /8m. We have therefore proved our statement about the 
analyticity of the quantity k 2l+1 cot <5, as a function of E (or k 2 ), provided 
the potential obeys the condition (11.21). 

Let us now determine the first coefficients of the expansion (11.266). We 
start from the radial equation (4.17), namely 

[d 2 /dr 2 + k 2 - /(/ + \)jr 2 - U(r)] Ul (k, r) = 0 (11.267) 

and shall only analyze in detail the case of s-wave scattering. We denote by 
u°(r) the solution of this equation for k -» 0 and l = 0. That is 

u°(r ) = lim u 0 (k, r). (11.268) 

k-> 0 

Therefore 

[d 2 /dr 2 — U(r)]u°(r) = 0. (11.269) 
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In the region r > 0 , where the potential can be neglected [72], we have 


^2 M °0) - 0 

(11.270) 

and therefore [73] 


u°(r) ~ Br + C, r > a. 

(11.271) 

On the other hand, from eq. (4.44), we deduce that 


u°(r) -* A[r — a] 

r-* oo 

(11.272) 

where 


tan 5 0 (k ) 
a = — lim--- 

fc->o k 

(11.273) 


is the scattering length defined by eq. (4.125). Thus a has a simple geometrical 
meaning: it is the intersection of the asymptote to u°(r) with the r axis (see 
Fig. 11.11). From eq. (11.269) and this geometrical interpretation of a one 
immediately deduces that 

1) For a repulsive potential (U > 0) the curvature of u° is always away from 
the r-axis so that a > 0. 

2) For an attractive potential 

a) incapable of producing an s-wave bound state: a < 0 (see Fig. 11.12a), 

b) capable of producing an s-wave virtual state or “zero-energy resonance”: 
a = oo (see Fig. 11.12b), 

c) capable of producing one s-wave bound state: a > 0 (see Fig. 11.12c). 


u(r) 



Fig. 11.11. Illustration of the geometrical meaning of the scattering length a. 

These considerations can easily be generalized to the case of several 
bound states. 

Returning to the definition (11.273), we note that 

lim k cot <5 0 (fc) = — - (11.274) 

fc -> o ^ 

so that the first coefficient c 0 of the expansion (11.266) (for / = 0) is given 
by c 0 = -a -1 . 
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To determine the next coefficient, we consider again the radial equation 
(11.267) for two arbitrary energies 

= h 2 kl/2m ; E 2 = h 2 k\j2m 

and we define 

u l (r) = u 0 (k u r ); u 2 (r ) = u 0 (k 2 , r ). 

Hence 

[d 2 /dr 2 + k\ - U(r)]u\r) = 0 
and 


(11.275) 

(11.276) 

(11.277) 


^ \ 

\ 

\ 

\ 

\ 

\ 

\ 

i 

ft' 

~ r '' 


U(r) 



(a) 


Fig. 11.12. Illustration of the scattering length a for various attractive potentials. 

If we multiply eq. (11.277) by « 2 (r), eq. (11.278) by u x (r\ and subtract, 
we obtain 


~(u l u 2 ' — u 2 u 1 ') = (fc 2 - kl) u l u 2 


(11.279) 


where the prime denotes differentiation with respect to r. 

Let us now define two functions v 1 and v 2 , solutions of the radial equation 
without the potential, 

[d 2 /dr 2 + k\]v\r) = 0, 

' „ (11.280) 
[d 2 /dr 2 + k\}v\r) = 0 

so that one has 

lim u\r) = v\r). (11.281) 


Let us choose our “normalization” such that i/(0) = 1 (/ = 1, 2). Thus 

sin^r + S 0 ) 


v'(r) = 


sin 8 0 


We also have 


-^-(v l v 2f — v 2 v lf ) = (kl — kl) v l v 2 . 
dr 


(11.282) 

(11.283) 
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Subtracting (11.283) from (11.279) and integrating on r from 0 to oo, we 
obtain 

\u l u 2 ' — u 2 u lr — v l v 2 ' + uV']o = (kl — fcf) J (u l u 2 — v i v 2 )d r. (11.284) 
Taking into account eq. (11.282) and the boundary conditions, we then have 
cot^o(ki) — k 2 cot d 0 (k 2 ) = (k\ — k|) J (v l v 2 — u l u 2 )dr. (11.285) 
For the particular case k t = k and k 2 -> 0, this equation becomes 

k cot 8 0 (k) = -h k 2 I (v k v° — u k u°)dr (11.286) 

a J o 

with 

v°(r ) =1 - r/ot (11.287) 

and v k = v 1 , u k = u 1 for k x = k. 

Let us define the quantity 


(11.287) 


b(k) = 2 j (v k v° - u k u °) dr. 


(11.288) 


We may then rewrite eq. (11.286) as 


k cot d 0 (k) = ~ ^ + \b(k)k 2 


(11.289) 


which is known as Bethels formula [74]. It is important to note that the 
potential U(r) should tend sufficiently fast to zero as r -> oo so that the 
integral on the right-hand side of eqs. (11.284) or (11.288) exists. The analysis 
made at the beginning of this section shows that the condition (11.21) 
on the potential is sufficient for our purposes. For such potentials, the 
contribution to the integral on the right-hand side of eq. (11.288) arises 
essentially from the “internal” region (within the “range” of the potential), 
where one may replace [75] approximately u k by u° and v k by v°. Then 
eq. (11.289) becomes the effective range formula 

k cot 5 0 (k ) = ~l+ ir e k 2 + ■■■ (11.290) 


where the effective range r e is defined by 

r e = 2 [(y 0 ) 2 — (« 0 ) 2 ] dr. 


(11.291) 


The factor of two in front of the integral has been chosen in such a way 
that for a square well potential of range a one has r e = a . We have thus 
determined the second coefficient of the expansion (11.266) when / = 0. 

The effective range formula (11.290) has been particularly useful to 
analyze nucleon-nucleon scattering at low energies. The existence of a 



ANALYTIC PROPERTIES OF SCATTERING AMPLITUDES 


291 


formula of the type (11.266) was first realized empirically by Breit et al. 
[76], then discussed by Landau and Smorodinsky [77] and demonstrated 
from the variational method (see Section 10.2) by Schwinger [78]. The 
simpler derivation given here is based on the work of Chew and Goldberger 
[79], Barker and Peierls [80], and Bethe [74]. We note that from eq. (11.290) 
we obtain for the total cross section at low energies 


471 


G tnt ~ < 7 0 ~ 


(11.292) 


k 2 + [-1/a + ir e k 2 ] 2 

which of course reduces to 47ra 2 when k -+ 0. 

The effective range theory also permits one to establish a relationship 
between the effective range r e and 1 = 0 bound states, if they exist. Indeed, 
let us consider the case where k\ = k 2 > 0 but k\ = — v 2 < 0 (so that the 
bound state energy is E B = —ft 2 v 2 /2m). Then, from eq. (11.285), we have 


k cot 5 0 (k) + |v| = (k 2 + 




(vV — u k u v ) dr 


(11.293) 


where 

and 


(11.294) 

(11.295) 
0), the relation (11.293) 

(11.296) 


[d 2 /dr 2 - v 2 ]u v (r) = 0 

[d 2 /dr 2 - v 2 - U{r)]u\r) = 0. 

For a bound state of small binding energy (v 
becomes 

k cot 5 0 (k) + |v| = irjjc 2 + v 2 ) 
and for k -> 0, one has 

-1/a = - |v| + ir c v 2 . (11.297) 

The equations (11.296) and (11.297) permit one to express the effective 
range as a function of the energy of the bound state (since |v| = [2m\E B \/h 2 ] i/2 ), 
provided 5 0 (k) or a are known with sufficient precision. 

As an application of these considerations, let us examine low-energy 
(/ = 0) neutron-proton scattering in the C.M. system. Because the nuclear 
forces are spin-dependent, we must consider both singlet (S = 0) and triplet 
(S = 1) scattering. For singlet scattering we shall use the symbols a s , and 
<r s while for triplet scattering we write a 1 , r* and a 1 . Since the deuteron bound 
state occurs for S' = 1, we use eq. (11.297) in this case to obtain 

— l/a l ~ — |v| + irjv 2 . (11.298) 

Here 

|v| = (M\E B \/h 2 ) 1/2 (11.299) 


where M is the nucleon mass [81] and |JE7 B | = 2.23 MeV is the deuteron 
binding energy. If the initial spins are randomly distributed, the total cross 
section for the observed process is given by 

<7 = i<7 s + (11.300) 
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The experimental data then yield [82] a s = — 2.4 x 10“ 12 cm, a 1 = 5.4 
x 10~ 13 cm, = 2.5 x 10” 13 cm and r\ = 1.7 x 10" 13 cm. Had we 

neglected the spin dependence of nuclear forces, we would have obtained 
from eq. (11.297) a (single) scattering length a = 5.4 x 10~ 13 cm yielding a total 
cross section in strong disagreement with experiment. The suggestion that 
spin-dependent effects must play an important role in nucleon-nucleon 
interactions was made by Wigner in 1935. 

It is also possible to develop the effective range theory in the presence of 
a Coulomb potential [see e.g. 83]. An important application is the study of 
low-energy proton-proton scattering which, in particular, allows one to test the 
postulate of charge independence . According to this postulate, the interaction 
between two nucleons is the same (for a given state of angular momentum and 
spin) whether the particles are neutrons or protons. 

To conclude this section on the effective range theory, we mention the, 
case of a potential which does not obey the condition (11.21) and for which 
therefore, we should not expect an expansion of the form (11.266) to be valid. 
This is the polarization potential 

V(r) = - otQ 2 /2(r 2 + d 2 ) 2 (11.301) 

which plays an important role in the scattering of a charged particle by a 
neutral atom [84]. Here Q is the charge of the incident particle, a is the 
polarizability of the atom and d is a parameter having the dimensions of a 
length. We note that this interaction behaves like r -4 for large r. Although 
the effective range integral (11.291) diverges in this case (Problem II, 61), 
a modified expansion of the type 

1 nP 2 (P 2 k 2 \ 

k cot S 0 (k) = - - + -yk + 0 -log Pk (11.302) 

a 3a \ a ) 

has been obtained by O’Malley, Spruch and Rosenberg [85]. Here a is the 
scattering length and 

P 2 = oimQ 2 /h 2 . (11.303) 

We observe that the long range of the potential introduces a term linear in k 
and a term of the form k 2 log k . This modified effective range expansion has 
been useful in describing the low-energy scattering of a charged particle by a 
neutral atom. 
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Time-Dependent Potential Scattering 


We have already pointed out in Chapter 3 that the time-independent approach 
to scattering processes represents an idealization of the experimental situation. 
Indeed, it is obvious that the interaction between the “beam” and “target” 
particles only begins when the incident beam is sent on the target and stops 
when the scattered particle is detected. We shall study in this chapter how to 
take the time-dependence of the interaction into account in the simple case 
of potential scattering. A general time-dependent approach to collision 
phenomena will be developed in Part III. 

We begin in Sections 12.1 and 12.2 by generalizing the methods of Chapter 5 
to obtain the time-dependent Green’s functions and integral equations 
describing the collision process when the interaction V(r , t) depends explicitly 
on the time variable. Section 12.3 is devoted to time-dependent perturbation 
theory. We first consider a method of solution of the dynamical equation 
which is analogous to the treatment given in Chapter 8; another perturbative 
approach, the method of “variation of the constants” will also be analyzed. In 
Section 12.4 we evaluate the transition probabilities and therefore the cross 
sections which (see Section 1.3) may be defined as transition probabilities per 
unit time, per scattering center and per unit incident flux. 

12.1. Time-dependent Green's functions [1] 

Let us consider the non-relativistic scattering of a spinless particle of mass m 
by a time-dependent potential V(r, t). We shall treat this collision phenomenon 
as a modification of the (free) initial state of the particle caused by the inter¬ 
action acting during a certain time interval and inducing transitions in the 
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system. We must therefore solve the time-dependent Schrodinger equation 

HW(r, t) = ihj t nr, 0 (12.1) 

where the Hamiltonian operator, written in the coordinate representation, 
reads 


-Vr + V(r, i). 


We shall also denote by 


H - 

H o = - ^“V r 
2m 


the time-independent, “unperturbed” Hamiltonian such that 

H 0 <P(r) = E$(r). (12.4) 

The eigenstates of H 0 are therefore given by 

<P(r) = (2n)~ 3/2 exp(iA: • r) (12.5) 

where E = h 2 k 2 /2m and we have adopted the “normalization” conventions 
of Section 5.1. The stationary solution of the time-dependent Schrodinger 
equation 


- d 

\h--H 0 cp(r , t) = 0 


corresponding to the energy E is therefore given by 

(p(r, t ) = (2tc)" 3/2 exp(iA: • r) exp(—iEt/h) 
or 

(p(r 9 1) = (2tc)" 3/2 exp{i(fc • r — (ot)} (12.7) 

with co = E/h. 

Let us now return to the full time-dependent Schrodinger equation (12.1). 
As in Section 5.1, we first rewrite this equation as 




t) = F(r, t)W(r, t) 


where we consider again the right-hand side as an inhomogeneous term. 
The general solution of this equation may be written as 

V(r, t ) = <p(r, t) + f K 0 (r, t ; /, t')V(r', t’)¥(/, t ') dr'd t' (12.9) 

where K 0 (r , t\ r\ t f ) is a time-dependent Green's function or propagator [2] 
such that 

[i h - H 0 ^K 0 (r, f, r\ t’) = 5(r - r')d(t - t'). (12.10) 
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In order to obtain the function K 0 it is clearly sufficient to solve the equation 


” 8 h 2 ~ 

Xh Jx + 2m R _ 


K 0 (R, t) = 5{R)d( t) 


( 12 . 11 ) 


where we have set R = r — r' and t = t — t'. As in Section 5.2, it is con¬ 
venient to study this equation in wave vector space. We first note that 

<5(/?)<5(t) = (2tt)- 4 f exp(W • R) dk 'dto (12.12) 

and we define the object K 0 {k', co) [cf. eq. (5.11)] by the relation 

K 0 (R, t) = (2k)- 4 J exp(i*' R) e _i "' K 0 (k',co) dk' d co. (12.13) 

Substituting eqs. (12.12) and (12.13) into eq. (12.11), we then have 
(2 tc) _4 | (hco — ' S jK 0 (k\a))— 1J exp{i(fc' * R — cot)} dk' dco = 0 (12.14) 

so that 


K 0 (k\ co) = 


1 


hco — h 2 k' 2 l2m 

and therefore we deduce for K 0 (R, t) the integral representation 

’ exp{i(fc' • R — cot)} 


K 0 (R 9 t) = (2n)~ 


f 


dk' dco. 


hco - h 2 k! 2 \2m 
Let us first consider the integral on the variable co, namely 

e _ “' 


/•+C 


dco 


(12.15) 


(12.16) 


(12.17) 


co — co 0 

where co 0 = hk' 2 /2m. We see that the integrand has a pole at co = co 0 so that 
we must avoid this singularity by choosing an appropriate path in the 
complex co-plane. As in Section 5.2 the criterion for selecting this path will 
be that the Green’s function leads to a wave function having a physically 
acceptable behaviour. In Section 5.2 the Green’s function Go +) (r, r') given 
by eq. (5.27) was determined by requiring that the stationary scattering wave 
function satisfies the boundary condition (3.27). In the present case the 
physical requirement will be the concept of causality . 

To understand how this comes about, let us examine the following expres¬ 
sions 

C+oo p-iau 

/ (±) = h~ x lim -r dco (12.18) 

e ^ 0 + J -oo co - co 0 ± ie 

which are obtained from the quantity 1 by shifting the pole of the integrand 
respectively below and above the real co-axis by a small positive quantity 
e -+ 0 + (see Fig. 12.1). Since 

exp(—icot) = exp(—it Re co) exp(t Im co) 
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it is clear that for negative values of t we should close the integration contour 
in eq. (12.18) by a large semi-circle C t in the upper half co-plane (Imco > 0). 


Im oj 


Im co 


/ """ 
y' 

X 

/ 

/ 

1 

"\ c 1 

\ 

\ 

w 0 \ 

\ ^ 

-* 7 Re OJ 

\ 


\ 

/ 

\ 

/ r 

X 

/ L 2 

— 



a" 


\ 


\ c i 

\ 

\ 


L_ 


y 


- 1 

0 / 
/ 

/ C 2 


Re co 


(a) 


(b) 


Fig. 12.1. The poles (x) and integration contours Ci and C 2 which appear in the 
evaluation (a) of /+; (b) of /_. Here o> 0 = hk' 2 l2m. 

Letting the radius of Q tend to infinity we therefore obtain immediately 

7 <+> (t) = 0, t < 0 (12.19) 

while 

7 <_) (t) = ft _1 27ti exp(—io»o T ) exp(et), x < 0 (12.20) 

where the limiting process e -*■ 0 + is implied. Similarly, closing the integration 
contour in the lower half-plane (contour C 2 of Fig. 12.1) for x > 0, we find 
that 

7 (+) (t) = — ft _1 27ii exp(— i(o 0 x) exp(— ex), x > 0 

while 

7<->( T ) = 0, t > 0. 

Introducing the step function 0(x ) such that 

a( r \-P> T>0 

) \0, r < 0 

we may rewrite eqs. (12.19)—(12.22) in a more compact way as 


( 12 . 21 ) 

( 12 . 22 ) 

(12.23) 


and 


2n\ 

I i+ \x) = —— exp(— \(o 0 x) exp(— ex)&(x) 


2n\ 

I <-) (t) = — exp(-ia> o t)exp(eT)0(— x). 
h 


(12.24) 

(12.25) 


Hence, going back to the integral representation (12.16) we see that the 
time-dependent Green’s function 7sTo +) (7f,T) corresponding to 7 <+) is given by 


K ( 0 + \R, x) = - (2n) 3 -exp(-si)0(i) | exp(ik' • R) exp 


j‘ 




(12.26) 
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while similarly 

i C f hk' 2 1 

K ( 0 \R , t) = (2n) 3 - exp(er) <9 (-t) exp(i k' • R ) expj — i t > dfe'. 

(12.27) 

Let us now return to the integral equation (12.9) for the full wave function. 
Remembering that R = r — r and t = t — t' we have 

y< +) (r, 0 = (p(r, t) + j dr' j + °° dt' K ( 0 + \r,t;r\ t')V(r\ t')^ (+ \r', O- (12.28) 

Since the propagator A^ ( 0 +) vanishes for t — t' < 0 we may also write 

W <+ \r, t ) = (p(r, 0 + | dr'j ( d f K ( 0 + \r, t;r\t')V(r\ t')^ (+ \r', *'). (12.29) 

On the other hand, the time dependent Green’s function K o _) leads to the 
integral equation 

^~\r, t ) = <p(r, 0 + | dr' d t'K ( 0 ~\r, t;r', t')V(r\ t')^~\r', t'). (12.30) 

Thus the wave function l F {+ \r, t) is obtained only from values of t f ) 

at times t ' < t which are prior to t. On the contrary, the solution W { ~\r 9 t) is 
constructed from values of ^ (_) (r', t ') corresponding to times t' > t. Hence 
in order to insure causal propagation - so that W(r 9 1) should be determined 
by values of W(r\ t') at times t' < t lying in the past - we must adopt the 
causal or time-retarded Green’s function (or propagator) Ko +) . The other 
Green’s function Ao -) is called the time-advanced propagator. 

It is a simple matter to obtain from eqs. (12.26) and (12.27) the explicit 
expressions of the Green’s functions Ko +) and J?cfWe use Cartesian coordi¬ 
nates such that R = ( X , T, Z) and k' = ( k' x , fc', k' z ). We then note that 
+ 00 


J 


exp(ifc*X) exp 


■ - 1 ^}} ik ’ (i23i> 


= exp 


'< i —} 

[iftT 


mi: 


exp(-i ql) dq x 


where we have set q x = (hT/2m) 1/2 (k' x — mX/hx). The integral appearing on 
the right-hand side of eq. (12.31) is not strictly convergent, but it can be 
evaluated by inserting an integration factor exp(—a ql) into the integrand 
(with a real and positive) and taking the limit a -► 0 + at the end of the 
calculation. Since 

exp{-(oc + i)q 2 x } d q x = (—^- 7 ) (12.32) 


i: 
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we then find that 


J ' s « >k ‘ x) exp {- i ^} ^ - (w)’ - (i2 - 33) 

Using similar results for the integration over the variables k' y and k' z in 
eq. (12.26) we obtain 

~ ( ^7T exp<_ " ) 0W (lr) ' ■ 


Returning to our original variables (r, t\ r\ t'\ we may also write 


xexp{ — e(t — t')}&(t — t')expli 


.m\r — r'\ 2 

l 2 h[t - 7) 


(12.34) 


(12.35) 


or, letting a -> 0 + , we find that 

~ ' <**> 

Similarly, we obtain for the “advanced” propagator 

™ « '■ ''> - «•' - ‘>‘ 4 ^} • (1 “ 7) 


(12.37) 


12.2. Time-dependent integral equations 

With the causal Green’s function determined in the way described above, 
we may now return to the integral equation (12.29). Thus we have 


V ( + Xr, 0 = q>(r, t ) + 




27iift(t — t') 


XCXP { i 2 t '^ +)( - r '’ f) - (1138) 

This is the desired equation which generalizes the results of Chapter 5 and 
allow us to treat time-dependent interactions. We may also use the expression 
(12.26) of Ko +) to write 

!P ( + ) (r> t ) = cp(r, t ) + ^(2n)~ 3 j*dr' j* dt' J*dfc' exp{ifc' (r — r')} 
f hk' 2 ) 

x expj - i —(t - 0| exp{-£(/ - 0} V(r\ t')*P (+ V, O- (12.39) 
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In order to gain some insight into the interpretation of these equations, let 
us first consider the simple case of scattering by a time-independent potential 
V(r). We would then expect to recover the results of Chapter 5. First of all, 
we may look in this case for stationary solutions of the form 


V (+ \r, 0 = CV) exp^-j-E^ (12.40) 

where k { is the incident wave vector and E i = h 2 kfl2m [3]. Furthermore, 
we have 

(p(r 9 1 ) = (2tt )" 3/2 exp(ikj • r) expj —(12.41) 
so that eq. (12.39) becomes 

1 / 4 +V) expj-^Ei<j = (2n)~ 312 exp(ifc; • r) expj-^E^j 

+ l(27i) -3 J*dr' J dt' J*dfc' exp{ifc' • (r-r')} expj — i^-(l — ?')| 

xexp{-e(l - OmOCV) expj-±E/j . (12.42) 

Let us perform the integral on the variable t\ Since 



exp{i(ft/c' 2 / 2 m — hkf/2m — ie)t} 
\{hk ,2 !2m — hk 2 /2m — ie) 


(12.43) 


we find from eq. (12.42) after cancelling the common factor exp( —i E^fh) 
that 

Vk!X r ) = ( 2n )~ 312 exp(ifci • r) 

-(2ny 3 lim jdr'Jdfc' (12.44) 

where U(r) = 2mV(r)/h 2 is the reduced potential. We see that eq. (12.44) is 
precisely the Lippmann-Schmnger equation (5.33), namely 

= ( 2 ft)~ 3/2 exp(ifcj • r) + J G^ +) (r, r')l/(r')^+>(r')dr' (12.45) 

where the time-independent Green’s function G { 0 + \r , r') is given by eqs. (5.27) 
or (5.30) with k = k { . 

Let us now analyze the equations (12.38) or (12.39) from a more general 
point of view. Instead of replacing V(r, t) by a purely time-independent 
potential V(r) 9 as we did above, we may imagine that the interaction is 
“switched on” at a certain instant t = 0 and “switched off” at the time t 
while remaining time-independent between the two times 0 and t . Thus we 
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may write in this case eq. (12.38) as 

r*\,, o = o + i JV J o dt- ,, J ' 2 

xexp { i ^r-o } K(oy<+v> (ii46) 

We shall return to this equation in the next section. Another possibility 
would be to “switch on” the interaction in an adiabatic way by writing 

V(r,t) = V(r) exp(—e|/|) (12.47) 

where e is again a very small quantity, real and positive. In this way the 
interaction is “switched off” in the very remote past and slowly “turned on” 
as time proceeds. Insertion of the interaction (12.47) into eq. (12.38) then 
yields again the Lippmann-Schwinger equation (12.44). Thus the “ie prescrip¬ 
tion” may also be considered as arising from the condition that in the very 
remote past there is no interaction, so that the state vector then describes free 
particles. 

Before we conclude this section let us remark that a compact solution of 
the integral equation (12.28) may be formally written down by using a method 
completely similar to the one we used in Section 5.4. Thus, writing 

9* +> (r, 0 = q>(r , 0 + X (+ >(r, 0 (12.48) 

and substituting into eq. (12.8) we find by using eq. (12.6) that 

^ J t ~ H o~ V{r, ojx (+) (r, 0 = V(r, t)q>^\r, t ). (12.49) 

If we know the total time-dependent causal Green’s function K {+) (r, t\ r\ t') 
satisfying the equation 

[i h l t ~ H 0 - V(r, oJk (+ V, t; /, i’) = 5{r - r')5(t - t') (12.50) 

then we may obtain explicitly the wave function W i+ \r, t ) as 

W + \r, t ) = (p(r, t) + J dr' J dt' K< + \r, f, r', t')V(r', t')<p{r\ t'). (12.51) 

Moreover, since eq. (12.50) may be rewritten as 

H^ + \r,t-r', t') 

= S(r - r')5(t - t’) + V(r, t)K (+ \r, t; r', t') (12.52) 

we also find with the help of eq. (12.10) that the total causal Green’s function 
satisfies the integral equation 

A' (+) (r, t; r’, t') = Ktf\r, t ; /, t') 

+ f dr" J dt" K ( 0 +) (r, f, r", t")V(r", t")K < + ) (r", t"; r', t'). (12.53) 
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Similar results obviously hold for the corresponding “advanced” total 
propagator £ (_) (r, t; t'). 

123 . Time-dependent perturbation theory 

In this section we want to obtain the time-dependent wave function 'F (+) (r, t) 
by using perturbation theory. We shall first study an iterative method 
analogous to the Born series of Chapter 8 and then discuss the method of 
variation of the constants. 

12.3.1. The Born series for the time-dependent wave function 
Let us attempt to solve the integral equation (12.28) by iteration, starting 
with the unperturbed solution cp(r , /) given by eq. (12.41). We obtain in this 
way the Born sequence of functions 

Voir, 0 = V(r, 0 > 

Vi(r, t) = (p(r, t) + J .K ( o + V, l; r', t')V(r', t')(p(r’, t’) dr'd t’ 

<F 2 (r, t) = q>(r, t) + f K^ir, t; r\ t')V(r', f)Vtf, f) dr' df 


W n (r, t) = <jo(r, t) + f A'o +, (r, c, r', t')V(r’, t (r', t’) dr'd t' (12.54) 

The corresponding Bom series for the function ‘/ /<+) (r, t) is therefore given 

by 

V (+) (r, 0 = E X„(r, t ) (12.55) 

n = 0 

with 

Xo(r, 0 = <p(r, t ) 

X n (r, 0 = | t'> r > t') dr'd t', (12.56) 

Jf„(r, f; r', t') = J Jf^r, t; r", r', O dr" dt", 

n > 1 (12.57) 

and 

Jf t (r, t; r', t') = K< 0 +) (r, f, r', t')V(r', t'). (12.58) 


We see that the Born series (12.55) is a perturbation expansion in powers of 
the interaction. 

Let us examine more closely the first order wave function (r, t) [4]. Using 
eqs. (12.36) and (12.41), we find that 


r,(M) - *„(■•)expj-!*,.} + j_„ d,, [ 2 ,i m- J 

x n<I>k ' (r ' ) exp { _ ^ £it '} (12 - 59) 
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where <Pki(r) = (2n)~ 3/2 exp(ifcj • r). In order to simplify the discussion we 
shall consider the simple case of a perturbation V which is time-independent, 
except that it is “switched on” at the time t = 0 and “switched off” at the 
time t. We then have 



Since we are ultimately interested in evaluating scattering cross sections 
and therefore transition probabilities , we want to obtain the probability 
amplitude a\Y> of finding the final state 

q>f(r, 0 = (27r)~ 3/2 exp(ifc f • r) expj-^E r fj = <P kt (r) exp|-^£ f (| (12.61) 

in the initial state t). Using the more explicit notation W\ l \r 9 t) = 
^(r, 1 ), we have when f ^ i 

4!>«) - = s J dr [ inw- cj ' 

xexp { Tft(t - 7) ^'( r ) v ( r ')K( r ') ex p|^ £ f J | ex p{ _ ^ E i t '} • (12 - 62 ) 


Most of the contribution to the f'-integral comes from the region where 
t r ~ t . Thus, replacing t by t' in exp(iEft/h) and setting u = t — t\ we find 
that 


a " w - Jdr Jd^ J.d. u 


- 3/2 


xexp 


I lm| 2ftu ' ^ }d$( r > F ( r ')0» l ( r '> ex P(- io> fi w ) (12.63) 




where the quantity a>n is given by 

(o fi = (E f - E { )/h. 

Introducing the new variable 

z = Ixhujm 

we may write eq. (12.63) as 

= ^~ 2 n~ 3 ' 2 exp(i<w fi t) f dr f dr' f dz 

tfl J J J 21 Dt/rn 


(12.64) 

(12.65) 


.- 3/2 


x exp| — —— j— |#fc,(r)F(r')4> kl (r') expj-eo fi ^zj (12.66) 
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and the bulk of this integral arises from the neighbourhood of z 
since 


lim7c 3/2 

z->0 


exp(-|r - r'\ 2 lz) 

z 3/2 


= <5(r - 


o 


we see that 

am = ^2 exp(i<o fi 0<f|F|i> J exp|-co n ^z| dz 
where we have defined 


0. Now, 

(12.67) 

( 12 . 68 ) 


<f|F|i> ee (fcflFIfc,) = J *£(r)F(r)* kl (r)dr 
Performing the z-integration in eq. (12.68), we then obtain 


a f { ) (0 = 


<f|F|i> 

hco ri 


{exp(ia» fi 0 - 1} 


(12.69) 

(12.70) 


which is our final result for the probability amplitude corresponding to the 
transition i -> f, calculated to first order of perturbation theory. Higher 
order approximations are obtained in a similar way from the wave functions 
y 2 ,... V n of eq. (12.54). 


12.3.2. The method of variation of the constants 

Before we analyze in more detail the probability amplitude a \\> and the 
corresponding transition probability \a\\^\ 2 y we shall describe an alternative 
method of formulating time-dependent perturbation theory, which is known 
as the method of variation of the constants [5]. Since this approach is discussed 
in any textbook on quantum mechanics [see e.g. 6-8] we shall only give here 
an outline of the method. 

Let us start from the time-dependent Schrodinger equation (12.1) and 
write the total Hamiltonian H as 

H = H 0 + H t (12.71) 

where the “unperturbed” Hamiltonian H 0 is time-independent and H x is a 
time-dependent perturbation. We shall first give a brief summary of the 
method for a general Hamiltonian H such that a separation of the type 
(12.71) is meaningful; the application to the particular Hamiltonian (12.2) 
will be made subsequently. 

We assume that the eigenvalues E n and the stationary normalized eigen¬ 
functions <P n of the unperturbed Hamiltonian H 0 are known. Thus 

Ho*n = E n$ n (12.72) 

so that the general solution of the equation 

H 0 V 0 = ih ^ n (12.73) 

Ct 
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is given by 

n = T l c B * B *q(- l -Ejj (12.74) 

where the coefficients c n are constants and the symbol implies a sum¬ 
mation over the discrete set together with an integration over the continuous 
set of eigenfunctions. Returning to the original Schrodinger equation (12.1), 
and by analogy with eq. (12.74) we write the unknown wave function as 

^ = £ a n(t)$n exp^-^£„^ (12.75) 

where the unknown coefficients a n (t) must clearly depend on the time. 
Substitution of eq. (12.75) into eq. (12.1) yields 

£ a„(H 0 + H l )<P n exp^-^£„jj = ifi £d„<£„ exp^-^E„« 

+£«A^»exp^-^£„^ (12.76) 

where we have used eq. (12.71) and the dot denotes a derivative with respect 
to the time. Using eq. (12.72) and taking the inner product on the left with 
<P k , we find that 

d k (t) = (ihy 1 £ a„(t)(k\H { \ny exp(m kn t), k = 1 , 2,. .. (12.77) 

n 

where co kn = (E k — E n )/h [see eq. (12.64)] while 

ik\HMy = (12.78) 

The system of coupled differential equations (12.77) is strictly equivalent 
to the original Schrodinger equation (12.1), and no approximation has been 
made so far. At this point, however, we elect to solve the system (12.77) 
by using perturbation theory. To this end, we write 

H= H 0 + XH 1 (12.79) 

and expand the coefficients a n in powers of the parameter X [9] as 

a„ = a<°> + Aa< J > + A 2 a< 2 > + ' • * • (12.80) 

Substituting the expansion (12.80) into the system (12.77), replacing in it 
H l by XH l and equating the coefficients of equal powers of 2, we find that 

di 0) = 0 (12.81a) 

4° = (W 1 £ (k\H t \ny exp(ic o kn t)a[ 0) (12.81b) 


d{ s+i) = (ih) 1 £ <k|// 1 |n> expCicu^t)^, s = 0,1, 2,-(12.81c) 
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We see that the original system (12.77) has now been decoupled in such a 
way that eqs. (12.81) may-in principle-be integrated successively to any 
given order. The first equation (12.81a) simply states that the coefficients 
o[ 0) are time-independent. These are clearly the initial conditions of the 
problem. Indeed, before the perturbation is applied, the quantities a £°> are 
identical to the coefficients c k of a particular solution of the unperturbed 
problem. Hence \a[°)\ 2 gives the probability of finding the system in the 
stationary state \<P k > = \k > before the perturbation is applied. Similarly, the 
quantity \a k (t)\ 2 yields the probability of finding the system in the state 
| k} at the time t. 

Let us assume that the system which we consider is initially in a well defined 
stationary state |#i> = |i>. Since we have essentially an infinite amount of 
time at our disposal to “prepare” this initial state, the above statement is 
not in contradiction with the uncertainty relation AEAt ^ h .We then have 

for discrete states, 

[<5(£: — i) for continuous states. 

From eqs. (12.81b) and (12.82) we deduce that 

a{\\t) = (i h)~ l [ f <MH t \iy exp(i co ki t') dt' (12.83) 

J -oo 

where we have chosen the integration constant in such a way that one has 
initially oo) = 0. We have also written explicitly a[\> with a subscript 

i to emphasize that it arises from the initial state |i>. Thus the quantity 

W[\\t) = \a[\\t)\ 2 (12.84) 

yields - to first order in the perturbation calculation - the transition proba¬ 
bility from the initial state |i> to a particular state | k}. 

The relation (12.83) becomes particularly simple if the perturbation H l 
is “turned on” at the time t 0 = 0 and “turned off” at the time t , while 
remaining time-independent during the time interval (0, t). We then have 

4P0) = - ~^~~^ { ex P(ift>)ciO - 1}. (12.85) 

Let us now return to time-dependent potential scattering, for which 
H 0 = — h 2 Vr/2m, H 1 = V(r, t ) and assume that V(r, t ) is “switched on” at 

t = 0, “switched off” at the time t and is equal to V(r) during the interval 

(0,0- We see that in this case eq. (12.85) is identical to the result (12.70) 
which we found from the time-dependent integral equation (12.28) by means 
of first order perturbation theory. 
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12.4. Transition probabilities and cross sections 

Having obtained to first order of perturbation theory the probability 
amplitude for the transition i k induced by the perturbation V(r 9 1 ) 
acting between the times 0 and t 9 we may now write the corresponding first 
order transition probability as 

*nV(0 = IfliiW = KW>I 2 4si f 2 ^ Jkit (12.86) 

or 

= ^l<fe|I'|i>l 2 /(*, fflki) (12.87) 

where we have set 

f(t, ( 0 k i) = (sin 2 (12.88) 

The quantity /(t,co fci ) is displayed in Fig. 12.2 as a function of o ki (for 
fixed t). We note that f{t 9 a> fci ) exhibits a very pronounced peak around the 
value a> ki = 0; the height of this peak is proportional to t 2 , while its width is 
given by 2n/t. A simple calculation using the residue theorem shows that 

f f(t 9 o) k i) dco kl = int (12.89) 

J -oo 

so that the area under the curve in Fig. 12.2 is proportional to t. Moreover, 
one also has [see e.g. 7] 

f(t,(o k i) ~ int 8 (( 0 k i). (12.90) 

f ->00 



Fig. 12.2. The quantity f(t, co ki ) as a function of o ki , for fixed t. 

Let us now consider again eq. (12.87). The sharp peak of the factor 
f(t 9 co k j) around the value co ki = 0 favors very strongly the transition towards 
those final states k for which the quantity co ki does not deviate from zero by 
an amount larger than 5a> ki ^ 2n/t. Thus the transitions occur mainly 
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towards those final states whose energies E k do not differ from the initial 
energy E\ by more than 

SE ~ 2nh/t. (12.91) 

Hence the transitions conserve approximately the energy, the spread in 
energy being given by 2nh/t. 

It is interesting to relate this result with the time-energy uncertainty 
relation AEAt ^ ft. Since the perturbation gives a way of measuring the 
energy of the system by inducing transitions i -+ k , and because the time of 
action of the perturbation is t 9 the uncertainty related to this measurement 
should be approximately h/t 9 in qualitative agreement with the result (12.91). 

It is apparent from the foregoing discussion that for processes which 
occur in the continuum part of the spectrum, we must consider transitions to 
one or several groups of final states | k} whose energy E k lies within a given 
interval (E { — rj 9 E { + rj) centered about the value E f . Let us first consider the 
simple case of one group of states \k >. We denote by p k (E k ) a density of 
levels such that p k (E k ) d E k is the number of states | k} within the energy 
interval ( E k9 E k 4 - dE k ). The first order transition probability from the initial 
state |i> to the group of final state | k} is then given by 

fEt + ti 

WW(0 = Wi\\t)p k (E k )dE k (12.92) 

J Et-n 

where W& is given by eq. (12.87). Assuming that rj is small enough so that 
(Jc | F|i> and p k are nearly constant within the integration range, we have 

4 rati+ti' 

= -|<f|K|i>|Vf(E f ) f{t, co ki ) d co ki (12.93) 

n J 

where we have changed the integration variable to co ki = {E k — E { )lh and the 
state |f> belonging to the group has the energy E { . We have also set if — rj/h 
and we shall assume that f > 2n/t. 

It is clear from the above discussion that the overwhelming part of the 
integral on the right-hand side of eq. (12.93) arises from those transitions 
i -+ k which conserve the energy (within 5E ^ 2nh/t). Indeed, in this case 
co fi ^ 0 so that the peak of the function f{t 9 o ki ) [occurring at (o ki = 0] lies 
within the integration range. Then since f > 2n/t we may write 

pCOfl + l/' p+OO 

fit, 0 } ki ) dco ki ~ fit,( 0 kl )d( 0 k ; = \nt (12.94) 

J J -oo 

and therefore 

w\\\t) 2 Pf fE)t (12.95) 

ft 


with E = Ei = E ( . 
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We are now in a position to evaluate the physically interesting quantity, 
namely the (first order) transition probability per unit time . It is given by 

<> = ^ (0 (12.96) 

or 

vv^ = y \<f\V\i>\ 2 M£). (12.97) 

This formula, first obtained by Dirac [5], has played such an important 
role in time-dependent problems that Fermi called it the Golden Rule [10]. 
We may easily generalize it to the case where there are several groups of 
final states |f> having an energy in the neighbourhood of E h but for which 
the quantity <f | F|i> and (or) the density of levels p f may vary from one group 
to the other. In this case eq. (12.97) gives the transition probability per unit 
time for a given group, and the total value of wn* is 

w fi'(total) = ^ £ |<f'|K|i>| 2 p ( .(E ) (12.98) 

n r 

where the summation runs over the groups considered. 

Let us illustrate these considerations by returning to the analysis of our 
scattering problem. In this case there are many different final free (plane 
wave) states \k { > corresponding to the energy E = h 2 k 2 /2m , but to different 
directions of the wave vector k { . Let us denote by p f (E) d Q d E the number of 
states whose wave vector k { lies within the solid angle d Q and whose energy is 
in the interval ( E , E -l- dE). Then, because of our “normalization” of plane 
waves [see eqs. (5.6)-(5.8)] we have 

p ( (E ) dO d E = dk { = k 2 d k dO (12.99) 

so that the density of final states p f (E) (i.e. the density of levels within the 
particular subgroup of final states whose wave vectors k f lie within dO) is 
given by 

p f (E) = k 2 dk/dE (12.100) 

or 

p f (E) = mk/h 2 . (12.101) 

It is worth emphasizing that p f (E) depends on the normalization [11] adopted 
for the free states |£ f >. 

The first order transition probability per unit time corresponding to 
particles scattered within an element of solid angle dO is then given by 

dw ( f |> = ^ |<f|F|i>| 2 p f (E) d Q. (12.102) 

n 

It is now a simple matter to obtain (to first order) the differential scattering 
cross section corresponding to the transition k x k f . Applying the definition 
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of Section 1.3, we first calculate the incident flux <P A corresponding to the 
plane wave = (27r)“ 3/2 exp(ifcir). That is, 

file 

<P A = (2n)~ 3 — = (2n)~ 3 v (12.103) 

m 

where v = |»,| is the magnitude of the incident velocity. Then, dividing the 
quantity dwj?> by d> A we find that 

d<7 (,) = p (E)dQ. (12.104) 

nv 

Hence 

~dQ (12 ' 105) 


or, using eqs. (12.69) and (12.101), we have 


d<r (1 > 
d Q 


If 


= (I6n 2 ) 1 exp(i A • r)U(r) dr 


(12.106) 


with A = k x — k { and U(r) = 2mV(r)/h 2 . The result (12.106) is precisely the 
first Born differential cross section [see eqs. (8.30)—(8.31)]. We have therefore 
rederived to first order - and within the conditions discussed above - the 
results of the time-independent theory. 

We shall not attempt here to obtain transition probabilities beyond the 
first order of perturbation theory. This problem will be discussed in Chapter 
15 in a more general context. 
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[9] The purpose of introducing the parameter A is simply to identify the various orders in 
the perturbation; A is then set equal to one when this identification has been made. 

[10] It is clear that the Golden Rule holds equally well for a system described by the general 
Hamiltonian H = H 0 + H u where H 0 is time-independent and the perturbation H t 
is also independent of t except that it is switched on at one time and off later on. In this 
case one has wff = (27r/#)|<f|// 1 |i>| 2 /3 f (£)- 

[11] This may be seen as follows. Let us assume that the free states \k> are normalized in 
such a way that 

<*'|*> = B(k - k')IN(k ) 
and 

/ dk\k}N(k) <k\ = 1 

where N(k) is a real, positive function. The number of states in the interval ( k , k 4- d&) 
is then given by N(k) d k. Hence the number of states | k> whose wave vector lies in the 
solid angle (Q, Q + d£?) and whose energy E — h 2 k 2 llm is in the band ( E , E + d E) is 
given by 

P (E) dQ dE = N(k) d k = N(k)k 2 dk dQ 

so that 

P (E) = N(k)k 2 dkldE. 

The “normalization” chosen in the text is such that N(k) = 1. 



Problems to Part II 


1. Obtain the phase shifts 8 t produced by a repulsive potential of the form 
V(r) = A/r 2 (A > 0). Discuss the angular distribution. Is the total cross 
section finite? Explain. [Note: For given v and large ^ one has 
jv(x) ~ sin(x - %vri)/x.] 

2. Consider now an attractive potential given by V(r) = A/r 2 (A < 0). 
How must the treatment of Problem 1 be modified? Show that there is 
only a restricted range of values for A such that the radial Schrodinger 
equation (4.17) has acceptable solutions. 

3. Assume that in a given elastic scattering experiment between two particles 
without structure the center of mass differential cross section do/dQ may 
be represented by an expression of the type 

do/dQ = A + BP t (cos 0) 4- CP 2 (c os 0). 

Express the coefficients A , B and C in terms of the (real) phase shifts <5*. 

4. In a certain nuclear elastic scattering experiment carried out at low 
energies (k = 3 x 10 12 cm -1 ), differential cross sections are measured 
for 10 values of cos 0, where 0 is the scattering angle in the center of 
mass system. The results are the following: 


cos 6 

dcy/dQ (in mb/sr) 

0.9 

8.0 

0.7 

7.2 

0.5 

6.9 

0.3 

6.2 

0.1 

5.6 

-0.1 

5.0 

-0.3 

4.4 

-0.5 

4.0 

-0.7 

3.2 

-0.9 

2.5 


Each measurement of do/dQ is estimated to have a ± 5% error. 
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a) Determine approximately the / = 0 and / = 1 (real) phase shifts, 
neglecting phase shifts with / ^ 2. Show that the resultant error in <5 t is 
greater than the error in <5 0 . 

b) Assume that it is known that the two particles cannot form a bound 
state. How will this information be useful in making the analysis of (a) 
more precise ? 

c) Estimate to what extent the neglect of the partial waves higher than 
/ = 1 is justified by the data. 

5. Consider the low-energy scattering produced by a real potential of 
finite range a. Assume that the scattering is non-resonant and that the 
phase shifts with / ^ 2 may be neglected. Show that the influence of the 
p-wave phase shift <5 t is much stronger on the angular distribution than 
on the total cross section. In particular, analyze the contribution of the 
s- and p-waves to the differential and total cross sections when ka = 0.3, 
b 0 = 25° and S t = 2°. 


6. Using the first three partial waves (/ = 0, 1, 2), study the low-energy 
scattering by an attractive square well potential of (reduced) strength U 0 
and range a. In particular, plot the phase shifts, the partial wave cross 
sections and the total cross section as a function of ka when 0 ^ ka ^ 2 
and (i) U 0 a 2 = 1, (ii) U 0 a 2 = 10. 


7. Determine the total cross section for low-energy (s-wave) scattering by a 
potential barrier such that 



U o (>0), 

0 , 


r < a 
r > a. 


Obtain the “hard sphere” low-energy result <7 to t = 4na 2 as a limiting case. 


8. Using the first four partial waves, obtain the differential and total cross 
sections for the scattering by a hard sphere when the reduced de Broglie 
wavelength X = k~ x of the incident particle is equal to the radius a of the 
sphere. Discuss the accuracy of your results. 


9. Show that the first Born approximation (8.74) for tan b { leads to the first 
Born scattering amplitude (8.35) if b x 4, 1 for all values of /. [Hint: Use 
the fact that 

jo(M - £ (21 + l);f(fer)P ( (cos0).] 

1 = 0 


10. Consider the partial wave expansion (4.64) of the scattering amplitude, 
namely 


f(k, 0) = f (21 + l)a,(fc)P,(cos &). 
1 = 0 
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a) Write a general expression for a x (k) in terms of/(&, 0). 

b) Assume that we are dealing with a Yukawa potential 
U(r) = U 0 e“ ar /r. Using the Born approximation to f(k , 0 ), find a x (k). 

11. Consider the scattering produced by a central, real potential. Assume 
that a large s-wave phase shift has been obtained and that the phase 
shifts with / ^ 1 are known to be small. Find a way to improve on the 
results which only take <5 0 into account. 

12. Consider the scattering of low-energy (0.7 eV) electrons by a rare gas 
atom. Suppose that the effective interaction acting on the projectile 
electron may be represented schematically by an attractive square well of 
strength V 0 and range a ~ 10“ 8 cm. 

a) Show that for a certain value of V 0 the s-wave phase shift may be 
such that S 0 = n, while the higher order phase shifts are very small 
(Ramsauer-Townsend effect) 

b) Using the first two partial waves, discuss the corresponding expres¬ 
sion for the total cross section. 

c) Assume now that the square well is repulsive. Show that in this case 
the Ramsauer-Townsend effect cannot occur. 

13. Using the first Born approximation for tan S x [see eq. (8.74)], obtain the 
s-wave phase shift for scattering by 

a) the Yukawa potential U(r) = U 0 Q~ r/a /r , 

b) the “polarization” potential XJ(r) = U 0 /(r 2 + d 2 ) 2 , where d is a 
constant. (This potential plays an important role in the analysis of the 
elastic scattering of charged particles by atoms, as shown in Chapter 20.) 

14. Use the first Born approximation for the phase shifts to study the scatter¬ 
ing by potentials which fall off like 1/r" as r oo. For what values of n 
is the forward differential cross section finite? For what values of n is the 
total cross section finite ? 


15. Solve the radial Schrbdinger equation (4.17) for s-wave scattering by a 
(reduced) exponential potential U(r) = — U 0 exp(—r/a), with U 0 > 0. 
Find an expression for the 5-matrix element S 0 (k ) = exp[2i<5 0 (£)]. [Hint: 
Make a change of independent variable from r to x = 2aU& 12 exp(— rj2a) 
so that eq. (4.17) reduces to the Bessel equation 


d 2 w 0 1 d u 0 
dx 2 x dx 



v = 2i ka.~] 


16. Solve the radial Schrodinger equation (4.17) for s-wave scattering by a 
reduced repulsive potential of the form U(r) = a/r 4 (a > 0). Determine 
the phase shift 5 0 (k) and find the total cross section in the limit k -+ 0. 
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[Hint: As in the preceding problem, reduce eq. (4.17) to the Bessel 
equation by setting r = iot 1,2 /x and u 0 = r ll 2 Xo, so that 

1 


d 2 Xo 

dx 2 


+ 1 dy o 

x dx 


1 - 4 ?)*.-°-] 


17. Analyze in detail the low-energy s-wave scattering by an attractive square 
well potential of depth U 0 and range a in the vicinity of the critical value 
X 0 a = (with A 0 = U& 12 ) which produces a “zero energy resonance”. In 
particular 

a) Derive from the exact formula (4.154) an approximate expression 
for tan <5 0 , valid through first order in the energy (i.e. through order k 2 \ 
namely 

tan <5 0 s {A 0 + B 0 (ka) 2 }/{C 0 + D 0 (ka) 2 }. (I) 

Find A 0 , B 0 , C 0 and D 0 . 

b) Setting xo = A 0 a ± e, show that when X 0 a = \n and e is neglected 
with respect to one [but not with respect to (ka)\ one has 


tan <5 q = 


2ka 

±ne + (ka) 2 ’ 


(II) 


c) Illustrate the two cases x 0 = \n + e and x 0 = — e (e -► 0 + ) by 

plotting the exact s-wave phase shift [obtained from eq. (4.154)] and the 
approximate phase shift [obtained from eq. (II)] in the range 0 ^ ka < 2. 
Compute for comparison the first Born approximation for tan <5 0 . Draw 
also graphs of the s-wave cross section a 0 for the two cases x 0 = + e, 

*0 = 2 ft — £ > an d ln the same range 0 < ka < 2. 


18. Carry out an analysis similar to that of the preceding problem for p-wave 
scattering in the vicinity of the value 2 0 a = n for which a bound state 
with / = 1 appears. In particular 

a) Using eqs. (4.113) and (4.153), obtain through first order in the 
energy, the approximate expression 

tan ~ {A x + B 1 {ka) 2 }l{C 1 -I- D x (ka) 2 } 
and find A u B u C t and D t . 

b) Setting xo = K a ± £ > show that when A 0 a = n and s is neglected 
with respect to one [but not with respect to (ka) 2 ], one has 

tan 8 t = i(kafl{+im - (ka) 2 ). 

c) Illustrate the two cases x 0 = n + e (e 0 + ) as in the preceding 
problem, for 0 < ka < 2. 

19. Consider the low-energy scattering by a repulsive square well. Using the 
two first partial waves, show that there is no resonance behaviour, as one 
would expect on physical grounds. 
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20. Assume that elastic and non-elastic collisions can occur in the scattering 
of particles A by particles B. Suppose that the forward (0 = 0) differential 
cross-section for elastic scattering is known [by extrapolation] to be 
1.4mb/steradian. Suppose also that one knows the ratio 


Re/ e i(0 = O) 

Im/ el (0 = O) 


0.25. 


Obtain the total (complete) cross section. 


21. Consider the scattering of thermal neutrons of energy 0.025 eV by a 
nucleus. Assuming that the total cross section for non-elastic processes 
ctot has been measured to give 1.0 x 10" 27 cm 2 , obtain (i) the inelasticity 
factor rj 0 and (ii) upper and lower bounds for the elastic total cross 
section <rtdt. 


22. Consider the scattering by a complex square well 

m = r < “ 

J \ 0, r > a 

with 

U 0 =U R + iUt (£/ r , t/i > 0) 

and U R a 2 = 1, Uia 2 = 5. The incident wave number is such that 
ka = 0.1. 

a) Find the (complex) s-wave phase shift <5 0 and the inelasticity factor 

no- 

b) Neglecting the contribution of other partial waves, obtain the total 
elastic cross section ow, the total non-elastic cross section (j r tot and the 
total (complete) cross section <r tot . 

23. a) Obtain a Lippmann-Schwinger equation for the scattering in one 
dimension by a potential V{x). 

b) Discuss the asymptotic form of the solution (x ± oo) assuming 
that the beam is incident from the negative ^-direction. Show that the 
analogue of the scattering amplitude in one dimension is a reflection 
amplitude R and a transmission amplitude T. Obtain formal expressions 
for R and T and derive a high-energy (Born) approximation for them. 
From elementary considerations one expects that |i?| 2 + \T\ 2 = 1. Is this 
the case for your Born amplitudes? Explain. 

c) Use your results to discuss the case of one-dimensional scattering by 
a delta-function potential V(x) = V 0 5(x). 

24. Consider again the one-dimensional motion in a potential V(x\ but 
discuss now the bound-state problem by converting the Schrodinger 
equation into a homogeneous integral equation. In particular, apply 
your results to the case of an attractive delta-function potential V(x) = 
— V 0 8(x) (V 0 > 0). Find any bound states that may exist. 
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25. Consider the scattering by the “delta shell” potential U(r) = — U 0 8(r — a\ 
U 0 > 0. This interaction, which vanishes everywhere except on a sphere 
of radius a represents crudely the potential experienced by a neutron 
when it interacts with a nucleus of radius a . Solve the radial Lippmann- 
Schwinger equation (5.98) for the radial functions R t (k, r) and obtain 
the quantities tan 8 t together with the partial wave amplitudes a t (k). 
Analyze in detail the s-wave and p-wave scattering and study the 
resonances. 


26. Solve exactly the Lippmann-Schwinger equation (5.33) and the corres¬ 
ponding partial wave equations for a three-dimensional delta-function po¬ 
tential XJ(r) = U 0 8(r). Compare your results with those of Problem 23. 
Analyze also the first and second Born approximations to the scattering 
amplitude and comment on the applicability of perturbation theory in 
this case. 

[Note that in polar coordinates one has 

8(r - r') = 8(r - r')d(0 - 0')<5(<£ - <t>')/r 2 sin 0.] 

27. Consider the elastic scattering of a carbon nucleus *§C by an oxygen 
nucleus at a center of mass energy of 1 MeV 

a) Use a simple classical argument to show that only the Coulomb 
interaction between the two nuclei should be taken into account. Obtain 
the corresponding differential cross section in the center of mass system 
and compute the Gamow factor. 

b) Suppose that the pure Coulomb interaction V c (r ) is screened at a 
distance R s ~ 10” 8 cm by the presence of atomic electrons and that 
the effective interaction is written approximately as 



r < R s 

r > R s . 


Give an estimate of the angular range in which this screening effect will 
influence the scattering. 

c) Assume now that the screened Coulomb potential takes the form 
V(r) = (Z l Z 2 e 2 /r) exp( — r/R s ). Use the first Born approximation to 
estimate the angular range over which the differential cross section 
arising from this potential differs from Rutherford scattering. Compare 
with the estimate obtained in (b). 

28. Alpha particles of laboratory kinetic energy K L = 4MeV are scattered 
elastically by copper nuclei f^Cu. In performing this experiment it is 
observed that the pure Coulomb scattering law is obeyed even for scatter¬ 
ing in the backward direction (0 = 180° in the C.M. system). Using simple 
classical considerations, obtain an upper limit for the radius of the %%C\x 
nucleus. 
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29. Generalize the relations (4.105) and (4.106) to include the case of inter¬ 
actions which contain a Coulomb potential. In particular, investigate the 
relation between the quantities [i.e. the phase shifts due to a short 
range potential in the presence of a Coulomb term] and the variation in 
sign of the short-range potential. 

30. A spinless particle of mass m, wave number k and elementary charge e is 
scattered by a real central potential which consists of a strong interaction 
of short range a and a Coulomb potential e 2 /r. Assume that the scattering 
occurs in an energy region where the / = 0 partial wave - and only that 
one - is affected by the short range interaction. 

a) Show that the sign of the phase shift <5 0 [i.e. the s-wave phase shift 
due to the strong interaction in the presence of the Coulomb term] may 
be directly determined by comparing the measured angular distribution 
with that predicted from pure Coulomb scattering. 

b) In particular, suppose that the measured intensity in the backward 
direction is found to be somewhat smaller than the one arising from the 
Rutherford formula. What is the sign of S 0 1 Is the short range force 
attractive or repulsive ? 

31. Consider the elastic scattering of two identical particles which interact 
through a central, spin-independent short range potential. Discuss the 
low energy C.M. differential cross section (and in particular the limit E-+ 0) 

a) for boson-boson scattering 

b) for fermion-fermion scattering. 

32. Two alpha particles having a center of mass energy of 1 MeV scatter 
elastically 

a) Use a simple classical argument to suggest that only Coulomb forces 
should be taken into account at that energy. 

b) Obtain and plot the Mott differential cross section in the C.M. 
system. Compare your results with those obtained (i) by ignoring the 
interference term (classical values) and (ii) by ignoring the fact that the 
two particles are identical. 

33. Obtain the center of mass differential cross section for electron-electron 
scattering at a relative velocity v = 10 9 cm/sec, assuming that the system 
is unpolarized. Compare your results with those obtained (i) by ignoring 
the interference term (classical values) and (ii) by ignoring the fact that 
the two particles are identical. 

34. Consider proton-proton elastic scattering in the center of mass system. 

a) Compute and plot the Mott differential cross section at an energy 
E = 50 keV. 

b) Justify the neglect of nuclear forces made in (a). Above what energy 
E 0 would you expect a severe breakdown of this approximation ? 
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c) Assume that the experiment is now carried out at an energy E > E 0 
and that only the / = 0 phase shift is modified by the nuclear interaction. 
Write down an expression for the ratio of the modified differential cross 
section to that given by pure Mott scattering. [Note: Because of the 
Pauli principle only singlet spin states contribute to the scattering in the 
/ = 0 partial wave.] 

35. Determine in first Born approximation the scattering amplitude, the 
differential and the total cross sections for the scattering by the following 
(reduced) potentials 

a) Exponential potential U(r ) = U 0 exp( — cur). 

b) Gaussian potential U(r) = U 0 exp( —a 2 r 2 ). 

c) Square well U(r) = U 0 , r < a 

= 0, r > a. 

d) “Polarization” potential U(r ) = U 0 /(r 2 + d 2 ) 2 . 

Analyze and compare the various angular distributions with those 
obtained in the text for Yukawa-type potentials. Verify also explicitly that 
ctot ~ A/E as E -> oo and find the value of A in each particular case. 

36. Using the screened Coulomb potential 

V(r ) = ZlZie exp (~rlR s ) 
r 

with R s = 10" 8 cm, estimate in first Born approximation the angular 
range over which the differential cross section differs from pure Coulomb 
(Rutherford) scattering 

a) for a 1 MeV alpha particle scattered by a copper nucleus f|Cu, 

b) for a 1 MeV proton scattered by an oxygen nucleus 1 fO, 

c) for a 100 eV electron scattered by an oxygen nucleus ^O. 

All energies are given in the center of mass system. 

37. Study in second Born approximation the scattering by an exponential 
potential U(r ) = U 0 exp ( — a r). [Note: Use the Dalitz integrals and the 
Feynman parametrization technique of Appendix D.] 

38. Compute the second Born approximation for the scattering by a gaussian 
potential U(r) = U 0 exp ( — a 2 r 2 ). [Note: Perform the calculations in 
configuration space.] 

39. Analyze the convergence of the Born series for tan d t and for the partial 
wave amplitudes a { when the reduced potential is the “delta shell” 
interaction U(r) = — U 0 5(r — a), U 0 > 0 (see Problem 25). Relate your 
discussion to the occurrence of bound states. 
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40. Use.the unitarity relation (4.94) to express Im/ B „ in terms of the quantities 
f Bj , with j < n. In particular, check in this way the expression of Im/ B2 
obtained in the text [see eq. (8.98)] for a Yukawa potential. 

41. Use the eikonal approximation to obtain the total cross section for 
scattering by 

a) A square well potential U(r) = 

b) A gaussian potential U(r) = U ( 

Plot <7 to t as a function of the dimensionless parameter \ U 0 \a/2k. Compare 
with the results given by the first Born approximation. 


f U 0 , r < a 

[0, r > a. 

exp( —a 2 r 2 ). 


42. Analyze in the eikonal approximation the scattering by a screened 
Coulomb potential 

V(r) = V c (r)s(r) 

where V c (r) = Z x Z 1 e 1 lr is the Coulomb interaction between the incident 
and target particles and the screening function s(r) is given by 


s(r) = 



r < R s 
r > R s . 


Here R s is a “large” screening distance. (Give a precise meaning to this 
statement.) Compare the scattering amplitude and differential cross 
section with those obtained in Chapter 6 for pure Coulomb scattering. 
How would the results be affected if the screening function were of the 
former) = exp(— r/R s )7 


43. Use the eikonal approximation to study the scattering amplitude and the 
differential cross section corresponding to the scattering by an attractive 
Yukawa potential of unit “range”, namely U(r) = — U 0 exp(— r)/r, 
U 0 > 0. [Note: Obtain the quantity f E by performing a numerical inte¬ 
gration.] Compare your eikonal results with the exact, first Born and 
second Born results given in Tables 8.1-8.3 for various values of U 0 and 
k. 


44. The asymptotic relation (9.84) was shown to be valid for all momentum 
transfers in the case of scattering by Yukawa-type potentials. By analyzing 
the quantities Im/ B2 (&, ^) and Im/ E2 (/c, A) for large k in the forward and 
backward direction, what can you say about the validity of such an 
asymptotic relation for 

a) an exponential potential U(r) = U 0 exp( —ar), 

b) a gaussian potential U(r) = U 0 exp( —a 2 r 2 ), 

c) a polarization potential ZJ(r) = U 0 /(r 2 + d 2 ) z l 


45. Use the eikonal approximation and the method of stationary phases to 
analyze the angular distribution for quasi-classical scattering by a 
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(reduced) potential having the form U(r) = U 0 /r s > 2) at large dis¬ 
tances. Prove that the total cross section is given by 

(T[i(s _ i)]j 2 /( S -i)/nA 2 /(‘-i) 




J 




where T is the Euler gamma function. Obtain also the eikonal phase shifts 
(9.46) and show that they lead to the same expression for a tot when 
substituted in the partial wave series (4.71). 


46. Prove that for a scattering potential U(r) = U 0 /r 2 ( U 0 > 0), the WKB 
phase shifts dT KB give the exact values of 8 t (obtained in Problem 1). 


47. Consider the scattering of a particle by an attractive “polarization” 
potential of the form U(r) = - U 0 /(r 2 4- d 2 ) 2 , with d = 1 (unit of length). 
The wave number is k = 5. Obtain the WKB phase shifts 8f KB for 
0 < / < 10 and for the potential “strengths” U 0 = 1 and U 0 = 250. 
Check your results against those of Table 9.7. Compare with the first 
Born values of the phase shifts obtained by using eq. (8.74). 

48. Consider the scattering by an attractive square well potential of strength 
U 0 and range a. Calculate the scattering length as a function of the quan¬ 
tity P = U£ ,2 a. 

a) By using the Hulthen-Kohn variational method with s-wave trial 
wave functions of the form (10.34), namely 

u o (r) = f £ e/, r < a (N = 1,2, 3,4) 
la — r, r > a . 


Check that the minimum principle (10.103) is verified when the potential 
cannot support a bound state. 

b) By using the bilinear form of the Schwinger variational principle for 
k cot <5 0 , with trial wave functions of the form 

u°(r) = £ c/, r < a (N = 1, 2, 3, 4). 

i=l 

Compare your results with the exact values a and those of other approxi¬ 
mations, as given in Table 10.3. 


49. Consider the s-wave scattering by an exponential potential 

U(r) = -U 0 exp (-rid) 

[with a = 1 and U 0 = 2.5], at an incident wave number such that 
ka = 0.25. Obtain the quantity X 0 = tan rj 0 (= tan<5 0 ) by using the 
Hulthen-Kohn variational method with trial wave functions of the form 

N 

u 0 (r) = sin kr + A 0 cos /<r(l — e" Kr ) + e" Kr £ c/ (N = 1, 2, 3). 

i = 1 
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Perform the variational calculation for a fixed value of the non-linear 
parameter k and then let k vary from 0.5 to 10 in discrete steps. [Note: 
The exact value of A 0 is —1.9900.] 

50. Consider the s-wave scattering by a Yukawa potential of the form 
U(r) = — U 0 exp (—r/a)/r [with a = 1 and U 0 = —2] at an incident wave 
number such that ka = 1. Obtain the quantity 2 0 = tan rj 0 by using the 
bilinear form of the Schwinger variational principle with trial wave 
functions of the type 

«o(r) = e"*' £ c/ (N = 1, 2). 

1=1 

Perform first the calculations for the value k = 1 of the non-linear 
parameter. Then let k vary and investigate the effects of this variation on 
the variational results. Discuss. [Note: The exact value of is 1.93.] 

51. Use the simplified form (10.68) of Schwinger’s fractional variational 
principle to study the scattering by a Yukawa potential 

U(r)= —U 0 exp( — 

with U 0 = a = 1. Perform your calculations for ka = 1, 3, 5 and compare 
the Schwinger differential cross sections with the first Born, second Born 
and exact results given in Table 8.1. Discuss. [Note: The expressions of 
/ B1 and / B2 which you need are given in Section 8.6.1.] 

52. Determine the lost function for p-wave (/ = 1) scattering by an attractive 
square well potential. Analyze its analytic properties and relate your 
discussion to the bound state problem. 

53. Obtain the Jost function /( k ) for s-wave scattering by an exponential 
potential U{r) = — U 0 exp( — r/a), U 0 > 0. Discuss the analytic pro¬ 
perties of /( k ) and of the 5-matrix S 0 (k ), together with the occurrence of 
bound states. [Note: As in Problem 15, make the change of variables 
from r to x = 2aU& 12 exp( — r/2a) in the radial equation (4.17).] 

54. Study the analytic properties of the s-wave (/ = 0) partial wave amplitude 
corresponding to the scattering by a delta shell potential 

U(r ) = - U 0 5(r - a), U 0 > 0 
(i) in the complex £-plane and (ii) in the complex .E-plane. 

5. We have obtained in eq. (6.59) the “Coulomb 5-matrix element”5 
Sf = exp(2i<Tj) = r(l + 1 -1- iy)/r(l + 1 — iy). Use this result to obtain 
the bound states in an attractive Coulomb potential V c = Z t Z 2 e 2 /r with 
Z t Z 2 < 0. 

56. Consider a Regge trajectory which produces a bound state of near zero 
binding energy and angular momentum / = 0. Suppose further that this 
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Regge trajectory is also known to cause a p-wave (/ = 1) resonance of 
very low energy E r and width T. 

a) Assuming that the trajectory may be approximated by a straight line, 
obtain its slope in terms of known quantities. 

b) Proceeding further with the straight line assumption, predict the 
energy and the width of the next resonance. 

57. Starting from the expression of the Coulomb 5-matrix [see eq. (6.59)], 
discuss the Regge trajectories for a Coulomb potential. 

58. Consider the scattering by an attractive Yukawa potential 

U(r) = - U 0 exp(-r/«)/r (U 0 > 0) 
whose “range” a is known. Furthermore, one also knows the scattering 
length a, and the total cross section cr tot . Assuming that this potential can¬ 
not support a bound state, use the dispersion relation (11.229) to compute 
U 0 from the known quantities. 

59. Consider the scattering by an interaction potential U(r) which supports 
no bound states and is such that the dispersion relation (11.229) may be 
used. Suppose that (i) a sharp p-wave resonance occurs at a low energy E r 
with a narrow width T, (ii) the s-wave is the only other partial wave 
which contributes significantly to the scattering and (iii) the scattering 
length a is known. Express the dispersion relation (11.229) in terms of the 
known quantities. 

60. Use the effective range formula (11.290) to compute the quantity k cot 5 0 (k) 
corresponding to the scattering by an attractive square well potential of 
range a = 1 and “strength” U 0 = 2 at a wave number k such that 
ka = 0.2. Compare with the exact result. 

61. Show that for a polarization potential of the type U(r) = — U 0 /(r 2 + d 2 ) 2 , 
the effective range integral (11.291) diverges because u° does not tend to v° 
sufficiently rapidly at large distances. [Note: Investigate the large distance 
behaviour of u° by using a power series development of the type 

u° ~ r s (l + c ^- 1 + c 2 r ~ 2 + c 3 r ~ 3 + • • •)•] 

62. Consider the low-energy scattering by a polarization potential of the 
form U(r) = - U 0 /(r 2 + d 2 ) 2 (U 0 > 0). 

a) Assuming the potential to be sufficiently “weak”, use the Born 
approximation for tan 8 0 to obtain an expansion through order k 2 for the 
quantity k cot 8 0 (k). Comment on the differences between your results 
and those corresponding to the scattering by short range potentials. 

b) Would you expect to find these deviations through order k 2 for a 
potential of the form U(r) = — U 0 /(r 2 + d 2 ) 3 ( U 0 >0)? 
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c) Note that for the polarization potential the quantity k cot <5 0 {k) is an 
analytic function of k in Born approximation, while the correct expansion 
of k cot 8 0 (k) contains terms of the type k 2 log k. Can you suggest where 
such terms might come from ? 

63. Obtain the effective range expansion of k cot <5 0 (&) for a delta shell 
potential U(r) = — U 0 8(r — a ), U 0 > 0. Show that the effective range 
r e is always positive in this case. 

64. Find the effective range expansion of k cot S 0 (k) for the non-local 
separable Yamaguchi potential defined in Section 8.6.3. 

65. Obtain the time-dependent Green’s function K 0 (x , t\ x\ t ') and write 
down the integral equation for the scattering in one dimension by a time- 
dependent potential V(x , t). Show that this equation reduces to the 
Lippmann-Schwinger equation of Problem 23 when the potential is 
time-independent. 





PART III 


GENERAL SCATTERING THEORY 





13 


Quantum Dynamics 


In this chapter we want to study the dynamics of quantum systems from a 
general point of view. The required formalism is first presented in Section 3.1 
within the framework of the Schrodinger picture. Particular attention is 
devoted to the evolution operator , which will play an important role in the 
following chapters. The Heisenberg picture is studied in Section 13.2, while 
the interaction picture is analyzed in Section 13.3. As an introduction to 
some general methods used in quantum field theory, we conclude this chapter 
by a discussion of the Dyson [1] perturbation expansion for the evolution 
operator. 


13.1. The Schrodinger picture 

It is a postulate of quantum mechanics that the state of a physical system at 
a given instant t is completely specified by the knowledge of the state vector 
W(t) at that time [2]. The necessary dynamical principle to study the time 
development of the system is provided by the Schrodinger equation 

i h~V s (t) = H s 'F s (t) (13.1) 

where H s is the Hamiltonian or energy operator, whose existence is implied 
by eq. (13.1). The subscript s indicates that eq. (13.1) is written in the 
Schrodinger picture . In that picture, the observables or dynamical variables 
are represented by Hermitian operators, which are time-independent, except 
for a possible explicit dependence on time. For example, let us select 
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within the Schrodinger picture the coordinate representation (configuration 
space). This corresponds to the familiar wave mechanics version of the 
quantum theory (see Appendix A). The basic coordinate and momentum 
operators of a particle are then respectively given by 
r -> r op = multiplication by r 

P Pop = - i h\r 

and are obviously time-independent. A time-dependent (local) potential V , 
however, is represented by an operator 

V-+V cp (r,f) 

which exhibits its explicit time-dependence. Similarly, in the momentum 
representation , we have 

r -> r op = i h\ p 
P -> Pop = multiplication by p 
and 

v-+ V ov (W P9 1 ). 

Consider now an observable si to which corresponds an operator A s in 
the Schrodinger picture. The expectation value of A s is defined by 

<^ s > = <V S \A S |!P S >. (13.2) 


Therefore, using the Schrodinger equation (13.1), we have 



\ / 

dA s 

\ / 


^s 

Vs) + (v s 

ifi—^ 

dt 

Vs) + (v s 

A s 


i h 


dV, 

~8t 


= + ifi< V 


8 A, 


dt 




or 


ih dt <As> = < ^ slC/4s ’ ^ s]|!Ps> + ' lh \ ^ 


8A, 


dt 


V, 


(13.3) 


an equation which governs the time evolution of the expectation value 
< A s >. In particular, we note that if the operator A s does not depend explicitly 
on time (i.e. if SAJdt = 0), the necessary and sufficient condition for the 
observable to be a constant of the motion is that 

Ms, = 0. (13.4) 

While the basic operators are time-independent in the Schrodinger picture, 
the state vector < / / s (t), on the contrary, evolves in time according to the 
Schrodinger equation (13.1). Since this is a first order differential equation 
in time, the state vector will be determined for all t once the state of the 
system is specified at any given time. It is convenient to introduce an evolution 
operator U s (t, t 0 ) such that 


vjiO = u s (t, toWjito). 


( 13 . 5 ) 
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Then, from eq. (13.1) 

ih-U s (t,t 0 ) = H s ll s (t, t 0 ) (13.6) 

at 

with the initial condition 

tfsOo, to) = I (13.7) 

where / is the unit operator. Applying twice the definition (13.5) we also 


obtain 




U s (t, to) = U s (t, t')USt', to) 

(13.8) 

and 




ur l (t, to) = u s (t 0 , t) 

(13.9) 


so that the evolution operator exhibits the group property . 

The differential equation (13.6), together with the initial condition (13.7) 
may be replaced by an integral equation of the Volterra type, namely 

u s (t, to) = I - \ H s U s (t', t 0 ) At'. (13.10) 

Conservation of probability requires that 

<y s (0IW> = <WIW>|. (13.11) 

However, from eq. (13.5), 

<y s (oi vm = <uja, toWMmt, / 0 )!P.(/o)> 

= t 0 )UXt, toWs(to)> 

where the dagger denotes the Hermitian conjugate (or adjoint) operator. 
Therefore 

U\(U t 0 )U s (t, t 0 ) = /. (13.12) 

Similarly, starting from <^ s (^o)l^ f s(^o)) J obtain 

U s (t,t 0 )Ul(t,t 0 ) = I (13.13) 

so that, from eqs. (13.12)—(13.13), we conclude that U s (t,t 0 ) is a unitary 
operator. 

The unitary character of the evolution operator U s is clearly connected to 
the hermiticity of the Hamiltonian, which implies the conservation of 
probability. Let us exhibit this connection by studying the change in U s 
induced after an arbitrarily small time 8t. We first have from eq. (13.6) 

ihmto + St, t 0 ) - U s (t 0 , t 0 )] = H s U s (t 0 + St, t 0 )St. 

Then, to first order in St , and using eq. (13.7), we find that 

UJtt 0 + St, t 0 ) = I- l -H s 8t (13.14) 
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from which we deduce that if U s is a unitary operator, H s must be Hermitian 
and vice-versa. The Hamiltonian H s is therefore the generator of an 
infinitesimal unitary transformation - in fact an infinitesimal time translation 
- described by the evolution operator U s (t 0 + 8t , t 0 ). 

As an example, let us suppose that the Hamiltonian H s is time-independent. 


We then obtain from eqs. (13.6) and (13.7) 


u s (t, t 0 ) = expj-^tf s 0 - t 0 )j 

(13.15) 

or 


to) = expj-^ s (f - to)Jf'sCa 

(13.16) 


13.2. The Heisenberg picture 

State vectors and operators are not directly accessible to observation. 
Indeed, let us suppose that the operator A , corresponding to the observable 
has a spectrum of eigenvalues oc n with corresponding eigenvectors |a w >, 
i.e. 

A\a n } = OL n \a n y (13.17) 

Then, if the system under consideration is described before the measurement 
by a state vector | !F>, and if a measurement is made to determine the observ¬ 
able j/, the probability of finding the value a„ is given by \^a n \Wy\ 2 . There¬ 
fore, any new picture obtained from the Schrodinger picture by a transforma¬ 
tion of the vectors and operators such that 

i) the eigenvalue spectrum of the operators is unchanged, 

ii) the scalar product of the state vector with the eigenvectors is unaltered, 
is an equally acceptable formulation of the quantum theory. 

These conditions are easily seen to be satisfied by a unitary transformation. 
Indeed, let A be an operator such that 

A\x} = \yy (13.18) 

where |x> and |j> are two vectors in Hilbert space. Let U be a unitary 
operator which associates with each vector |x> a vector \x'y. Thus 

|*'> = U\xy ; <*'| = <x\W. (13.19) 

Similarly 

I y’> = U\yy ; </| = < 7 |t/t. (13.20) 

Let A ' be the operator such that 

l/> = A'\x'y. 


(13.21) 
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Then 


A'U\x> = U\y > = TJA\x} 

so that 


U~ 1 A’U = A; A’ = UAU ' 1 

(13.22) 

or, since U is unitary (U~ l = £/ f ) 


WA'U = A; A'=UAW. 

(13.23) 

The eigenvalue equation 


A\a n y = a„| a n y 

(13.24) 

can be written as 


UAUW\a n y = a„|<> 


where | a'„y = U\a n y and we have used the fact that 
(13.23) we then find that 

UW = I. Using eq. 

A'\a' n y = a„K> 

(13.25) 


so that the eigenvalues of A' are identical to those of A in agreement with 
condition (i). Condition (ii) is easily seen to be satisfied since 

«\ry = (aju'ui'py = (a n \^y. ( 13 . 26 ) 

There are infinitely many ways of choosing the unitary operator U , 
leading to an infinite number of pictures in which quantum dynamics can be 
formulated. The Heisenberg picture is obtained from the Schrodinger picture 
by choosing the operator U to be given by 

U = u!(t, t 0 ) = U s (t 0 , t). (13.27) 

Thus the state vector in the Heisenberg picture is obtained from T s (t) as 
= Ul(t 9 t 0 )V s (t) (13.28) 


or 

= U s (t 09 t)V s (t) = ^ s (t 0 ). (13.29) 

Hence, in the Heisenberg picture, the state vector is fixed in time. On the 
contrary, we see from eq. (13.23) that an operator A s of the Schrodinger 
picture is now given in the Heisenberg picture by 

^ h (0 = U\(t, t 0 )A s U s (t, t 0 ) (13.30) 


and is therefore time-dependent even if A s does not depend on time. Thus 
ifi A H (t) = i A S U S + i hUt ^fU s + ittUUs • (13.31) 


But, from eq. (13.6) 

ifi | l/ s = H S U S 
dt 


-i *j f Vt = UtH s 
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so that we may rewrite eq. (13.31) as 
i h-A H (t) = - UlH s A s U s + ihU! -gf U s + UtA s H s U s 

oA 

= - UlH s U s UU s U s + U s + UtA s U s UlH s U s . (13.32) 

ot 

Defining the Heisenberg operators 

H k = U\H S U S (13.33a) 

and 

f; - v '- 1 u • <i3 - 33b > 

we obtain 

ih — A H (t) = — H h A h 4- A h H h 4- ih . (13.34) 

Introducing the commutator [A H , ff H ] = A h H h — H h A h , we may also rewrite 
eq. (13.34) as 

ih — A H (t) = [An, i/ H ] 4- ih (13.35) 

which is the Heisenberg equation of motion for the operator A u . 

The Heisenberg picture corresponds to a formulation of quantum dynamics 
which is formally close to classical mechanics. Indeed, if the Hamiltonian is 
given in terms of the canonical variables q iH and p m , we may write from eq. 


(13.35) 


(13.36a) 

and 

= ww h h \ 

(13.36b) 

Let us now evaluate the right-hand side of eqs. (13.36). By using repeatedly 

the basic commutation relations 




(13.37) 

one obtains [3] the operator equations 



dg, H = 8H h 
df dPm 

(13.38a) 


. dPjH _ _ dHu 

d t ~ dq m 

(13.38b) 


which are formally identical to Hamilton’s canonical equations in classical 
mechanics. 

The expectation values of operators in the Heisenberg picture are given by 
<Au} = <^ h MhI^h>. 03 39) 
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They are clearly identical to those calculated in the Schrodinger picture since, 
using eqs. (13.28) and (13.30), 

<^ H > = <yju i u.M 1 u 1 ut|f' i > 

= <y s |i4jy.> = <^ s >. (13.40) 

We now turn to the calculation of transition probabilities which play a 
crucial role in collision theory. Let us assume that the system is at time t 0 in 
an eigenstate | a} of the operator A. We would like to calculate the probability 
of finding the system at time t in an eigenstate | b} of the operator B. Using 
first the Schrodinger picture, we find that the system is at time t in the state 
U s (t, t 0 )la s ) so that the required probability is given by 

\<b s \U s (t 9 t 0 )\a s }\ 2 . (13.41) 

In the Heisenberg picture the state vector is and remains |a s > and the trans¬ 
ition probability is given by 

l<*Hk>l 2 = \<b s \U 3 (t 9 t 0 )\a s y \ 2 (13.42) 

as expected. 

We have already seen that the Heisenberg picture emphasizes the cor¬ 
respondence between a quantum system and its classical analogue - if it 
exists. Another advantage of the Heisenberg picture over the Schrodinger 
picture is that the time and space dependence of the Heisenberg operators are 
treated on the same footing. This allows directly for covariant relativistic 
descriptions, so that the Heisenberg picture is particularly convenient to 
discuss relativistic field theories. On the other hand, we must solve in this 
picture a different equation for each operator. The Schrodinger picture, 
which we used in Part II, corresponds to a more intuitive expression of 
quantum dynamics, especially when formulated in the coordinate or 
momentum representations. 

13.3. The interaction picture 

Among the infinite number of alternative pictures in which quantum 
dynamics can be formulated, the interaction picture is particularly convenient 
to study collision processes; this picture also played an important role in 
field theory [1, 4-8]. 

Suppose that the Hamiltonian H s may be split into an “unperturbed” 
part H 0 and a “perturbation” V, namely 

H s = H 0 + V. (13.43) 

We assume that H 0 is time-independent. Its eigenstates are the free (un¬ 
perturbed) solutions 4> a such that 

H 0 $ a = E a <P a . (13.44) 

The subscript a refers to all the information on the state obtained by adding 
to H 0 a complete set of commuting observables. 
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We now wish to separate the free motion from the motion of the total 
system. To do this, we make on the Schrodinger state vector !F s (t) the unitary 
transformation [9] 

m = exp{i H 0 (t - t 0 )}W s (t) (13.45) 

which defines the new state vector W(t) in the interaction picture. From 

eq. (13.1) we obtain for W(t) the Tomonaga-Schwinger equation [4, 5] 

1 (13.46) 

where 

V(t) = exp{itf 0 (? - t 0 )}Vexp{-iH 0 (t - t 0 )}. (13.47) 

Therefore the state vector l ¥{t) is time-dependent, but this dependence is 
entirely due to the interaction. On the other hand, the observables are repre¬ 
sented by operators whose equations of motion only contain the “un¬ 
perturbed” Hamiltonian H 0 . Indeed, a calculation similar to the one leading 
to eq. (13.35) yields 

= [A, H 0 ]+ i d -£ (13.48) 

where 

A(t) = exp{iff 0 (t - t 0 )}A s exp{ —iJ %(t - t 0 )} (13.49) 

and 

dA DA 

Tt = exp{itf 0 (? - t 0 )}y exp{-i H 0 (t - t 0 )}. (13.50) 

We note that these equations are identical to those obtained in the 
Heisenberg picture, but without the interaction. The interaction picture is 
therefore intermediate between the Schrodinger and the Heisenberg pictures: 
both the state vector and the observables change in time. However, the 
kinematical and dynamical evolution of the system are nicely separated. 
Indeed, the evolution of the observables only depends on H 0 and is therefore 
purely kinematical, while the evolution of the state vector is controlled by the 
interaction. This separation is particularly convenient in the analysis of 
collision phenomena. 

Expectation values of operators in the interaction picture are given by 

{Ay = (13.51) 

and are of course identical to those calculated in the Schrodinger and 
Heisenberg pictures. We also note that the Schrodinger, Heisenberg and 
interaction pictures coincide at the time t = t 0 . One generally chooses 
t 0 = 0 or t 0 = — oo. 

We now define an evolution operator in the interaction picture by the 
equation 


no = u(u nnn 


( 13 . 52 ) 
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As in the case of the operator U s introduced previously, we have 

U(t, t) = / 

U(t, t ') = U(t, t ') (13.53) 

and 

u~\t, n = u(t\ t). 

The Tomonaga-Schwinger equation (13.46) can be written as 

i | i/o, nnn = noc/o, nnn ( 13 . 54 ) 

ot 

and since it is valid for all t\ we deduce that 

i | U(t, 0 = V(t)U(t, f). (13.55) 

at 

This last equation, together with the initial condition U(t , t) = / can be 
summarized in one integral equation of the Volterra type, namely 

l/(t, /') = /- i J' F(0)C/(0, O do. (13.56) 

As in the case of the operator U s , one can show that U is a unitary operator. 
That is, 

W(t, t ') = U~\t, t') = U{t\ t ). (13.57) 

Therefore, returning to eq. (13.56), we deduce that 

W* 0 = / + iJ| W, 0)F(0) do 

or, by permutation of t and t\ 

I/O, 0 = 1 + i £ I/O, 0)F(0) do. (13.58) 

What is the connection between the evolution operators U s and C/? We 
have from eqs. (13.45) and (13.5) 

m = exp{i/7 o 0 - t 0 )}w s (t) 

= exp{i/7 o 0 - t 0 )}U s (t, t'WXf) 
or 

Y(t) = exp{i/f o 0 - t 0 )}U s (t, O exp{-itf o 0' - t 0 )}^{t'). (13.59) 

Comparing eq. (13.59) with eq. (13.52), we obtain 

C/0, t') = exp{i/f o 0 - O exp{ —i// o 0' - t 0 )}. (13.60) 

If we choose t 0 = 0, this becomes 

C/0, t') = exp(itf 0 OC/ s O, t') exp(-i H 0 t'). (13.61) 

Finally, in the particular case where the total Hamiltonian is time- 
independent, we may use eq. (13.15) to obtain from eq. (13.61) 

C/0, t') = exp(i H 0 t) exp{ —iH s 0 - /')} exp(-iH 0 t'). (13.62) 
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13 A. Dyson's perturbation expansion for the evolution 
operator 


Let us attempt to solve the integral equation (13.56) by iteration [10] in order 
to generate an expansion of the evolution operator U in powers of the inter¬ 
action V. We start from the zero order approximation 

t') = I. (13.63) 

The first order approximation is then 

t') = I-\ £ V(h) dt k . (13.64) 

Similarly, we have to second order in V 

U (2 \t, 0 = 1- i £ Vih) d t l + (-i) 2 £ d h £ d t 2 VihMtJ. (13.65) 

Assuming that the sequence t/ (0) , £/ (1) , C/ (2) ,. . . converges towards the 
evolution operator U , we may then write 


U(t, O = z U n (t, O (13.66) 

n = 0 

where U 0 (t, t') = / while for n ^ 1 

Unit, O = (~0" £ d h £ dt 2 . .. £“ d t n VitJVitJ . .. F0„). (13.67) 

If we choose /' < t it is clear that the ordering 


f < t„ < t (13.68) 

is imposed. This ordering is important since in general the operators V(t t ) 
and V(tj) do not commute. This critical time-ordering and the fact that the 
upper limits of integration in eq. (13.67) are not equal complicate the evalua¬ 
tion of U n (t, t'). 

In order to formally avoid these difficulties, Dyson [1] has proposed the 
following procedure. A chronological ordering operator P is introduced, such 
that 


P[A( tl )B(t 2 )} 


A(t 2 )B(t 2 ) 

B(t 2 )A( tl ) 


if t 2 > t 2 
if t 2 > 


(13.69) 


where Ait) and B(t) are arbitrary time-dependent operators. The effect of the 
operator P is therefore to order the factors so that the time arguments of the 
operators decrease from left to right. This definition can be generalized to a 
product of n operators, 

PMtMjitj) ■ ■ ■ A k (t k )] = AOMiih) ■ ■ • A„(t„) 

with t k > t 2 > • • • t„. (13.70) 

The possible ambiguity which could arise when t, = tj does not occur in our 
case since we have A t = A 2 = • • • = A„ = V at equal times. 
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Having defined the operator P , we now consider the expression 

u 2 (t, t') = (-i) 2 J' d tl j‘‘ d t 2 V( tl )V(l 2 ) (13.71) 

which occurs in eq. (13.65). In the {t u t 2 ) plane, the region of integration in 
eq. (13.71) is clearly a triangle below the bisector of the angle between the 
coordinate axes (see Fig. 13.1). Now, if we interchange the names of the 
integration variables t x and t 2 in eq. (13.71), we obtain 

U 2 (t, (') = (-i) 2 [ d t 2 J* d h VihMh). (13.72) 

In the (t l9 1 2 ) plane, the region of integration now becomes a triangle above 
the bisector of the coordinate angle, while the integrand differs from that in 
eq. (13.71) by the order of the factors. If V(t t ) and V(t 2 ) would commute, 
then U 2 (t, t ') would simply be half the integral over the whole square. 


t 2 



Fig. 13.1. Illustration of integration regions in the (t l9 1 2 ) plane. The shaded triangle is 
the integration domain for eq. (13.71). The unshaded triangle above the bisector of the 
coordinate angle is the integration region for eq. (13.72). 

Introducing the operator P , we now assert that 

U 2 (t, o = ( -^ £ d t, £ d t 2 PlVitJViQl (13.73) 

Indeed 

J'dti j‘ dt 2 PlVihmt,)-] 

= i[(-i ) 2 £ di t d t 2 v&mtj + (-o 2 j'd t, J'd t 2 n* 2 )n»i)] ■ 

The first term in the bracket is identical to the right-hand side of eq. (13.71); 
the second term reduces to the right-hand side of eq. (13.72) since it corres¬ 
ponds to the integration of the same function over the same domain (see 
Fig. 13.1). 
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This method can be generalized to all the operators U n (t, t'). Since there are 
n \ permutations of the set of time variables t u t 2 ,. . . t m one finds that 

Unit, n = ( -^p J‘ d *i £ <1*2 • • • J' dt„ P[y(h)Vit 2 ) ... no] • (13.74) 

Returning to eq. (13.66) we see that 

U(t, 0 = 1 + I £ d t 2 ... . V(t n y] (13.75) 

or, symbolically 

-ij' V(t") d("|. (13.76) 

The formula (13.76) is of course formal as long as explicit expressions of the 
chronological operator P are not known. We note, however, that such 
expressions can be obtained from the commutation relations of the operators 
V(t). Thus, if the commutator 

Mi), V(t 2 )\ = F(h, h ) (13.77) 

is known, then 

P[Vih)V(t 2 )) = V(t t )V(t 2 ) - 0{t 2 - t l )F(t 1 , t 2 ) (13.78) 

where 0(x ) is the step function such that 

T<1 < nw > 

The generalization to more factors is straightforward. The procedure of 

elimination of the chronological ordering operator P is often called “reduc¬ 
tion to normal form”. This operation is particularly important in quantum 
field theory, where convenient techniques have been devised [7, 8]. 
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The Collision Matrix 


We now apply the formalism of Chapter 13 to analyze quantum collisions in 
a general way. The basic ideas used to describe the collision are simple: a 
beam of free particles, prepared in the remote past , interacts with the target 
and in the far future the detectors record the scattered particles in the 
asymptotic region. Therefore, we shall first study in Section 14.1 the limit 
of the evolution operator for infinite times. In Section 14.2 we introduce the 
central object of collision theory: the S-matrix. Section 14.3 is devoted to the 
study of Green’s operators while the T-matrix, closely related to the 5-matrix, 
is introduced and analyzed in Section 14.4. 

14.1. The passage to infinite times. The M<j>ller operators 

Before we study the evolution operator for infinite times, we must first 
generalize the considerations developed in the preceding chapter to the case 
where the Hamiltonian H of the system can be decomposed in various ways as 

H = H c + V c . (14.1) 

Here V c is the interaction between the particles of channel c and H c describes 
these particles when they are far apart and do not interact. Several channels 
may of course correspond to a given splitting (14.1) of the total Hamiltonian 
if they differ only by the quantum numbers of their fragments. For example, 
if we return to a case considered in Sections 1.1 and 1.2 the elastic channel 
e + + H e + + H (14.2) 

and all the inelastic final channels 

e + + H -► e + + H* 


(14.3) 
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(where H* is an excited hydrogen atom) correspond to the initial decomposi¬ 
tion H = H x + V { . Here the Hamiltonian 

H { = K e + + K p + K e - + V pe - (14.4) 

is the sum of the kinetic energies of the three particles and of the proton- 
electron interaction V pe -, while 

Vi = V c+P 4- K e+e - (14.5) 

is the sum of the interactions between the projectile positron and the two 
target particles. On the contrary, in the binary rearrangement collision 

e + + H -» p 4- (e + e~) (14.6) 

- where (e + e _ ) denotes a positronium atom in the ground state - the final 
channel f corresponds to another decomposition H = H f + V f of the total 
Hamiltonian. That is, 

H f = Kp + K e + + K e - + V e+e - (14.7) 

while 

Vf = Vpe* + Vpe-• (14.8) 

Clearly all the final channels corresponding to the reactions 

e + + H -> p + (e + e - )* (14.9) 

- where (e + e - )* denotes an excited state of the positronium atom - share this 
decomposition of H into H i and V { . 

The various possible splittings of H , which are determined by the number 
and the nature of the particles which participate in the collision, will be 
referred to as arrangement channels. Since a given decomposition (14.1) may 
be common to several channels, each arrangement channel may contain 
several ordinary channels differing by the quantum states of their fragments. 
Thus in the above example all the final channels corresponding to the reactions 
(14.6) and (14.9) belong to the arrangement channel f for which H f and V f 
are given respectively by eqs. (14.7) and (14.8). 

We shall denote by # c ,y the asymptotic, “free” state vectors describing the 
system in the state y when it is in the arrangement channel c. The subscript y is 
a condensed notation which contains all the information about the momenta, 
spin, isospin, possible bound state quantum numbers, etc., of the particles 
when they are in the asymptotic region in channel c. The # c ,y obviously 
satisfy the Schrodinger equations 

H C <P C , y = E C) y<P c ,y. (14.10) 

We shall use the subscript a to denote the initial state of the system in the 
incoming arrangement channel i while will refer to the final state of the 
system in the outgoing arrangement channel f [1]. The corresponding “free” 
state vectors are then respectively <P lt(X and <P {sP . It will sometimes prove 
convenient to contract somewhat this notation and define the indices a = (i, a), 
b = (f, /?) and n = (c, y) so that # a = |flr5 = $f,p and <P n = <P C , y. 
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It is worth noting that the asymptotic channel states <P c , y do not in general 
form a complete set. This is due to the fact that the ionized eigenstates of 
H c are missing from the set of states <P c , y . The only exception arises when the 
total Hamiltonian H describes a system of n “elementary” particles, and the 
channel Hamiltonian is the one for which all the particles are free (i.e. the 
“«-fragment” arrangement channel). In what follows we shall denote by 

the complete set of eigenvectors of H c . The set of functions <P$ obviously 
includes the $ c , y . 

In order to illustrate these considerations, let us consider a system made 
of a proton, a neutron and an electron. The various arrangement channels 
correspond to the situations for which one has 

i) an hydrogen atom and a free neutron: (pe~) 4- n, 

ii) a deuteron and a free electron: (p n) 4- e", 

iii) three free particles: p + n + e“. 

Note that conservation laws forbid the formation of the bound states of 
deuterium in a collision involving the three particles p, n and e~, so that we 
do not call deuterium a “channel”. However, these three-body bound states 
do enter into the formulation of the scattering problem, as we shall see below. 

The arrangement channel (pe") 4- n contains an infinite number of 
ordinary channels labelled by the quantum states of the bound system (p e“). 
We note that the asymptotic channel states $ c , y corresponding to this arrange¬ 
ment channel do not form a complete set since they only describe the cases 
where the hydrogen atom is bound. Similarly, the channel states which 
correspond to the arrangement channel (p n) + e" do not form a complete 
set, since they do not include the states for which the deuteron is unbound. 
On the other hand, the channel states # c , y corresponding to the 3-fragment 
(all free) arrangement channel form a complete set. 

For each arrangement channel c corresponding to a decomposition 
H = H c 4- V c there exists an evolution operator U c (t, t') in the interaction 
picture. Now in a collision process a system, which in the remote past 
(t' -* — oo) was in the arrangement channel i and the state a, is found in the 
far future (t -► + 00 ) in the arrangement channel f and the state /?. It is 
therefore essential to examine the limit of the evolution operator U c (t 9 1') for 
infinite arguments. This passage to infinite times is by no means a trivial 
matter. For example, if we consider the simple case where the total Hamil¬ 
tonian H is time-independent, we find from eq. (13.62) that 

U c (t , t ') = exp{ii7 c t} exp{-ii/(f - t ')} exp{ — \H c t'} (14.11) 

and the limit of this expression for t or t' ± 00 is undefined, because of its 
oscillatory character. 

With these difficulties in mind, let us return to the physics of the situation. 
We shall ultimately be concerned with matrix elements of the transition 
operator. If, instead of (generalized) plane waves, the initial and final states 
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are taken to be wave packets , the undesirable transients introduced by the 
oscillations of U c {t, t ') can be shown to cancel out. Since the wave packet 
treatment is very lengthy and can be found in detail elsewhere [2], we shall 
indicate here two formal devices which do not require the use of wave 
packets. 

We begin by discussing the limiting procedure of Gell-Mann and Gold- 
berger [3]. It is defined by 



lim F(t ) = lim e f e cr F(t') dt ' 
f-* -00 £-»0 + J - 00 

(14.12a) 

and 

lim F(t) = lim e f°° e“ e '' F(t') dt'. 
t-* + 00 c-» 0 + Jo 

(14.12b) 

Performing an integration by parts, we find that 



lim F(t) = lim {[F(t') e e, ']° „ - [ ~ e"' dt'l 

t —* OO £ —+ 0 + ( J —00 ^ J 

(14.13a) 

and 

lim F(t) = lim |-[F(f') e _ “']o + | e~ et ' dt'l. 

+ oo e-+0 + [ J o dt J 

(14.13b) 


Therefore, if F(t) has proper limits F(±oo) at t = ±oo, we see that if we 
first let ^ —oo in eq. (14.13a) [or t -> + oo in eq. (14.13b)] and then take 
the limit e -+ 0 + , we have 


lim F(t) = F(— oo); lim F(t) = F(+oo). 

t-+ — oo t-+ + oo 


(14.14) 


On the contrary, if F(t ) oscillates at large |t |, these oscillations will be damped 
by the exponential factors. For example, 


f° 

lim e e a si 
£->0 + J -00 


sin t dt = — lim 


ae 


g_*o + + £ 2 


= 0 . 


(14.15) 


Let us now apply this limiting process to the evolution operators U c (t, t'). 
We define the four operators 


e c ' U c (t, t')dt'. 

(14.16a) 

U c (t, t') dt', 

(14.16b) 

e £t ’ U c (t, f) dt'. 

(14.16c) 

~ ct ' U c (t', t ) dt'. 

(14.16d) 
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We note from eq. (14.16a) that the prescription we have adopted amounts 
to “feeding in” the incident beam over an infinite period of time. This is due 
to the fact that the incident beam is described by a monoenergetic plane 
wave [4]. 

It is a simple matter to show that the evolution operators (14.16) with one 
infinite argument satisfy the same integral equations as U c (t,1'). For example 


U£t, - oo) = / - i r V c (t’)U c (t', - oo) dt’. 

J -00 

(14.17) 

The group property (13.8) also holds when one of the arguments of the 
evolution operator is infinite. For example, from eq. (14.16a) we have 

U c (t, - oo) = lim e f e“" U c (t, t") dt" 

E-+0+ J -00 


= lim e f° e“" U c (t, t')U c (t', t ") dt" 

£-*0 + J - 00 


= U c (t, t')U c (t', -oo). 

(14.18a) 

Similarly, one also has 


U c (t, +<») = U c (t, t')U c (t\ +oo). 

(14.18b) 

U c (+ oo, t) = U c (+ co, t')U c (t', t ) 

and 

(14.18c) 

U c (-«>,t)= U c (-co,t')U c (t’,t). 

(14.18d) 


We may also use eqs. (14.16a) and (13.57) to compute 

Ul(U -oo) = lim e f Q et ' Ul(t, t') dt' 
E-*0+ J -00 

r° 

= lim e 

E->0 + J -< 


e £ ' U c (t' 9 t)dt' 

= U c (- oo, 0 

where the last line follows from the definition (14.16c). Similarly, 
Ul(t, + go) = U c (+ oo, t), 

Ul(+co, t ) = U c (t , + oo) 

and 

Ul(- oo, 0 = U c (t, - oo). 


(14.19a) 

(14.19b) 

(14.19c) 

(14.19d) 


It is important to note that the relations (14.19) do not necessarily imply 
that the operators U c with an infinite argument are unitary, since the corres¬ 
ponding inverse operators U ~ 1 have not yet been defined. 

Before we investigate this question, let us describe another limiting 
procedure, due to Sunakawa [5], which may be used to define the operators 
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U c with an infinite argument. It is obtained by extending eqs. (13.56) and 
(13.58) to read 

U c {t , ±oo) = J + i lim f 00 e"* 1 '' 1 U c (t , t')V c (t')dt' (14.20a) 

£“♦0+ Jt 

and 

U c (±ao, t) = / - i lim f °° V c (t')Uc(t', 0 dr'. (14.20b) 

£->0 + 

This device is related to the adiabatic switching of the interaction, which 
consists in replacing V c (t) by Vf(t) = exp[— e\t\]V c (t) and was originally 
used by Lippmann and Schwinger [6]. Using the definitions (14.20) it is a 
simple matter to prove [5] that the operators U c (t, ±oo) and U c (± oo, t ) 
satisfy the important relations (14.18) and (14.19), as in the case of the 
Gell-Mann and Goldberger limiting procedure. 

Let us now focus our attention on the operators U c ( 0, + oo) and U c (± oo, 0). 
We begin by examining the simple case for which there is only one arrange¬ 
ment channel, i.e. one way of splitting the total Hamiltonian. We shall write 

H = H 0 + V (14.21) 

and denote the eigenstates of H 0 by the symbols # a , . . . where the indices 

a, p, . .. refer to a collection of quantum numbers. We assume that H 0 has 
no bound states. We then define for this case the Moller (wave) operators [7-10] 

Q (±) = 1/(0, +oo) (14.22) 

and 

Q (±) t = u(+ oo, 0). (14.23) 

We see that the operators Q (±) convert an eigenstate $ a of the “reference 
problem” (governed by the Hamiltonian H 0 ) into the corresponding (con¬ 
tinuum) eigenstate of the full Hamiltonian (at the time t = 0) [11]. Thus 

!Pi ±) = 0 (±) <f> a . (14.24) 

In terms of Dirac’s bra and ket notation we may also write eq. (14.24) as [12] 
l^ ±} > = Q (±) \<P«> (14.25) 

and 

<!Pi ±) | = <^ (±)t . * (14.26) 

We note from the above equations that the matrix elements of the Moller 
operators between free states are given by 

= <*,m ±) > (14.27) 

and 

^ fi \Q^\<p a y = {wp\4> a y. (14.28) 

Let us now study some properties of the Moller operators. First of all, 
since [13] 

<*,!*«> = 04.29) 
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we deduce from eq. (14.25) that 

fl (±) = Iin ±, X^|. (14.30) 

a 

Moreover, upon using eqs. (14.11), (14.16) and (14.22) we obtain an “explicit” 
form of Q (± \ namely 

Q (±) = lim 1/(0, t) 

f-* q: oo 

= lim exp(i/ft) exp( — i// o 0 

f-* q: oo 

f T°o 

= lim +8 exp( + et) exp(i/ft) exp(— iH 0 t) dt. (14.31) 
£-+ 0 + Jo 


If we assume that the states <P a form a complete set and insert in eq. (14.31) 
the completeness relation 

I l*«X*«l = I (14.32) 

a 

we find that 


Q (±) = lim exp(±et) exp(i//0l^ a )<^ a | exp( — iH 0 t) dt (14.33) 

e->0+ a Jo 


or 


Q (±) = lim exp(±8t) exp(if/0|^aX^ a | exp( —i£ a f) dt. (14.34) 

£-*0 4 a Jo 


Performing the integration, we obtain 


G (±) = lim £ 


±ie 




E -»o+ a E a - H ±ie 
Upon comparison of eqs. (14.30) and (14.35) we see that [14] 

'F[ ±) = lim -——r K 
c ->o+ E a — H ± le 


(14.35) 


(14.36) 


We now examine the question of the unitarity of the Moiler operators. 
To this end, we first observe that 

<^(± ) | ¥ /(± ) > = Sft 04.37) 

since the solutions of the full problem corresponding to a given type of 
boundary condition are orthonormal. We then have from eqs. (14.25) and 
(14.26) 

fi (±)t fl (±) = ZE iw^i^x^i = z i*.x*.i. 

a p a 

Upon using the completeness relation (14.32) for the states <P X , we then 
find that 


Q (±)t fl (±) = L 


( 14 . 38 ) 
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Therefore the Moiler operators D (±) are isometric , i.e. they do not change the 
length of a vector. Indeed, 

<Q (±) 'F\Q (±) 'F} = <¥'|0 (±)t D|2'> = <!P|!P>. (14.39) 

On the other hand, we also have 

fl (±) fl (±)t = XZ l^ ±) X<fyl*«><^ ±) | = Z |^ ±) ><n ±) l (14.40) 

a p a 

where we have used eq. (14.29). Let us denote by W (B) the state vectors 
corresponding to the possible bound states of the total Hamiltonian H . 
From the completeness relation 

I |yJ ±) ><!Pi ±) | + z |?P (B) ><?P (B) | = / (14.41) 

a B 

we deduce that 

Q (±) Q (±) + = I — A (14.42) 

where 

A = £|y/(B)><¥/( B )| (14.43) 

B 

is the projection operator onto the bound states of H. Hence, from eqs. 
(14.38) and (14.42) we infer that the Moller operators Q (±) are unitary only 
if the Hamiltonians H and H 0 have no bound states. This result is in con¬ 
trast with the unitarity property of the evolution operator U(t, t') for finite 
arguments. 

Next, we remark that 

£ a ^ ±} = = HQ (±) <P a (14.44a) 

and also 

£ a n ±} = 0 (±) E a <£ a = Q (±) H 0 <P a . (14.44b) 

Therefore, since the states form a complete set, we have 

HQ (±) = Q (±) H 0 . (14.45) 

Moreover, upon using the fact that H and H 0 are Hermitian operators, we 
also find that 

Q (±)f H= H 0 Q (±) \ (14.46) 

Hence, if W is an eigenstate of IT corresponding to the energy E, we may write 
H 0 Q {±)fl F = EQ (±)fl F. (14.47) 

In particular, if the energy E lies in the spectrum of H but not in that of H 0 
(i.e. corresponds to a bound state *F (B) ) we must have 

Q (±) t| !P(b)> = o (14.48) 

so that the operators £2 (±)t annihilate the bound states W (B \ This property 
evidently implies that 

0 (±)t /l = 0 (14.49) 

where 4 is given by eq. (14.43). 
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We now generalize the foregoing discussion to the case where the total 
Hamiltonian H may be split in various arrangement channels according to 
eq. (14.1). To this end, let us first introduce the channel projection operator 

A C = Y I *c. 7 X*c.j\ (14.50) 

y 

where the index y summarizes a collection of quantum numbers and the 
summation runs over the set of states <P c ,y belonging to the arrangement 
channel c . (We recall that in general the channel states <P c ,y do not form a 
complete set.) We shall call 0t c the “channel space ” containing the states 
<P n = <p Ct y appearing in the sum (14.50). We then define the Moller wave 
operators as 

i2< ±) = U c (0, +oo)A c (14.51) 

and we note that 

fi< ±)t = A C U C ( + oo, 0) (14.52) 

since A] = A c and C/?(0, Too) = U c (+ao, 0). We emphasize that the 
operators i2* ±) act only on the channel space M c . Thus, if we consider only 
those states <P„ = <P c , y appearing in eq. (14.50) we may write the eigenstates 
of the full Hamiltonian (at the time t — 0) originating from d>„ as 

= 0* ±) #.. (14.53a) 


In particular, we have in the initial and final arrangement channels [with 
a s (i, a) and b = (f, /?)] 



= fif***. 

(14.53b) 

and 

n ±y = 

(14.53c) 

Similarly, 

<n ±} i = 

(14.54a) 


<n ±) i = <f a if 2 i (±)t 

(14.54b) 

and 

<n ±} i = <0bi4 ±)f - 

(14.54c) 


According to eqs. (14.11), (14.16) and (14.51) we also have 
= lim U c (0,t)A c = lim exp(iI7t) exp(— \H c t)A c 

q: oo f-»^oo 

(*T 00 

= lim +e exp(+et) exp(i/ft) exp(— iH c t) dt A c . (14.55) 
e->0 + Jo 

Since the Moller operators ) only act on the channel space @t c , we may 
generalize eq. (14.38) by writing 

f2< ±)t I2< ±) = A c 

so that the f2^. ±) are partially isometric (from ^2 C ). 


(14.56) 
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Let us investigate the relationships between Moller operators belonging to 
different arrangement channels. We begin by noting that for two arrangement 
channels c and c ' corresponding to different channel Hamiltonians H c and 
H C ' one has 

= <& C , y '\$ c , y > * 0. (14.57a) 

In particular, if the initial and final “free” states <P a and belong to different 
arrangement channels (i.e. are eigenstates of two different channel Hamil¬ 
tonians ^ and i/ f ), one has 

<*bl*a> = # 0. (14.57b) 

This is in contrast with the “one arrangement channel” situation for which 
eq. (14.29) holds. Hence in general the channel projection operators A c and 
A C ' are such that 

A C A C . * 0. (14.58) 

On the other hand, eq. (14.37) may be generalized to the multi-channel 
case to read 

<^ i ±) \ n ±) > = ^ (14.59) 

This relation expresses the fact that no matter how we solve the full problem 
we get the same orthonormal set of solutions even though the solutions of 
the reference problem are not orthogonal. In particular, the full states that 
develop from (or into) one arrangement channel are orthogonal to those 
corresponding to another one. A rigorous proof of eq. (14.59) is very involved 
and will not be given here. It may be found in the references [15] and [16] 
listed at the end of this chapter. 

Let us now return to the Moller operators. From eqs. (14.51), (14.52), 
(14.56) and (14.59) we see that 

i2<? )t i2S ±) = A c d c , c (14.60) 

which is the generalization of eq. (14.38). 

In order to generalize eq. (14.42), we first note that because of the relation 
(14.59) the spaces of all eigenstates of the full Hamiltonian which develop 

from (or into) the arrangement channel c are mutually orthogonal. More¬ 
over, if we call 2c ±) 3 projection operator into one of these spaces, we have 

^ ±) i2< ±)t = Q< ±) . (14.61) 

Since all the eigenstates of the full Hamiltonian (except the genuine bound 
states !F (B) such that all the particles are bound) must be decomposable into 
states that develop from (or into) one of the arrangement channels, we have 
the (generalized) completeness relation 

Xl3^ ±) 4 ±)t = I ~ A (14.62) 
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where A is the bound state projection operator (14.43). This sum contains 
all the arrangement channels, including the one in which all the “elementary” 
particles participating in the collision are free. 

We may also generalize eq. (14.45). Indeed, from the Schrbdinger equations 
= £' n ^ ±) and H c $ n = E n <P n we deduce that 

HQ^ = (14.63) 

from which we may also infer that the operators Q ( c ±)f annihilate the bound 
states of H [see the discussion following eq. (14.45)]. Hence 

Q^A = 0. (14.64) 


Finally, we can use eqs. (14.53) and (14.55) to generalize eq. (14.36). 
This yields 


V / i ±) = lim 

E->0 + 


+ is 

-n-$ 

E n — H ± is ' 


(14.65) 


Since H c <P n = E n <P n and H = H c + V c we may also write this result as 


= lim - -L 

s->o + E n — H ± le 


ae„ -h c -v c + v c ± m„ 


or 


= <p n + lim 


1 


<14 “ a) 

In particular, we have in the initial and final arrangement channels 

1 


f**) = $ a + lim -—- Vi 4> a 

o ♦ - H ± ie 


and 


= <p. h iim 


1 


-v f * b . 


(14.66b) 


(14.66c) 


£ _ 0 + E b - H ± ie 

Using the hermiticity property of the operators H and V c , we also find that 

1 


and 


<5 rt . ±) l = <*J + lim <*JK e - 

e-+0 + — Ji + IS 

<n ±) | = <*al + lim <^al v; --L-r; 

e-*0 + "a 


<n ±) l = <*bl + lim <4> b |F f -- - . 

c -o+ E b — H + ie 


(14.67a) 

(14.67b) 

(14.67c) 


The equations (14.66)-(14.67) are of fundamental importance and will be 
frequently used below. 
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14.2. The S matrix 

Having studied the evolution operators having one infinite time argument, 
we are now ready to define a collision operator or collision matrix [17] which 
relates the state vectors describing the system in the remote past (t ' -+ — oo) 
and in the far future (t -+ 4- oo). 

We begin by considering the simple case for which there is only one 
arrangement channel, so that the total Hamiltonian H is decomposed 
according to eq. (14.21) into H 0 (the asymptotic Hamiltonian) and V (the 
interaction between the colliding particles). We then define the collision 
operator S as the composition of two Moller operators, namely 

S = U(+ oo, 0)C/(0, - oo) = £2 ( - )f i2 (+) . (14.68) 

We assume that this operator acts on the eigenstates <P a , ^,. . . of H 0 
(i.e. asymptotic “free” states having respectively the set of quantum numbers 
summarized by a, /?,. ..). 

Let us calculate the matrix elements of the operator S between two 
“asymptotic” states & a and <P p . We obtain in this way the S-matrix elements 

</J|S|a> = <<ZV|S|40 = |4> a > (14.69) 

or 

< p \ s \*> = <n-w } > (* 4 - 7 °) 

where we have used eq. (14.25) and also eq. (14.26) (in which we have 
replaced a by /?). We note from eq. (14.70) that the S-matrix elements are 
time-independent. In fact, the expression (14.70) coincides with that of the 
S-matrix elements in the time-independent formal scattering theory [18]. 
We also remark from eq. (14.70) that the S-matrix element </?|S|a> represents 
the probability amplitude of finding the system (described in the interaction 
picture by the state vector ¥^ +) ) into the state ¥^ _) . We recall that the 
state W[ +) originates from the “free” state <P a while the state goes over 
to $ fi . We note, however, that the representation (14.70) of the S-matrix 
element does not make any reference to the splitting of the total Hamiltonian 
H into an “unperturbed” part H 0 and a “perturbation” V. 

We shall now prove that the S-operator (14.68), defined over the set of 
states <P a (which we assume to be complete) is unitary . Indeed, one has 

s f s = 

= fl (+)t (l - A)& +) = fi (+)t fi (+) = 1 (14.71a) 

where we have used successively eqs. (14.42), (14.49) and (14.38). Similarly, 

SS f = 

= i2 (_)t (l - A)Q { ~ ) = Q = I. (14.71b) 

Therefore 

s's = SS 1 = /. (14.72) 
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We may also obtain this result by using S-matrix elements. Thus we write 

<fi\S'S\a> = Z </5|S%><y|5|a> 
y 

= z <n +) in- , xn- , in +) > (14.73) 

y 

where we have used eq. (14.70). With the help of eqs. (14.41) and (14.43), 
we obtain 

<P\S'S\a> = <^ +) |/ - (14.74) 

Moreover, since the bound state wave functions *P (B) appearing in A are 
orthogonal to the continuum wave functions W (±) and because the con¬ 
tinuum wave functions satisfy eq. (14.37), we have 

<P\S'S\a> = Z <P\S'\yXY\S\a> = 5„ x . (14.75a) 

y 

Similarly, 

<j8|55 f |a> = Z <P\S\y><y\S'\«> = 8,. (14.75b) 

y 

which proves the unitarity of the S-matrix. We note that the completeness 
relations (14.32) and (14.41) which express the content of the superposition 
principle and of the conservation of probability , induce the important 
properties (14.38) and (14.42) of the Moller operators and therefore the 
unitarity of the ^-operator (or S-matrix). 

Another interesting property of the S-operator (14.68) follows from the 
relations (14.45) and (14.46) satisfied by the Moller operators. That is, 

= G (_)t fi (+) // 0 = H 0 Q^Q (+) (14.76) 

so that 

[S, H 0 ] = 0. (14.77) 

The operator 

S' = fl (+) f2 (_)t (14.78) 

is also sometimes referred to as the 5-matrix or 5-operator. We note from 
eqs. (14.38) and (14.42) that 

5' f 5' = 5'5' t = I - A. (14.79) 

Moreover, from eqs. (14.45) and (14.46), we have 

£ (+) fl (_)t // = i2 (+) i7 0 12 (_)t = (14.80) 

and therefore 

[S', H] = 0. (14.81) 

Furthermore, if the ^ ±) are a complete set spanning the continuous spec¬ 
trum of H (i.e. excluding the bound states *P (B) ) we see that 

<^ ± >is'm ±, > = <n- ) m +) > = <*,isi*„>. 


(14.82) 
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Thus the matrix elements of 5' computed on the basis of the scattering states 
W (±) are the same as those of 5 evaluated between the corresponding reference 
states 

Let us generalize our discussion to the case where there is more than one 
arrangement channel [19]. Instead of one 5-operator we now have a set of 5- 
operators 

S c . c = (2<r )t i2< +) . (14.83a) 

Using a notation which refers more explicitly to the initial and final arrange¬ 
ment channels of a collision process, we shall also write 

S fi = (14.83b) 

The “5-matrix elements” are obtained by evaluating the above 5-operators 
between asymptotic states which are respectively eigenstates of the initial and 
final channel Hamiltonians. That is 

<b|5|a> = <f/?|5 fi |ia> = = <* b |5 fi |* a >. (14.84) 

Hence 

<b|S|a> = <* b |Qr )t oJ +) l*.> = <n-W +) >. (14.85) 

This result generalizes the formula (14.70) which we obtained in the “one 
arrangement channel” situation. 

Let us now return to the operators S c ' c defined by eq. (14.83a). Using 
successively eqs. (14.62), (14.64) and (14.60), we find that 

c c 

= G{r )f (l - A)Q ( [ - ) = = A ( d r[ . (14.86a) 

Similarly, 

X Sj r S ci = ^3,.,. (14.86b) 

C 

These equations imply the unitarity of the general (multi-channel) 5-matrix. 
Indeed, we have 

X<b|S c VS ci |a> = XX<^I^Vl^X^|S ei |^,> 

c c y 

= XI <<£ fj/! |S c V|4>„X0„|S ci |<Z> ij# > 

c y 

= X <b|S c V|n)<n|S ci |a> = 5 ta . (14.87a) 

n = (c,y) 

In obtaining this result we have inserted a complete set of states used the 
fact that the Moller operators contain projection operators A c acting on 
channel states, and also made use of eq. (14.86b). Similarly, one also has 

X <b|S f .,S/ c |a> = X <b|S rc |n><«|S/ f |a> = 5 ba . (14.87b) 

c n 
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We note that these relations are considerably more complicated than the 
simple, “one arrangement channel” unitarity relations (14.75). To simplify 
the notation we shall write below the unitarity relations (for both cases of one 
or more than one arrangement channels) in the form 

X <b|S t |«><»|5|a> = ,5 ba (14.87c) 

n 

and 

L <b|5|«></i|S t |a> = «5 ba . (14.87d) 

n 

Another interesting property of the 5 fi operators (14.83) follows from the 
fact that the channel Moller operators satisfy eq. (14.63). Thus we have for 
example 

Q\ +) H { = HQ\ + \ (14.88) 

Multiplying on the left by D[ _)t , we find that 

= (14.89) 

or, using eq. (14.83b), 

SnHi = (14.90) 

In the particular case where there is only one arrangement channel (so that 
iTj = H f ), eq. (14.90) yields the result (14.77) proved above. 

Let us now obtain a more explicit expression for the 5-matrix elements. 
We start from the representation (14.85), which we rewrite as 

<b|S|a> = <n-w +) > 

= <n + w +) > + <n _) - «t + w ) > (i4.9i) 


or, by using eq. (14.59), 

<b|S|a> = <5 ba + <n _) - n +) in +) >. (14.92) 

Taking into account eq. (14.67c), we may transform the right-hand side of 
this equation as 

<b, S |a> - v + to 

- + !z 

2ie 

= S tm - lim —-^--.<4> b |K f m +) >- (14.93) 


e-»0 + (-Eb — -Ea) 2 + 
Consider now the expression 


lim 

e-*0 + 


e 

(E>b ^a) 2 + £ 2 


(14.94) 
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This quantity obviously vanishes for E a ^ E b , while it is infinite for E a = E b . 
Thus 


lim 


= C5(E a - E b ) 


€->0+ (^b “ ^a) 2 + fi2 

where C is a constant. One easily shows that C = n [20] so that 
<b|S|a> = 3 ba - 2nid(E a - £ 5 )<<? b |F f |^ +) >- 
In a completely similar way, one can prove that 

<b|sia> = <n"W +) > = <yfc -) i!Pi -) > + <n _) i« / r ) - ^ _) > 


(14.95) 

(14.96) 


or 

<b|S|a> = <5 ba - 2nid(E a - EJ^W^}. (14.97) 

The comparison of eqs. (14.96) and (14.97) implies that on the energy shell 
(E a = E b ) one has 

<^ b |F f |^ +) > = <^" ) |F i |«f a >. (14.98) 

Indeed, for E. d ^ E b the second term on the right-hand side of eqs. (14.96)- 
(14.97) vanishes independently of the value of the matrix elements 
<tf> b | V f \W[ +) y or <^ _) |Fi|4>a)* On the contrary, for E a = E b the equality of 
the two expressions (14.96) and (14.97) of the 5-matrix elements requires 
that eq. (14.98) must hold. The fact that S(E a - E b ) is actually infinite for 
E a = E b should be no cause of alarm, since we shall eventually consider 
transitions into a group of states in the continuum centered about 
E = E a = E b . 

It is also worth noting the difference between the symbol <5 ba and 8(E a — E b ) 
in eqs. (14.96) and (14.97). The former strictly vanishes as soon as a ^ b, so 
that it disappears for transitions between different states. Only for pure 
elastic scattering in the forward direction is this term present. The latter 
delta function ensures energy conservation in a transition a -► b. 

Until now we have studied the 5-matrix within the framework of the 
interaction picture. It is important, however, to analyze the 5-matrix from 
the point of view of the Schrodinger or the Heisenberg pictures. We shall do 
this for the simple case where there is only one arrangement channel, with 
H = H 0 + V. 

Let us begin with the Schrodinger picture. In this case the “unperturbed” 
system prior to scattering is described by the state vector 

<£ a (0 = exp(—i/foO^a = exp(-i E a t)$ a (14.99) 

where <P a is the interaction picture eigenstate of H 0 corresponding to the 
quantum numbers a. The Schrbdinger state function W s (t) for the complete 
system which at t = t 0 reduces to 0 a (f o ) is given by 

v,(t) = exp{-iff(f - f 0 »Mo). (14.100) 
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The probability amplitude for finding the system at time t in the state 

= exp(-i H o t)$ 0 = exp(-i (14.101) 

is therefore given by 

(exp{ — iH 0 t}<Pp\exp{ — iH(t - t 0 )}\QXp{-iH 0 t 0 }<P a } 

= <^|exp{iJV} exp{-i H(t - t 0 )} exp{-iH 0 t 0 }\$ a }. (14.102) 

Upon taking the limit of this expression for t 0 — oo and t -+ + oo and 
using the limiting procedures defined in Section 14.1 we find that the proba¬ 
bility amplitude (14.102) reduces to 

= <«p(- ) |<p(+ ) > = <j?|S|a> (14.103) 

in accordance with eq. (14.70). 

We now turn to the Heisenberg picture, in which the state vectors are 
independent of time while the dynamical variables are time-dependent. The 
scattering question is then: “What is the probability amplitude of finding the 
system in the far future in an eigenstate |b> of the operator B(t = +oo) 
when it was in the remote past in the eigenstate |a> of the operator 
A(t = — oo)?” The discussion following eq. (13.40) provides the answer to 
this question: the relevant transition amplitude is again given by eq. (14.102) 
or equivalently, by the 5-matrix elements (14.103). 

Further insight into this problem may be gained in the following way. 
Let us continue to assume that the simple decomposition H = H 0 + V 
holds. For the sake of simplicity we shall also suppose that neither H 0 nor 
H has bound states. We define the Heisenberg operators [21]: 

B(£Xt) = e iH ' Q< ±) e~ lHt (14.104) 

where Q ^ ±) are the Moller operators in the Schrodinger picture, and we 
assume that the Schrodinger, Heisenberg and interaction pictures coincide 
at t 0 = 0. Let A H (t) be an operator in the Heisenberg picture which has no 
intrinsic time-dependence. It is convenient to introduce the in- and out- 
operators 

4?(0 = Q ( H +) (t)A H (t)Q^\t) (14.105a) 

and 

^°H U, (0 = (14.105b) 

which may be easily shown to satisfy the Heisenberg equations of motion 

(0 = [4r,tf] (14.106a) 


and 


i j/°H U, (0 = D4 0 H Ut , H] 


(14.106b) 
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where the complete Hamiltonian H is evidently the same in the Schrodinger 
and Heisenberg pictures. These equations must be solved subject to the 
initial conditions 


lim An(t) = lim ^4 o ,h(0 (14.107) 

t~* — OO t~* — 00 

where 

i4 OiH (0 = exp(i H 0 t)A s exp(-i// o 0 (14.108) 

is the Heisenberg operator corresponding to the Schrodinger operator A s 
when the interaction has been removed. In other words, A 0fH (t ) is an inter¬ 
action picture operator which develops in time according to the relation 
[see eq. (13.48)] 


i ^o,h( 0 — [^o.m H 0 ] (14.109) 

where H 0 is in the Schrodinger (or interaction) picture. 

The relationship between the in- and out-operators defined by eqs. (14.105) 
is easily established. Extracting A H (t) from eq. (14.105a) and substituting into 
eq. (14.105b) we obtain: 

AFtt) = n ( H - ‘(W WW > V)- (14.U0) 

Then, using eq. (14.104) and introducing the operator S s ' = £2 ( s +) £2 ( s _)t 
[note that [S', H s ] = 0 via a unitary transformation of eq. (14.81)], we have 

^H ut (0 = S'M)£(t)S' (14.111) 

so that the in-operators are transformed into their corresponding out- 
operators by means of the S s ' operator. The exact equation (14.111) for S s ' 
holds independently of the fact that the total Hamiltonian H may or may not 
be split into H 0 and V. For this reason the Heisenberg picture has been used 
extensively in quantum field theory [22]. 

Before concluding this section on the collision matrix, we mention several 
general reviews or books where this subject is treated. These are listed in 
reference [23] at the end of this chapter. 


14.3. Green's operators 


Let us return to the important relations (14.66). These relations allow us 
to calculate the state vectors W ( h ±) or once we know the Green's 
operators 


G (±) = 


lim 

e -»0 + 


l 

E — H ± is' 


(14.112) 
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The object 



(14.113) 


considered as a function of the complex variable z is called the resolvent of 
the operator H. It is a bounded operator in Hilbert space [24] for every value 
of the variable z except at the eigenvalues of H. The Green’s operators are 
thus defined as limits of the resolvent when z approaches the real axis. 

We may also define Green’s operators associated respectively to the arrange¬ 
ment channel Hamiltonians H x and H fi namely 


and 


G[ ±} = lim 


1 


G[ ±} = lim 


0 + E — H\ ± ie 
1 


0 + E — H { + ie 


(14.114a) 

(14.114b) 


More generally, to any arrangement channel Hamiltonian H c corresponds 
the Green’s operator 


G< ±} = lim 

E-+0 + 


1 

E - JT C ± ie ' 


(14.114c) 


In particular, we shall denote by 


G^ = lim 

e ->0 + 


1 

E - ~H 0 ± ie 


(14.114d) 


the (completely) free Green’s operators corresponding to a channel Hamil¬ 
tonian H 0 which describes the system when all the particles are free. When 
we wish to study direct collisions (involving no rearrangement) for which 
F, = V t = F d we shall find it convenient to use the Green’s operators 


G^ ±) = lim 

e -*0 + 


l 

E - ff d + ie 


(14.114e) 


with H d = H t = H t = H — F d . If F d = V (the full interaction between the 
“elementary” particles which participate to the collision), then the Green’s 
operator (14.114e) simply reduces to the completely free Green’s operator 
(14.114d). In what follows the limit e -*• 0 + will always be implied (unless 
otherwise stated) so that we shall simplify the notation by writing these 
various Green’s operators as 


E - H ± is ’ E — H { ± is’ 


Since the Hamiltonians H and H c are Hermitian operators we directly 
obtain the relations 

G (±)t = G CF> ; G< ±)t = G<T). 


(14.115) 
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Let us first show that the action of the operators G^ ±) is well defined in 
that part of Hilbert space corresponding to the continuum spectrum of H c . 
We start from 


(E - H c ± ie)<P c ,y = (E- E c ,y ± is)<P c , y . (14.116) 

Multiplying eq. (14.116) to the left by (E — H c ± ie) -1 , we obtain 

= (E- H c ± isy\E - E c ,y ± is)<P c ,y (14.117) 

Since (E — E c , y ± ie) is a number, it can be brought to the left of 
(E — H c ± ie) -1 , with the result 


E — H c ± is 


<p = 


E - E c ± ie 


<£> 


c,y 


(14.118) 


This equation specifies the action of G’^ ±) upon an eigenvector belonging 
to the continuum spectrum of H c . It also shows that the eigenvectors 4> c ,y 
of H c are eigenvectors of G^ ±) with eigenvalues (E — E c , y ± ie) -1 . It is 
easy to show that the converse is also true. Consider now an arbitrary 
vector |0 which may be expanded in the complete set of eigenvectors 
corresponding to H c as 

I0=E«,*5 (14.119) 

y 

with 

= <*5IC>. (14.120) 


Here the summation on y also includes integrals over continuously varying 
indices, if necessary. Thus 


E — H c ± is 


•JO = I 


y E — E Ct y ± ie' 




(14.121) 


and therefore, since |C) is an arbitrary vector, we obtain the spectral representa¬ 
tion of G < ‘ c ±) , namely 


1 

E — H c + ie 


= 1 


y 



+ ie 




(14.122) 


Let us now choose a given representation {A} of quantum theory [25]. We 
then have x 


k) = i 


y E - E c,y ± *« 


^<A|«><*;|A'>. (14.123) 


| E - H c ± ie| 

Now (/|<£s> describes the eigenstate <P$ in the representation {A}. That is, 

<2>£(A) ee <A|d>'> (14.124) 

is the “wave function” in the {A} representation. Similarly 

<(A') s <**|A'>. (14.125) 
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As an example, let us consider the case of non-relativistic potential scatter¬ 
ing in the coordinate representation { r }. We then have 


E = h 2 k 2 jlm, 

<Py -» <P k (r) = (27r) _3/2 exp(ifc' • r), 
E c „ -► E k . = h 2 k' 2 l2m 


(14.126) 


and 


*') = J d k' - - ^ + ie < l 'l^ft'><^fc'l r >• (14-127) 

Using eqs. (14.126) and evaluating the integral by the method of Section 
5.2, we find that 


E — H 0 ± is 


1 


| E — H 0 + ie 


A __ 2m/ 1 exp{±ik|r — r'\}\ 

/ h 2 \ 4n | r — r'\ ) 




(14.128) 


where G { 0 +) (r, r') is the Green’s function , given by eq. (5.27), which corres¬ 
ponds to an outgoing spherical wave. The other Green’s function G^ _) (^ r ')> 
given by eq. (5.61), obviously yields an incoming spherical wave. 

We have seen on this example that Green’s functions are obtained when the 
corresponding Green’s operators are “realized” in the coordinate represen¬ 
tation. To illustrate this point in a more general case, we consider the 
Green’s operator (14.114c) corresponding to the arrangement channel 
Hamiltonian 

H c = K c + h c (14.129) 

where K c is the kinetic energy operator of the arrangement channel c and h c 
the internal Hamiltonian of that channel. We also have 

h c (p c ,Mc) = w Cin (p c , n (Zc). (14.130) 

Here £ c represents symbolically the set of internal coordinates of the particles 
in channel c while w CtH is their internal energy. The index n summarizes all 
the internal quantum numbers. For example, if there are two particles X and 
Y in channel c , whose internal quantum states are described respectively by 
the wave functions (p x ,i( s x ) an( ^ Vyj^y) an( i if h x and h Y are the Hamiltonians 
of these particles such that 

h x (p Xti (s x ) = w Xii q> Xti (s x ) 


and 


^y^yjCsy) — Wyj^yjCsv) 


(14.131) 
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we have 


and 


h c — h x + h Y 

<Pr,,i(£c) = <Px,i( s x)<pY j( s y) (14.132) 


Wc,n = Wx,i + VV Y>/ . 

Let us further assume in this particular example that the relative motion is 
non-relativistic and describe it in the C.M. system of the two colliding 
particles. Let r x and r Y denote respectively the positions of the centers of 
mass of X and Y and r c = r x — r Y their relative vector. We shall also denote 
the relative momentum by p c = hk c , where k c is the relative wave vector. 
The reduced mass is M c = m x m Y \(m x 4- m Y ). We may then write the 
operator K c in the coordinate representation as [26], 


K c = 



(14.133) 


The complete set of eigenstates corresponding to H c is therefore given by 

WTc, tc) = (2n)~ 312 exp(i k c -rjq> c j& 

= (2n )~ 3/2 exp(i£ c • r c )<p x /s x )(p YJ (s Y ) . (14.134) 

where the index y specifies both k c and the internal quantum number n , and 
E Ct y = h 2 k 2 J2M c + w c> „ 

= h 2 k 2 /2M c + w x>l . 4- w YJ . (14.135) 

Let us denote by Z c = ( r c , £ c ) the collection of all the “coordinates” 
(including spin, isospin . . . coordinates) in channel c. The Green’s functions 
G^XZc, Z ') corresponding to the Green’s operators G^. ±) are given by 


G< ±} (Z C , Z' c ) = ( Z ( 


E — H r + ie 


z:). 


(14.136) 


Using the spectral representation (14.122) of the Green’s operators, we find 
that 


1 


E — H c ± ie 


Zc)=I 


1 


But 


and 


v E - E Cty + ie 


<Z C I**) = <P‘(Z C ) = (2tt)- 3/2 exp(i k c -r c )cp c ^ c ) 


-<Z C |^><^|Z'>. (14.137) 


<& r \ Zc> = 4>?(Z’ C ) = (2h)- 3 ' 2 exp(-i K-r&pUt® 


(14.138a) 

(14.138b) 
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so that 

G^XZ', Z' c ) = 


-(2 n )- 3 
Setting 




exp{ifc c • Qc - r')} 
k 2 c - 2M C (E - w c Jh 2 + i £ 


=j-<Pc.»(U<pUO- 


2 M, 


K c,n = -Tt(E ~ W Ct „) 


(14.139) 

(14.140) 


and performing the integral over k c as in Section 5.2 we find that 


G< ±) (Z C , Z' c ) = 


2A/J 1 v exp{±i/c c > c - 
h 2 l An 2 : \r c -r' c \ 


K\} 


VcJOvUO ■ (14.141) 


We verify easily by using the closure property of the eigenfunctions 

<Pc,„(Zc) that 

(E - H C )G[ ± \Z C , Z' c ) = 8(Z C , Z'c) (14.142) 

where 


S(Z C , Z' c ) = 5(r c - r'm c , O (14.143) 


is a generalized Kronecker delta symbol. 

To illustrate the formulae we have obtained, let us consider the simple 
case of a channel consisting of a positron and an hydrogen atom in an 
internal state described by the (non-relativistic) quantum numbers («, /, m). 

e" 

P 



Fig. 14.1. Illustration of the relative coordinate r and the internal coordinate s used in 

the text. 


We shall assume that the proton is infinitely massive and neglect the spin 
variables. The relative coordinate is then the vector r c = r — r e + — r P and 
the internal coordinates simply reduce to £ c = s (see Fig. 14.1). The internal 
wave functions are the non-relativistic hydrogen atom wave functions \l/ nlm ( s ) 
and the corresponding internal energy levels w n only depend on the principal 
quantum number n within the approximations made here. Thus the Green’s 
function for the channel which we are considering is 


«**. .i r ’< O - 1 - xp{ f ■ J ‘• - (14.144) 

n L 4n nim \r - r \ J 


where m e is the electron (positron) mass and 


2m 
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It is important to know how to relate the operators G (±) and G^. This 
can be done by using the identities between operators 



a-i- 

(14.146) 

and 


(14.147) 

Choosing 

A = E — H + ie, 

B = E - H c ± ie 

(14.148) 


and using the fact that H = H c + V c , we find from eq. (14.146) that 


G (±) = G <±) + G (±>7 cG (±) 

(14.149a) 

and from eq. (14.147) that 


G (±) = Gj*’ + Gj ±) K c G (±) . 

(14.149b) 

In particular, we have the identities 


G (±) = G{ ±) + G (±) F i G < i ±) 

(14.150a) 

G (±) = Gi (±) + GP ) ^G (±) , 

(14.150b) 

and 


G (±) = G<±> + G (±) F f G^ ±) , 

(14.151a) 

G (±) = G) ±) + G[ ±) F f G (±) . 

(14.151b) 

Similarly, we have 


G (± > = Gj, ±) + G (±) FG^>, 

(14.152a) 

G (±) = G^> + G ( 0 ±) FG (±) 

(14.152b) 

and 


G <±) = G (±) + G< ±) K d Gi ± >, 

(14.153a) 

G (±) = G<±> + G^V d G (±) 

(14.153b) 

where the Green’s operators G ( 0 ±) and G ( d ±) are defined respectively by eqs. 


(14.114d) and (14.114e), V is the full interaction such that H = H 0 + V and 
V d is the interaction occurring in a direct collision (no rearrangement). Upon 
choosing A = E — H c ± ie and B = E — H 0 ± i& and substituting in eqs. 
(14.146) and (14.147) we also get 

G< ±} = Gk ±} + G^ C ±) V C G\ ) ±) (14.154a) 

and 

G< ±) = G^ + G^ ±) F C G^ ±) (14.154b) 

with V c = V — V c . 
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14A. The T-matrix 


We define the transition operator tT n {E) by the relation 

fi( £ ) = v, + V { — - -K. (14.155) 

Ej — n t lo 

Let us first consider the matrix elements of this operator between the 
asymptotic states = <P i a and <P b = <P {tP , having energies E a = E b = E. 
These on-the-energy-shell transition matrix (or T-matrix) elements are thus 
defined as 

<b|^|a> = <f, a> = <# b (£)|^ fl (JS)|* a (£)>. (14.156) 

Going back to the explicit expressions (14.96) and (14.97) for the ^-matrix 
elements, we shall now prove that on the energy shell (E = E a = E b ) one has 

<b|*» = <* b |F f |T< + >> = <*P<- , |K i |^ a > (14.157) 

so that eqs. (14.96) and (14.97) may be written as 

<b|S|a> = <5 ba - 2nid(E a - T b )<b|^|a>. (14.158) 

We have already shown above [see eq. (14.98)] that <$ b |F f |¥'< +) > = 
<9 /( b -) |F i |<P a > on the energy shell. To demonstrate the first equality in 
eq. (14.157), we observe that, on the energy shell 
<*b|K,|* a > = <4> b |# - 

= <* b | H - £|4» a > 

= <(77 - T)4* b |4» a > 

= <v t $ b \<P a y 

where we have used the hermiticity of the operators H and V f . Hence 

<<W|$ a > = <* b |K f |$ a > (14.159) 

and we may use eq. (14.66b) to write, on the energy shell (E = E a = E b ) 

<^ b W f \K +) > = (* b V t + V t E-H + i* 7 '*') 



V{ E — H + ie Fi 



= <* b \^ti\*,> = <b|^ia> 


(14.160) 


which completes the proof. We see from eq. (14.158) that the T-matrix 
elements <b|^"|a) constitute the “non-trivial” part of the 5-matrix. The 
matrix elements (14.157) are the multi-channel generalizations of the transi¬ 
tion matrix elements (5.43) which we obtained in potential scattering theory. 
As we have already seen in a simple case [cf. eq. (5.45)], the T-matrix elements 
are involved in the computations of the cross sections. This will be shown 
explicitly in Chapter 15. 
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Although the on-the-energy-shell T-matrix elements (14.156) are ultimately 
the only quantities of physical interest (as we shall see in Chapter 15), it is 
nevertheless useful to define off-the-energy-shell extensions of the T-matrix 
elements. Among the infinite number of such extensions, we shall adopt the 
following definitions 


<b|^ (+) |a> = <$„(£„)| V t \ n +) (£ a )>, E a # E b 

(14.161a) 

and 


<b|^->|a> = (Wi-\E b )\Vi\^(E a )y, E a * E b . 

(14.161b) 

Thus we may write 


<b|^< + >|a> = (<P b (E b )\£r n (E a )\<P a (E a )> 

(14.162a) 

and 


<b|^ ( ->|a> = ($ b (E b )\£T fl (£ b )|<J* a (£' a )> 

(14.162b) 

where we have introduced the operator 


Jf f .(£) = Vt+ V - L—rVt. 

E — H + ie 

(14.163) 


In dealing with several particle dynamics (and in particular with the three- 
body problem, which we shall study in Chapter 19), it is customary to use a 
different notation and introduce the Lovelace operators 

Ufi(E) = r n (E) = V, + V f -- 1 ~— V { (14.164a) 

£j — T 16 

and 

U n (E) = F n (E) = V t +V f - L— V^ (14.164b) 

L — ll +16 

In terms of the Lovelace operators we may obviously rewrite eqs. (14.162) 


as 

<b|^< + >|a> = <0 b (£ b )|t/ n (£ a )|<D a (£ a )> 

(14.165a) 

and 

<b|^<->|a> = ^ b (E b )\U n (E b )\<P a (E a )y. 

(14.165b) 

On the energy shell E = E a = E b9 these equations reduce to 



<b|^|a> = (<P b (E)\U n (E)\<P a (E)y 

(14.166a) 


= ^ b (E)\U n (E)\^ a (E)y. 

(14.166b) 


We may also define completely ojf-the-energy-shell T-matrix elements as 
(<P b (E h W t m$*(Ejy = <^ b (£ b )|t/ fi (£)|<D a (£ a )> 

+H £ ‘ + K 'jr+7+ (£ ->)’ 

E * E a * E b (14.167a) 
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and 


< ^ b (£ b ) | i(£) | ^ a (£ a )> = <<P b (£ b )|t/ fi (£)|$ a (£ a )> 


Evidently, 

£ # £ a * £„• 

(14.167b) 

<b|iT< +) |a> -+ <b|^|a> as 

E b -» £ a 

(14.168a) 

<b|^" (-) |a> -*■ (bl^la) as 

while 

E b -*■ £ a 

(14.168b) 

<d> b (£ b )|F fi (£)|<l> a (£ a )> - <b|J r(+) |a> 
and 

as E -+ E & 

(14.168c) 

<d> b (£ b )|.T fl (£)|d> a (£ a )> <b|^ ( ->|a> 

as E -► E b . 

(14.168d) 


For the particular case of a direct collision (V i = V f = F d ) we have only 
to consider the transition operator 

nE) =v d + v d - - r V d , (14.169) 

E — H 4- 16 


so that the direct transition matrix element is given on the energy shell by 

<b|iT|a> = ($ b V d + V d -- l H - —V d ^ . (14.170) 

Off-the-energy shell extensions of the transition matrix element <b|5~|a> = 
<# b |5"|# a > are defined by 

<b|^ <+) |a> = <^ b (£ b )|F d |^ + >(£ a )> 

= <<?> b (£ b )|^(£ a )|^» a (£ a )> (14.171a) 

and 

<b|^<->|a> = <^ b -\E b )\VME a )y 

= <<P b (£ b )|^(£ b )|d- a (£ a )> (14.171b) 

with £ a ^ £ b . The completely off-the-energy shell T-matrix element is given 
by 

<<? b (£ b )|^(£)|<P a (£ a )> = ^ b (£ b ) V d + V d -- L -—V d 4> a (£ a )^ , 

£ # £ a # £ b . (14.171c) 

Finally, we note that the full J-operator (which describes transitions such 
that all the “elementary” particles participating in the collision are free in 
the initial and final states) is given by 


3T = V+V 


E - H + ie 


(14.172) 


where V is the full interaction between all the particles. 
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Let us now return to eq. (14.158). In obtaining this equation we have 
already taken into account the conservation of energy which appears through 
the delta function 8(E a - E b ). We may further reduce the S-matrix elements 
by taking into account the conservation of (linear) momentum. If we denote 
by P the momentum operator and by P a and P b its eigenvalues in the initial 
and final asymptotic states such that 


P* a = Pa<?a 

(14.173a) 

and 


P<P b = P b d>„ 

(14.173b) 

we may write the S-matrix elements (14.158) as 


<b|S|a> = <5 ba - 2ni8(E a - E b )< 5(P a - P b )r ba 

(14.174) 


where the reduced T- matrix element T ba is now defined on the energy- 
momentum shell Obviously, if we are describing the collision in the center of 
mass system, the delta function <5(P a — P b ) is unnecessary and we are dealing 
directly with a reduced T-matrix T ba such that the variables of translation are 
omitted in <P a and # b . This justifies the notation [27] adopted for the T-matrix 
elements [see eq. (5.43)] in Part II. Extensions of T ba off the energy shell may 
then be defined as for <b|«^|a>. Thus, we have 

<b|,T<±>|a> = S( P a - E a ) (14.175a) 

(<P b (E b W n (E)mE a )} = 8(P a - F b )T ba (E b , E a , E ) (14.175b) 

and 

<<P b (E b )\r n (E)\<P a (E a » - <5(P a - P b )T ba (£ b , E ai E). (14.175c) 

For the case of direct scattering there is no distinction between &~n(E) and 
(E); we shall then write 


(0 b (E b W(E)\^(E a )} = 8( P a - 

P b )T ba (E b , E„ E). 

(14.175d) 

We note that 

Ut\E b , E a ) T ba (E a ) as 

E b -+ 

(14.176a) 

n~\E b , E a ) - T ba (E a ) as 

Eb E a , 

(14.176b) 

T ba (E b , E a , E) - U:\E b , E a ) 

as E E a , 

(14.176c) 

T ba (E b , E a , E) - P ba \E b , E a ) 

as E -+ E b9 

(14.176d) 

and, for direct collisions, 

T ba (E b , E a , E) - Ti:\E b , E a ) 

as E -+ E a , 

(14.176e) 

T ba (E b , E a , E) - n~\E b , E a ) 

as E -+ E b . 

(14.1760 


The cases of energy and momentum conservation which lead to eq. (14.174) 
are two particular examples of the use of constants of the motion to simplify 
the S and T matrices. We shall return to this question in Section 16.7 after 
having learned how to calculate transition probabilities and cross sections. 
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E a Eq 
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J Eo 
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15 


Transition Probabilities and 
Cross Sections 


The main topic of this chapter is the calculation of transition probabilities 
and cross sections from a knowledge of the S - or T-matrix elements. This is 
accomplished in the first two sections. The question of the Lorentz invariance 
of cross sections is analyzed in Section 15.3. The next section deals with 
phase space considerations, while Section 15.5 is devoted to the scattering of 
incoherent beams and the density matrix formalism. Finally, we investigate 
in Section 15.6 some remarkable consequences of the unitarity property of the 
S-matrix, in particular the generalized optical theorem which relates the 
total (complete) cross section to the imaginary part of the forward elastic 
scattering amplitude. 


15.1. Transition probabilities 

Let us calculate the probability W for finding the system at time t in some 
“unperturbed” free state <P b . Using the Schrodinger picture state vector 
!P S (0> we find that 

W= \(<P b exp(—iE b t)\'P s ( t )y\ 2 - 05.1) 

Let W b (t ) be the interaction picture state vector in the arrangement channel f. 
Then 

VJtO = exp(—i//f0^b(0 

= exp(—iH f t)U t (t, 0)W b (0) 

= exp(—iH f t)Uf(t, 0)^(0, t')V a (0 (15.2) 

so that 

WUU n = K*b exp(—iEi,/)|exp(0)^(0, OI^(?')>| 2 (15.3) 
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is the probability of finding the system at time t in the interaction picture 
free state <P b when it was described at time t' by the state vector F^t'). 
For t' -* —oo, t +oo and after inserting in eq. (15.3) the channel pro¬ 
jection operators and A f we find by using eqs. (14.51), (14.52) and (14.85) 
that the transition probability corresponding to the transition a -> b is given 
by 

lim W ba (t, t') = |<b|5|a>| 2 . (15.4) 

t'~* — 00 
t-* + 00 

In obtaining this result we have used the fact that F a (t') -► <P a as t' -+ — oo. 
We also recall that the indices a and b are such that a = (i, a) and b = (f, /?). 

This equation, however, is not very useful since the quantity |<b|5|a)| 2 is 
infinite due to the presence of the energy conserving delta function in eqs. 
(14.96) or (14.97). In fact, eq. (15.4) simply tells us that an infinite number of 
transitions a b occur during an infinite amount of time. The relevant 
physical question is to ask for the transition probability per unit time w 5a , 
namely [see eq. (15.3)] 

W ba = 4 lim 0)l/,(0, 01 ^a(0>l 2 

dt t'-+ - 00 

= ^l<*blt/fM)|y< + >>| 2 (15.5) 

where we have used the fact that ¥',(/') -*■ <£ a as t' -* — oo, and we recall that 
Ui(0, — oo) = We may transform eq. (15.5) as follows. We first write 

w ba = ^ [<*„i u t (t, o)i^ + >><<f b ii/ f (t, o)\n +) >*'] 


= 


dU r (t, 0) 


dt 


Vl +) X<P b \V t (t, 0)|^ + >>* + c.c. (15.6) 


where c.c. denotes the complex conjugate. Then, using eqs. (13.55) and 
(13.47) we find that 

Q) = -m)U f (t, 0) = -i exp(i// f t)F f exp(-i Ht) (15.7) 


and therefore 

W ba = - i<* b |exp(itf f t)F f exp( - iHt)\ V[ + >) 

x<$ b |exp(iJT f Oexp(-i//OI^ +) >* + c.c. 

= -i[exp(i£ b O<<f b |F f |«P< +) > exp(-i£ a 0] 

x[exp(i£ b 0<4> b |¥ / i +) > exp(—i£ a t)]* + c.c. 
= -i<4> b |F f |!P< +) ><4> b |!Fi +) >* + c.c. 


(15.8) 



TRANSITION PROBABILITIES AND CROSS SECTIONS 


377 


But 


<* b i^ +) > = <^ ( b +) i^ +) > + <*b - n + w +) > 

i 


= <5ba - <<*>„ 

= ^ba — 


V t 


E h — H — is 


^i +) > 


1 


E h - £, - is 


-<<wi**. +) > 


so that 


(15.9) 


Wba 


= -i<<f> b iF f i^ + >>L a - -—L- -^<^ b \v ( \K +) >*] + c.c. 
L E b - E a + 18 J 

= 2Im[<(?. b |F f in +) >]<5ba 



1 

£ b - £ a + is 


) 


= 2 Im[<4> b |K f |n +) >]<5 b a + 2|<^ b |F f |^ +> >| 2 —- 8 - 2 . (15.10) 

\^b "a/ > £ 

Recalling that [see eq. (14.95)] 

lim n f — h^T7> = nd(Eb ~ £a) (1511) 

e-O* l^b _ &a) + £ 

and using eq. (14.157), valid on the energy shell, we find that 

w ba = 2 Im<b|^|a><5 ba + 2 nd(E b - £ a )|<b|^|a>| 2 . (15.12) 

Now, let us consider a group of final states <P b having almost the same 
energy as the initial state # a . We assume that <P a does not belong to these 
states (i.e. we are dealing with a genuine transition) so that the first term on 
the right of eq. (15.12) disappears. Then the transition probability per unit 
time w to the group of states <P b is given by 

w = 2n^8(E b - £ a )|<b|^|a>| 2 (15.13) 

b 

where the summation on b includes the set of final states which we want to 
consider. Let us denote by p b (E ) the density of final states [so that p b d E is 
the number of states <P b in the energy range (E, E 4- d£)]. Assuming that 
both p b (E) and <b|5~|a> are slowly varying functions of E in the (small) 
energy range ( E b — A E b , E b + AE b ), we find that the transition probability 
per unit time to the group of states <P b is given by 

p£b+A£b 

w = 2n £ 8(E' - £ a )|<b'|^|a>| 2 p b <£') d£' 

b / J £b“A£b 

= 2n Z Pb'(^)l<t , '|^ r |a>| 2 (15.14) 

h' 
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where b' contains all the indices implied by b except the energy E b , and the 
T-matrix element <b'|«^|a> must be evaluated on the energy shell £ a = E b 
= E. Writing explicitly the quantity h which we had set above equal to unity, 
we have 

w = xEPb'(£)l<b'ma>| 2 . (15.15) 

h b . 

This formula is very similar to the “golden rule” of time-dependent perturba¬ 
tion theory which we discussed in Chapter 12 [see eq. (12.98)], namely 

2n 

w(I) = T£M£)l<b'|F|a>| 2 (15.16) 

h t1 

where w (1) is the transition probability per unit time computed to first order 
in perturbation theory so that the potential - acting only once - appears in 
the matrix element <b'|Fja> instead of the full transition operator. 

We may also take into account in eq. (15.13) the conservation of linear 
momentum. Since 

<b|^|a> = S( P b - P a )r ba (15.17) 

we have (with h = 1) 

= 2* I S(E b - E a m P b - Pa)] 2 !^! 2 . (15.18) 

b 

We may interpret the object [<5( P b — P a )] 2 as follows. Firstly, we note that 
[<5(P b ~ Pa)] 2 = W(P b - Pa). (15.19) 

Let us enclose the system in a large box of volume V. We then have [1] 


W(P b - P a ) - (2k)" 3 ^ d R exp(iO • i?)<5(P b - P a ) 


^3^(P b - Pa)- 


Upon returning to our delta-function normalization, which corresponds to 
V = (2n) 3 we see that 

m <5(P b - P a ) - <5(P b - Pa) 
so that eq. (15.18) becomes 

w = 2 tt X S(E b - E a )8( P b - P a )|r ba | 2 . (15.20) 


It is worth noting that with our choice of “normalization” for the free 
waves [see eqs. (5.6)—(5.8)] the particle density is equal to {2n)~ 3 in configura¬ 
tion space. Thus the value of w which we have obtained is the number of 
particles scattered into the set of states ($ b ) per unit time and per unit target 
particle, when there is one incident particle in a volume V = (2tt) 3 . 
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15.2. Cross sections and lifetimes 

Having calculated the transition probability (15.13) from the T-matrix 
element, we are now prepared to obtain the corresponding cross sections. 
Recalling the definition of Section 1.3, we write 

A (7 = w/<P A (15.21) 

where $ A is the relative flux of the incident particles A with respect to the 
target. With the “normalization” adopted for the asymptotic states, this 
quantity is given in both non-relativistic and relativistic cases by 

= (2n)~ 3 Vi = (2rt) -3 |» A - » B | (15.22) 

where » A and t> B are respectively the (collinear) velocities of the incident 
particles A and the target particles B and is the magnitude of the relative 
velocity in the initial channel. Thus 

A«x = X <5(£ b - E a )S(P b - P a ) ( -^|rj 2 (15.23) 

b 

where the sum on b runs over a range of states determined by the experi¬ 
mental resolution. In particular, if we are interested in transitions a -> b 
from a specific initial channel a = (i, a), (with i and a fixed) to some final 
states b = (f, /?) belonging to the arrangement channel f, we may write 

Atf = X <5(£b - £a)<5(P b - Pa)—|£J 2 (15.24) 

p v i 

where the summation includes a set of final states belonging to the 
arrangement channel f and having the internal quantum numbers which are 
contained in the index [2]. 

In order to specify the summation over the range of final states which 
appears in eq. (15.23) or (15.24), we consider for example a collision of the 
type 

A + B -> C t + C 2 + • • C„ (15.25) 

in which there are n distinct particles in the final state with wave vectors 
k u k 2 ,. . . k n9 internal quantum numbers oc u a 2 ,.. . a„ and energies E u E 2 , 
... E n . Because of our normalization (5.6)-(5.8) of free states, the number of 
states in the interval ( k , k + dA;) is d k. Thus the phase space element in the 
final state is dk x dk 2 ... d k n and we may rewrite eq. (15.23) as 

A<t= £ [ dfc, d k 2 ... d k. <5(£ b - £J<5(P b - Pa)— Vj 2 - (15.26) 

We note that the dynamics of the process is entirely contained in the 
transition matrix element ^ba while the phase space factors are of a purely 
kinematical nature. The range of variables over which the sums or integra¬ 
tions in eq. (15.26) are performed depends on the resolution of the detectors. 
For example, if the experimental setting cannot distinguish the spins of the 
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outgoing particles - so that all are counted indistinctly by the detectors - 
one must sum over final spins. Similarly, eq. (15.26) must be integrated over 
the momenta and summed over the other quantum numbers of the final 
particles corresponding to the collision (15.25) but which cannot be detected 
by the experimental apparatus. 

If the range of the sum over final states is very small, we may replace A a 
by the differential do. When, on the contrary, the summation includes all 
the possible final states, then A a = <j to t , the total cross section for all processes 
that can be generated from the interaction of the two initial particles. By 
summing over all possible final states within a given final channel [3]b = (f, /?), 
we obtain from eq. (15.26) the total cross section <7^ for the transition from 
channel a = (i, a) to channel b = (f, /?). 

The cross sections given by eq. (15.26) are those corresponding to the case 
where the two colliding particles A and B are in specific internal states before 
the collision. Frequently, however, these two particles are distributed among 
a mixture of states, so that the observed cross sections are obtained by 
performing a weighted average of eq. (15.26) over the initial quantum 
numbers of the particles A and B. For example, if the colliding particles 
have spins S A and S B and are randomly distributed over the set of (2 S A + 1) 
(2S b + 1) spin states - in which case the scattering system is said to be 
unpolarized - the average differential cross section is 


dc = 


1 

(2S a + 1)(2S b + 1) 


X dtr< SA ’ SB > 

Sa,Sb 


(15.27) 


where do- (SA ’ SB > is the differential cross section for the case when particles 
A and B are respectively in the spin states denoted by S A and S B . When the 
spin states are not randomly distributed, the scattering system is said to be 
polarized. We shall examine examples of such polarized systems in Sections 
15.5 and 18.3. 

The cross section formulae which we have obtained are not correct when 
there are identical particles in the initial or final states. In this case, a proper 
symmetrization of the initial and final asymptotic states must be performed. 
A simple example is provided by a collision in which N identical elementary 
particles emerge in the final state. Then, in order to avoid counting the same 
states repeatedly, we must write for the total cross section 


atot = W\ j d<7 - (15,28) 

Similarly, if there are N t (i = 1,2,...«) identical elementary particles of the 
kind i in the final state, then 
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The scattering of identical particles will be considered in more detail in Section 
16.6. 

Let us now return to eq. (15.26) and illustrate this formula on a simple 
example, namely the collision 

A + B —► C -j- D 


where we assume that the particles A, B, C and D are “elementary” and 
distinct. We shall describe this collision in the center of mass system, and 
denote the rest mass, wave vector, energy and spin of the particles A, B, C, D 
respectively by m A , k A , E Ai S A ; m Bi k Bi E B , S B ; etc. The differential cross section 
corresponding to the case where the internal states are well defined is (writing 
explicitly the quantity h ) 

dff = i^\ dkc dk ° 8(Eb ~ Ea)8(kc + &D)|Tba|2 (15 - 30) 

where v k is the relative incident velocity. After integration over k D we find 
that eq. (15.30) may be rewritten as 


d<7 = 


(2 nf 
hv j 


J 


dfc f d(E b - E a )\T b f 


where the reduced T'-matrix element is given explicitly by 


Here 


T ba = <5 C , S D \T(k t , led \S A , S B y. 


k, = k A = -k B 


(15.31) 

(15.32) 

(15.33) 


is the initial relative wave vector in the C.M. system [see eqs. (2.17) or (2.97)] 
while 

k ( = k c = — k D (15.34) 


is the final relative wave vector in the C.M. system. The second equality in 
eq. (15.33) follows from the fact that k A + k B = 0 in the C.M. system, while 
the second equality in eq. (15.34) is due to the momentum conserving delta 
function in eq. (15.30). 

In order to take into account the energy-conserving delta function in 
eq. (15.30) we write 

d k f = kf d k f d Q = p b (E b ) d E b d Q (15.35) 

where df2 is an element of solid angle into which the vector k { is pointing and 
p b (E b ) = kf dk f /dE b (15.36) 

is the density of final states per unit energy. For a relativistic collision such 
that 

E b = E c + E d 

= c(m£c 2 + h 2 \k c \ 2 ) 1/2 + c(m£c 2 + h 2 \k D \ 2 ) 1/2 
= c(m& 2 + h 2 \kf\ 2 ) 112 + c(m&c 2 + h 2 \k f \ 2 ) 1/2 (15.37) 
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we have (with k f = |A f |) 

dE b /dk t = h 2 c 2 k f [\/E c + l/E D ] (15.38) 

so that 


P b (E b ) = 


fcf 


ft 2 c 2 (l/£ c + 1/£ D ) 


(15.39) 


Returning to eq. (15.31), we now integrate over the variable £ b , keeping 
di2 fixed. We obtain in this way the differential cross section for emission of 
the particle C in the direction Q, namely 

d<r _ (2nf 
d£2 hv l 


P b (E)\T b f 


(15.40) 


or 


d<7 (2 nf k f 

d Q = ft 2 c 2 (l/£ c + 1/£ d ) 


(15.41) 


where the right-hand side must be evaluated on the energy shell 

£ = £ b = £ a = £ a + £ b = £ c + E d . (15.42) 

The non-relativistic limit of eq. (15.41) is easily obtained since in this case 


l_ 1_ _ _J_ _J_ _ 1 

£ c £ d m c c 2 m D c 2 M f c 2 


(15.43) 


where M { = m c mj(m c + m D ) is the reduced mass in the final channel. Then 
da _ (Inf k(M ( 
d£? hv: 


J l T t 


bal 


(15.44) 


We verify that since the non-relativistic energy of the relative motion is 
given in the final channel by 

E b = h 2 kt/2M ( (15.45) 

we have indeed 

p b (E b ) = k\f dk f /dE b = k { M { /h 2 . (15.46) 

We may still transform eq. (15.44) as follows. Remembering that for a non- 

relativistic motion 

v, = hkJMi (15.47) 

where = m A m B /(m A + m B ) is the reduced mass in the initial channel, we 
have 


do 
d ~Q 


= (2tt) 4 


MiM'kt i2 
ft 4 fci bal ' 


(15.48) 


In analogy with the simple case of potential scattering, it is convenient to 
introduce a scattering amplitude / ba which, except for a phase, is defined by the 
formula 


d<r 
d Q 



2 


(15.49) 
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where dcjdQ is the C.M. differential cross section given by eq. (15.40). Thus 

(2tt) 4 k t 


I fba 1 2 = V^^Pb^l^al 2 . 

xXV‘ x kf 

In the relativistic case we may use eq. (15.39) and the fact that 
d E n 


v 5 = 


= hc 2 k:\ 


‘1 1 " 
l^A + Eb. 


to find that 


Aa _ 


h d/<j 

(2 n) 2 (£ A £ B E C £ D ) 1/2 


2 ,,2 




T t* 1 # 

1 ba e 


(15.50) 


(15.51) 


(15.52) 


where £ = £ A + £ B is the total energy in the C.M. system and <j) is an 
arbitrary phase. 

When the scattering is non-relativistic we deduce directly from the 
comparison of eqs. (15.48) and (15.49) that 


Aa = ( ~<M i M { ) 1 / 2 T ba e‘*. 
If we choose <f) = n we find that 

Aa = - T ba 


(15.53) 


(15.54) 


so that in the particular case of potential scattering, where M x = M f = m , 
the formula (15.54) exactly reduces to the result (5.44) which we obtained in 
Section 5.3. In what follows we shall adopt the choice (j) — n. 

So far, we have discussed collisions of the type (15.25), with two particles 
A and B in the initial state. Our discussion may be extended to the case 
where there are m particles in the initial channel. We shall not treat explicitly 
the situation where m ^ 3 but examine instead the special case m = 1. This is 
a decay process of the type 

X -+ C t + C 2 + • • • + C„. (15.55) 

The transition probability per unit time for such a process is still given by 
eq. (15.20). The lifetime t of the initial state is thus defined by 

r = 1 \W (15.56) 

where 

W = ^iri I £ [ dk t dfc 2 ... dfc„ <5(£ b - £ a ) <5(P b - PJI Aal 2 

(15.57) 
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is the total transition probability per unit time, averaged over the internal 
quantum numbers (e.g. the spin S x ) of the decaying (unpolarized) system X, 
and summed over the final internal quantum numbers and momenta of the 
outgoing particles. We shall return to eq. (15.57) in the next section. We note 
here that when there are many different modes of decay, the lifetime t is 
such that 

-=^ = £^ = 1- (15.58) 

^ i i T'i 

where is the partial lifetime for decay into channel i. 


15.3. Lorentz invariance 

Before we examine the behaviour of cross sections and transition matrix 
elements under Lorentz transformations, let us return once more to the 
definition of cross sections given in Section 1.3. We consider a beam of 
particles A directed towards a target consisting of n B particles B. Let us 
assume that the detector registers the particles C and that the counting rate, i.e. 
the number of particles C detected per unit time is A N c for a given range of 
final states. This counting rate is proportional to the incoming flux and 
to the number of scatterers n B . Thus 

AN C = A<r(AB C . . > B <Z> A (15.59) 

where the proportionality constant is the cross section for the production of 
particles C in collisions of particles A with particles B within the given range 
of final states. If the target is at rest before the collision, we have 

= Pa( v a)l (15.60) 

where p A is the density of beam particles and (u A ) L the magnitude of their 
velocity in the laboratory system. We note that with the normalization 
convention for free waves which we adopted above the beam particle density 
is just p A = (2tc)" 3 . It will prove convenient in what follows to adopt another 
normalization for free waves so that we shall use directly eq. (15.60) to cal¬ 
culate the incident flux. 

Let us transform eq. (15.59) in such a way that the symmetry between the 
two colliding particles is more apparent. For that purpose, we write 

n B = p B V (15.61) 

where p B is the particle density of the target and V the effective target volume 
interacting with the incident beam. Then, with the help of eqs. (15.60) and 
(15.61), eq. (15.59) becomes 

A NJV 


A a = 


PaPb( v a)l 


(15.62) 
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and we note that (y A ) L is the relative velocity of particles A and B. We shall 
also define the object 

F = PaPb(^a)l (15.63) 

together with the quantity 

ANc = A N c /V (15.64) 

which is the number of particles C detected per unit time and per unit volume 
(i.e. per unit four dimensional volume). Thus 

Act = AN C /F. (15.65) 

We note that because of the Lorentz-Fitzgerald contraction of lengths 
[4] we have (with c = 1) 

Pa = P°a[1 - (*>a)!] -1/2 (15.66) 

where p% is the beam particle density in its rest frame. Thus 

F = PaP^a)l[1 - (15-67) 

We now examine the scattering process in another Lorentz frame which 
moves with respect to the laboratory system with a uniform velocity. Since 
A N c is a number of particles per unit four-dimensional volume, it is invariant 
under Lorentz transformations. We assume that the motion of the new 
frame is parallel to (t? A ) L , with the velocity w, in such a way that the target 
has the velocity — «in the new frame, while the beam particles have velocities 
whose magnitude is given by 


_ K)l - u 

1 — ( V a)iM 

(15.68) 

Since 


F' = PaP'b( v 'a + «) 

(15.69) 

we have 


f' = pIpKv'a + «)(i - tfr 1/2 (i - « 2 r 1/2 


= paPbK)l[i - K£T 1/2 = f 

(15.70) 


so that F is invariant under proper Lorentz transformations parallel to the 
axis along which the collinear velocities of the beam and target particles 
are directed. Hence the cross section (15.65) which is the ratio of the two 
invariant quantities Ai? c and F is also invariant under these Lorentz trans¬ 
formations. 

We now want to consider collision processes in Lorentz frames such that 
the velocities of the two colliding particles are not collinear. In this case the 
definition of cross sections is not obvious. Given the Lorentz invariance 
property for collinear velocities, it is convenient to define the cross sections 
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to be invariant under all proper Lorentz transformations [5]. To this end we 
need an invariant generalization of F which we obtain in the following way. 
Since (with h = c = 1) 

(®a)l = I*aIl/(£a)l ( 15 . 71 ) 

and 

Pa — Pa[1 — ( u a)l] 1/2 = Pa(Ea)l/ ,,! a (15.72) 

we deduce from eq. (15.63) that in the laboratory system 


p _ c ( £ a)l oI^aIl _ „ „I*aIl 
* - Pa—~ Pb/tt-t - PaPb~— ■ 

m A (^a)l m A 


(15.73) 


We now introduce the “triangle function” (2.100) and use the fact that the 
magnitude of the wave vector of particle A in the laboratory system is given 
by 

I^aIl = 2^V a ( s > m A> ml) (15.74) 

to write the quantity F in invariant form as 

F = PaPb\A( s > m A> ml)l2m A m B . (15.75) 

With F given by eq. (15.75), the cross section (15.65) is invariant for all 
proper Lorentz transformations. 

Let us now return to the formula (15.26) and try to recast it into a form 
which exhibits explicitly Lorentz invariance properties. We first note that if 
k and E are respectively the wave vector and energy of a particle in the 
original Lorentz frame, while k' and E' are their values in a new Lorentz 
frame moving with a velocity u with respect to the first, we have 

d k/E = dk'/E'. (15.76) 

Indeed, let the velocity u be parallel to the z axis, so that eq. (2.106) - which 
relates the four-momenta of the particle in the two frames - applies. Then, 
with v' = k'/E' (h = c = 1), we have 


d k x = d k' x , dk y = dk' y , 

= y[dk' z + u d£'] = y\_dk' z + u dfc'*t>'] 


so that the Jacobian J(8k'/8k ) is given by 
10 0 

/ flic \ I 

J 


if—'] - 

\dk) ~ 


Hence 

Since we also have 


0 1 0 
yuv' x yuv' y y(l + uv' z )\ 

d k = y(l + uv')dk'. 


= y(l + «•»')• 


(15.77) 


E = y{E' + «/c') = y(E' + uv' z E') = y(l + «•»')£' 
we see that eqs. (15.77) and (15.78) imply eq. (15.76). 


(15.78) 
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In what follows we shall denote the quantity d k/E as the (one-particle) 
Lorentz invariant phase space [6]. We may introduce explicitly these invariant 
quantities in eq. (15.26) and write 

A<7 = £ f y 1 Y~ 2 " • <5(£b - Ea)<5(P b - Pa) 

(2tt) 4 


' E A E B V, 


lVE 1 E 2 ...£ n T ba V^ B | 2 (15.79) 


where we have also factored out the product E A E B . With the help of eq. 
(15.74) we note that in the laboratory system 


I*aIl 


E\E B Vi = (E A ) L m B ^-j = m B |fc A | L = iV A ( s > m A> ™l)- 

Thus, introducing the invariant expression 

B = m i> m l) 

we may recast eq. (15.79) into the form 


(15.80) 

(15.81) 


A a 


= Z fy 

ai,ot2,...a M J "1 


^■■■ d p3(E b - E a )§(P b -P a ) 

&n 

(2n ) 4 


B 


IVE 1 E 2 ■■■E n T ba V£ a E b | 2 . (15.82) 


Since the quantities A<r, dkJE ; , B and the four-dimensional delta function 
3\P b - Pa) = S(E b - E a )8(P b - P.) 
are all Lorentz invariants, we conclude that the object 

M ba = ^E,E 2 ...E n T ba jE^E B (15.83) 

is also a Lorentz invariant [7], which we call the (Moller) invariant transition 
matrix [8]. In terms of this quantity we may write eq. (15.81) as 

y • y 5(E b - EM P b - Pa)yp|M ba | 2 . (15.84) 

£j 2 

To conclude this section we comment briefly on the formula (15.57) which 
corresponds to the decay process (15.55). Introducing the invariant transition 
matrix 

M ba = jE t E 2 ...E„ T ba V£x (15.85) 

we write (with h = 1) 

- = W = (15.86) 

T 


A a 


- i fy- 

ai,a2,...a n J "1 


2n 


2 S x + 


£ fff' 

1 E x S x «,,« 2 ,...a„ J h l L 2 


)\M b 


The integral being Lorentz invariant, the transformation property of the 
lifetime r is the same as that of E x , the energy of the decaying particle. 


References and notes on page 401 



388 


GENERAL SCATTERING THEORY 


Hence, if t 0 is the lifetime of the particle in its own Lorentz rest frame, we 
have in a new Lorentz frame moving with a velocity u with respect to the 
first, 

t = r 0 (l - PY 1 ' 2 , p = u/c. (15.87) 


This is known as the time dilatation effect. For the case of a two-body decay 
X -+ C t + C 2 in the rest frame of the decaying particle X (of rest mass m x ), 
we have E x = m x and the integral in eq. (15.86) is easily reduced with the 
result 


2 n k { 


2S + 1 m 2 ^ n ^ ^ 2 S +lm 2L L 

zo x i- i m x SxS!,S 2 z ^x + 1 m x s x si,s 2 


8tt 2 k f 


Z Z l^bal 2 (15.88) 


where k f is the relative final wave vector, while S x and S 2 are respectively the 
spins of the particles C t and C 2 . 


15A. Phase space considerations 

We have already seen above that the volume of the (non-invariant) phase 
space corresponding to wave vectors between k and k + dk is dk (with our 
normalization (5.6)-(5.8) for free states). Thus the non-invariant w-particle 
phase space (Nips) volume element is simply 

dNips^i, fc 2 , . . . k n ) = Y\ dkf. (15.89) 

i= 1 

For relativistic collisions, it is convenient to introduce a Lorentz invariant 
phase space (Lips). For one particle we have shown above that it is given by 
(or proportional to) dk/E, so that the w-particle Lorentz invariant phase 
space volume element may be chosen to be 

dLips(k l5 k 2 ,. . . k n ) = f[ d kJE t (15.90) 

i= 1 

where k u k 2 ,. . . now denote the corresponding four-vectors [9]. 

It is important to note from eq. (15.26) or (15.84) that the integration over 
final momenta is always restricted by energy and momentum conservation. 
We can incorporate this feature into the definitions of the phase space 
volume elements. For example, we may define the restricted non-invariant 
phase space element (with h = 1) as 

dNips(£, P, k u k 2 ,.. . k n , E t , E 2 ,.. . E „) 

= <5(£ - I E t )S 3 (P - X k t ) fl dk t (15.91 

i I 1=1 

where P is the total momentum and E the total energy. Similarly, the restricted 
Lorentz invariant phase space element is given by 

dLips(s; k u k 2 , ... k n ) = 5\P - £ fcJdLips^, k 2 ,... k„) (15.92) 
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where P is the total four-momentum and the dependence on P only occurs 
through the quantity s = P 2 since dLips is Lorentz-invariant. We note that 
in the center of mass system eq. (15.91) becomes 


dNips(£, k u k 2 ,.. . k„, E u E 2 ,... E n ) = <5(E - £ E t )8 3 (Y *,) dk t 

i i i= l 

(15.93) 

while eq. (15.92) yields 

dLips(s, k u k 2 ,... k n ) = - Y £^ 3 (E kddUps(k u k 2 ,... k n ). (15.94) 

i i 

Let us now return to the basic relation (15.26) or (15.84). We have already 
pointed out that if some final particles are unobserved, an integration must 
be performed over their momenta and a summation over their other possible 
quantum numbers. If we assume for a moment that T ba (or M ba ) is independent 
of these variables, we see that phase space integrals of the type 

| dfc, dk 2 .. . d k n S(E - Y £ f )5 3 (P - Y K) (15.95) 

or 


f d k 1 d k 2 


d k, 
~E 


8\P - Y ki) 

i 


(15.96) 


must be evaluated [10]. Since the dynamics is entirely contained in the 
matrix elements T [ba (or M ba ), we note that phase space integrals only produce 
kinematical effects; they yield in fact a “background” corresponding to the 
behaviour of the system if T ba (or M ba ) were constant. Hence the genuine 
dynamical effects only appear by a comparison of the integrals evaluated with 
and without the presence of |r ba | 2 (or |M ba | 2 ). 


15.5. Scattering systems in mixed states. The density matrix 

We have only considered so far the scattering of particles which may be 
described by a single state vector, i.e. a ray in Hilbert space. Such systems are 
said to be in a pure state. They are prepared in a specific way, their state 
vector being obtained by performing a maximal measurement in which all 
values of a complete set of commuting observables have been ascertained. 

In many cases, however, the measurement made on the system is not 
maximal. For example, a beam of particles may be prepared in such a way 
that certain quantum numbers are only known through a probability 
distribution. Such systems, which cannot be represented by a single ray in 
Hilbert space are said to be in mixed states. The description of these systems 
is conveniently made in terms of the density matrix formalism of statistical 
mechanics [11-13]. This method has also the advantage of treating pure and 
mixed systems on the same footing. 
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15.5.1. General properties of the density matrix 

Let us first present the density matrix in a general way. We consider a 
system which consists of an ensemble of subsystems a = 1,2 ,N. We 
suppose that each of the subsystems is in a pure state and is therefore 
characterized by a distinct state vector !F (a > which we may expand into 
orthonormal eigenvectors ij/ n of some complete set of operators. Using 
Dirac’s notation so that we denote the state vector ^ (ot > by |a> and the basis 
states ij/ n by |«>, we have 

l<*> = Z c ? ) l«> (15.97) 


<n'|n> = 8„. n or S(ri - n), 
c<“> = <n|a> 

Z l«S°l 2 = 1- 


(15.98) 


Consider now a physical quantity si represented by an operator A. The 
expectation value of this operator in the pure state 3 /( “ ) is given by 

= <«M|a> = Z Z (15.99) 

n n' 

and therefore its average value over the ensemble is 

<a> = Z (15.100) 

a=I 

where P a is the statistical weight factor for the system a, i.e. the probability of 
obtaining this system among the ensemble. The quantities P a must therefore 
be such that 

0 ^P a ^ 1 (15.101) 

and 


Z = i- 


(15.102) 


Writing eq. (15.100) explicitly with the help of eq. (15.99), we find that 


<A> = Z ^ZZ^M #) <«'M|n> 

a = 1 n n' 


(15.103) 


<^> = Z ZZ <n|a>P a <a|n'><n'M|n>. 

a = 1 n n' 

This suggests that we introduce the density operator 

p = Z l a > p «< a l 

a = 1 

and the density matrix 

Pnn ' = <n\ P \,0 = £ PA^C^ 


(15.104) 


(15.105) 


= Z <n|a>P a <a|n'> 


( 15 . 106 ) 
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in terms of which we can recast eq. (15.104) into the form 

<^> = Z E <n|p|n'><n'MI«> 

71 It' 

= £ (n\pA\ri> = Tr (pA) (15.107) 

n 

where Tr denotes the trace. Thus the knowledge of p enables us to compute the 
statistical average of A. We note immediately from eq. (15.105) that the 
eigenvectors of p are just the possible pure states of the ensemble, while its 
eigenvalues are the corresponding statistical weights P a . We also remark that 
the special case A = I yields the normalization condition 

Trp = 1. (15.108) 

The diagonal matrix elements of p have a very simple physical interpreta¬ 
tion. Indeed, the quantity 

<n|p|n> = Z Py;Y (15.109) 

tx= 1 

gives the probability of finding a member of the ensemble in the state n. 

Let us establish a few additional properties of the density operator. We 
first note from eq. (15.105) that p is Hermitian , namely 

p = pt (15.110a) 

or 

(n\p\riy = <«»>*. (15.110b) 

Therefore the density matrix may always be diagonalized by a unitary 

transformation. 

Next, we note from eqs. (15.101) and (15.109) that 

P nn = <n\p\n> > 0 (15.111) 

so that p is a positive semidefinite operator. In fact, combining eqs. (15.108) 
and (15.111), we see that all the diagonal matrix elements of p lie between 0 
and 1. That is, 

0-< p nn < 1. (15.112) 

Let us choose a representation in which p is diagonal, so that p nn ' = p nn d nn '- 
Then, using eqs. (15.108) and (15.112), we have 

Tr(p 2 ) Tr p = 1 (15.113) 

and this relation holds true in any representation because the trace is in¬ 
variant under a basis transformation. We note that since p is Hermitian [see 
eqs. (15.110)] we may also write eq. (15.113) as 

LI>»-I 2 <1. (15.114) 

71 IT 

We now consider a particular case such that the system is in a pure state 
| X). Then P a = 5*x and we infer from eq. (15.105) that 

P A = UXX (15.115) 
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Hence in this case the density operator becomes a projection operator such 
that 

(p A ) 2 = p A (15.116) 

and therefore we have now 

Tr(p A ) 2 = Tr p x = 1. (15.117) 

Because P a = cW for a pure state, we also note that eqs. (15.104) and 
(15.107) reduce in this case to 

<^> = Tr(p^) = (l\A\ky. (15.118) 

If we elect to work in a representation such that p A is diagonal, we infer from 
eq. (15.118) that 

PL = KA'x (15-119) 

and therefore the only non-vanishing element of p^ n > is the diagonal element 
in the Ath row and column, which is equal to one. Hence, all the eigenvalues 
of the pure state density operator p x are zero, except only one which is equal 
to unity. This last property is obviously independent of the basis choice and 
may thus be used to characterize the density matrix of a pure state. 

Until now, we have labelled the rows and columns of the density matrix 
p MM ' by simple indices n and n . In general, of course, the symbol n refers to a 
collection of indices. Some of these may take on discrete values, others may 
vary continuously. Thus in general we should write 

Pnn' = (15.120) 

In many cases, however, we are interested in some particular property of the 
system (spin, isospin, energy, . . .). We then keep only the relevant indices 
and define in that way a reduced density matrix. It is clear that by using 
reduced density matrices we loose all information about the variables which 
are disregarded. 

15.5.2. The density matrix for a spin-\ system - 

As an illustration of the general methods outlined above, let us consider the 
simple case of an “elementary” particle having a spin s = We shall 
denote by (p x , p y , p z ) the eigenvalues of the three components of the momen¬ 
tum of the particle, while \p x p y p z y is the corresponding eigenvector. Writing 
the spin functions as % v , we also have 

S 2 * v = s(s + 1 )h 2 x v (15.121) 

and 

S z Xv = vftXv. (15.122) 

Here S is the spin operator of the particle and S z = 5*6, where A is a unit 
vector along an axis which we choose as our z-axis. The eigenvalue v refers to 
the spin orientation of the particle; it can only take the two values v = +£. 
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Using the Dirac notation we shall also write the spin states along some 
direction as |v> = |% v ). 

The possible pure states of the particle may be labelled by the eigenvalues 
p x9 p y , p z and v, so that the density matrix elements read in this case 

<n|p|rt'> = (p x , p y , p z , v\p\p' x> p' y , p’ z , v'>. (15.123) 


We note that the momentum indices are continuous, while the spin 
indices are discrete. If we are only interested in the spin properties, we can 
disregard the momentum labels and focus our attention on the reduced 
density matrix <v|p|v'>, which is a 2 x 2 matrix in spin space. Because the 
unit 2x2 matrix 



and the three Pauli spin matrices 


0* = 




(15.124) 


- (i -i) < |5 - i25 > 


form a complete set of 2 x 2 matrices, we may write the density matrix as 


p = a 0 I + a x o x + a y o y + a z G z (15.126) 

where the quantities a 0 , a x , a y , a z are four complex parameters. We may also 
use a slightly different notation and write eq. (15.126) as 

3 

p = a 0 I + £ a x G t = a 0 I + a * g (15.127) 

i= I 

with a = (a x , a y , a z ) or (a u a 2 , a 3 ) and g = (g x , o y9 g z ) or (o l9 g 2 , g 3 ). 
Because Tr p = 1, Tr I = 2 and Tr g { = 0, we see that 

0 O = b (15.128) 


To understand the meaning of a t (i = 1, 2, 3), let us calculate the average 
value of g ( . According to eq. (15.107) we have 

O e > = Tr(pGi). (15.129) 


Using eq. (15.127) together with the fact that Tr(<7 f <7y) = 2S ij9 we find that 

O f > = 2 a t . (15.130) 

Hence, eq. (15.127) becomes 

p = i(/+ G’P) (15.131) 

where we have introduced the polarization vector 

P = <<X>. (15.132) 


Using the explicit representation (15.125) of the Pauli spin matrices, we may 
also write eq. (15.131) as 


P = 


/ 1 + i>3 

Vi + iP 2 


Pi ~ 

1 - Pj- 


(15.133) 
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In order to give a simple physical interpretation to the polarization vector 
P , let us diagonalize p. We obtain in this way 

P-( i(, 0 +J,) «,“,)) (15.134) 

where the quantity P = ±|P| may be obtained from the equation 


(15.134) 


P 2 = l - 4 det p 


(15.135) 


in which det p denotes the determinant of the density matrix. Comparison of 
eqs. (15.133) and (15.134) shows that in the representation where p is diagonal 
we have 

Pi = Pi = 0, P = P 3 . (15.136) 

Moreover, in that representation we see from eq. (15.131) that a P is also 
diagonal. If we denote by \x\} and |/j> the kets corresponding to spin “up” 
and spin “down” with P as the z-axis, we may write 

*‘P|Xt> =P\Xt> (15.137a) 

and 

*'P\Xi> = ~P\Xi>. (15.137b) 

Returning to eq. (15.134), and remembering that the eigenvalues of p are 
precisely the statistical weights, we see that the quantities i(l + P) and 
^(1 — P) are the probabilities of finding in the mixture the pure states with 
spin “up” and spin “down”, respectively. Hence P is equal to the probability 
of finding the system in the state |x t >, minus that of finding it in the state |&>. 
In other words, if we write a general spin function for the system as 

IXv> = a+lxr> + a-\xi> (15.138) 

we have 

P =|fl + | 2 - |fl-| 2 . 05.139) 

We note that when P = 0 we have an equal mixture of states with spin 
“up” and spin “down”. Then p = the two statistical weights are equal to 
\ and the system is said to be completely unpolarized. On the contrary, when 
the system is in a pure state , we have p 2 = p [see eq. (15.116)] which implies 
from eq. (15.131) that 

i[I 4- 2 a P 4- (<r-P) 2 ] = i(7 + 2a P + P 2 I ) = *(/ + a P) (15.140) 

or P 2 = 1. Hence there are two pure states corresponding to the values 
P= +1 and P= — 1, respectively. These states are called completely 
polarized. For such pure states |±i> having a spin orientation ±\ in the 
z-direction we may write the density matrices as 


Ppol,+ 1/2 


Ppol,— 1/2 


■at) 

-CD 


for P = +1 


for P = — 1. 


(15.141a) 


(15.141b) 
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Furthermore, if we adopt the vector P with P = +1 as our z-axis, we see that 
eqs. (15.137) now reduce to 

* 2 l±i> = ±li> 05.142) 

as they should. 

We have examined above the extreme cases of completely unpolarized and 
completely polarized beams, corresponding respectively to the values 
|P| = 0 and |P| = 1. For all intermediate values of \P\ such that 0 < |P| < 1 
the system is said to be partially polarized . In this case we have 

i < Tr (p 2 ) = i(l + P 1 ) < 1- (15.143) 

Since Tr(p 2 ) = 1 corresponds to a completely polarized (pure) state and 
Tr(p 2 ) is an increasing function of |P|, it is natural to call |P| the degree of 
polarization of the system . 

To conclude the examination of this simple example, let us return to the 
parametrization of the density matrix. From eq. (15.133) we note that for a 
spin-i system in a mixed state the (reduced) 2x2 density matrix is entirely 
specified by the three real independent parameters (P l9 P 2 , P3). Thus in this 
case we need three independent measurements to determine the density matrix 
and therefore the state of the system. More generally, if the density matrix 
is an m x m matrix, it is a simple matter to deduce from eqs. (15.108) and 
(15.110) that it is specified by m 2 - 1 parameters. For example, in the case of 
a particle having spin 1 we have m = 3 so that 8 independent measurements 
are required to determine its state. 

If we now specialize to the case of pure states , we remark that additional 
constraints are imposed on the density matrix. Thus for a spin-J system the 
quantity P 2 = P\ + P\ + P\ = 1 so that only two independent parameters 
remain. For the case of an m x m matrix the fact that the system is in a pure 
state implies (m — l) 2 constraints so that only 2m — 2 independent measure¬ 
ments must be made. 

15.5.3. Collision processes and the density matrix 

Let us now apply the density matrix formalism to the description of a collision 
experiment. To this end, we shall consider the system made of the “beam” 
and the “target” to be a statistical ensemble [14] of subsystems. Each of these 
subsystems contains a pair of particles, i.e. a “beam” particle and a “target” 
particle. We shall assume that the system is initially in a mixed state described 
by the density matrix p i? and we want to express the scattering cross section 
in terms of p^ 

In order to orient ourselves, it is convenient to consider first the scattering 
of “elementary” particles A and B, having respectively the spins S A , S B and the 
spin orientations v A , v B along a given axis. For example, if the system of 
“beam” particles A and “target” particles B is prepared in such a way that it 
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is unpolarized, the (reduced) density operator p v (referring to spin variables) 
is given by 


Pi = 


1 


(2S a + 1)(2S b + 1) 


(15.144) 


where / is* the unit operator and we are working in a (2S A + 1)(2*S' B + 1)- 
dimensional spin space. More generally, if we denote by the initial spin 
state of the pair a in the representation in which p { is diagonal, we may 
write from eq. (15.105) 

Pi = Z l/ c,) >Pu<Z (a) l (15.145) 

a = 1 

where P i <x is the fraction of the subsystems being initially in the state x (ot) . 

Let us suppose that the same particles A and B emerge in the final state, 
with spin orientations v A and v B respectively. The reduced transition matrix 
element for a scattering process (k i9 v A , v B ) -> ( k { , v A , v B ) (where k { and k f are 
respectively the initial and final relative wave vectors) may then be written 
explicitly as 

T ba = <£f> v A , v B |T|fcj, v A , v B > (15.146) 

with k = l^il = |/c f |. Since we are interested in the transitions between 
the spin states it is convenient to introduce a generalized scattering amplitude 
defined by the relation 

, d/c 

<Va, Vb1M|v a , v b > = -{2nfk — <fc f , v^, v^|T|fei, v A , v B >. (15.147) 


Then, using eqs. (15.40), (15.36) and (15.51), we see that the differential cross 
section for a transition (v A , v B ) -> (v A , v B ) is given by 

(^A. v B v A , V B ) = |<Va, v b |M|v a , v b >| 2 . (15.148) 


If we are considering scattering processes leading from an initial unpolarized 
system to specific final spin orientations (v A , v B ), we have from eq. (15.27) 


dff . , , _1_ 

dO^ A ’ Vb) (2S a +1)(2S b +1) va>vb 


E l<v;. v b |M|v a , v b >| 2 (15.149) 


or 

^ (va» v b ) = <vL Vg\Mp { M^\v' A , v B > 

where we have used eq. (15.144) and the fact that 

<V A , v b |MV a , vi> = <v;, v b |M|v a , v b >*. 


(15.150) 


(15.151) 
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Finally, the differential cross section for an unpolarized initial system and 
for any final spin orientation (i.e. such that we do not measure any spin 
orientations) is simply 


d<r 
di Q 


VA.V B 


(15.152) 


or 


Z < v a> v b\MpiM*\v ' A9 Vb>. (15.153) 

But this is just 

^ = Tr(MpiMt) (15.154) 

where the trace is evaluated in the (2S A + 1)(25 B + l)-dimensional spin space. 

The interesting feature of eq. (15.154) is that it is valid for any polarization 
of the initial system. Indeed, let us choose the representation % in which the 
initial density matrix is diagonal. The cross section for a pair a of particles in 
the ensemble is then given by 


m = Z W>l 2 ( 15 - 155 ) 

where we recall that % (ot) denotes the initial spin state of the pair a in the 
representation which diagonalizes p { . The average cross section for the 
entire system made of N pairs of beam and target particles is then given by 


d5 " d^> 

d Q I># da 

= ZZA, a <Z'iM|^>< X (a) |M%'> 

a x' 

= Tr(MpjM f ) 


where we have used eq. (15.145). This is precisely the result given by eq. 
(15.154). 

We may also obtain the density matrix p { describing the system in the 
final state. Keeping the initial spin states % (a) in which p i is diagonal, we note 
that the final (unnormalized) spin states arising from x (ot) are given by 
M|x (ot) >. Hence, the final density operator p f may be obtained from eq. 
(15.145) by replacing each / (a) by Mx (a) . This yields 


MpiMt 

Pt ~ Tr(MpiMt) 


(15.156) 
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where the denominator ensures that the normalization condition Tr p f = 1 
is observed. In fact, we may also use eq. (15.154) to write 


Pf ~ “T=T 


Mp i M t 
d<r/d Q 


(15.157) 


It is worth noting that the above results do not depend on the particular 
representation % used to describe the incident beam. We also remark that the 
expression (15.157) describes the final system corresponding to scattering 
in a given direction k { . More explicitly we should write 

(c o \ _ M(fcj, k {9 S A , S B )p kl (S A , 5 B )M t (k i , k {9 S Ai S B ) 

Pk! A ’ “ Tr[M t (fc i , k f , S A , S B )p kl (S A , S B )M(k h k t , S A , S B )] 

and interpret Tr(MpiMt) as a partial trace in which the final directions of the 
particles are fixed. 

It is a simple matter to generalize the above results for two-body reactions 
of the type 

A + B -> C + D. 


Let us denote the initial and final center of mass energies respectively by 
Ei(ki) and E t (k t ). Calling S c and S D the spins of the particles C and D in the 
final channel, and v c and v D their spin orientation, we may define the genera¬ 
lized scattering amplitude 

r d k: d/c f ~l 1/2 

<v CJ v d |M|v a , v b > = — (2 tc) 2 Ufa — — <f; k {9 v c , v D |T|i; k h v A , v B >. 

(15.159) 

More explicitly, the object M may be written as M( i, f; k l9 k { ; 5 A , S B ; S c , S D ) 
and it is now in general a rectangular (2 S A + 1)(25 B -1- 1) x (2 S c + 1) 
(2 S D -I- 1) matrix in spin space. A straightforward generalization of the fore¬ 
going discussion then yields the average differential cross section 

% = £ Tl iMp.M') (15.160) 

while p f is still given by eq. (15.156). The initial density matrix is evidently a 
(square) matrix of order (2 S A + 1)(25 B + 1), but the final (square) density 
matrix p f is now of order (2S C + 1)(2S D + 1). 

We have shown thus far how to use the density matrix to study binary 
collisions involving “elementary” particles with spin. However, it is clear 
from the discussion of Section 15.5.1 that the density matrix formalism may 
be used to analyze more general collisions and (or) various aspects of scatter¬ 
ing processes related to other variables (energy, isospin, etc.). The simple 
formulae which we have obtained above for two-particle scattering will be 
illustrated in Chapter 18 for the special case of spin ^-spin 0 scattering. 
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75 .( 5 . Unitarity relations and the optical theorem 

We have already established in Section 14.2 the fundamental property of 
unitarity of the 5-matrix. We shall now investigate the consequences of this 
unitarity property for the transition matrix elements. 

Let us start from eq. (14.158), namely 


<b|S|a> = 8 ba - 2ni8(E b - ^Kb^a) 

(15.161) 

and express the unitarity property (14.87). That is, 


I <b|St|»X«|S|a> = <5 ba 

(15.162) 

and 


X<b|S|«X«|5t|a> = 5 ba . 

(15.163) 


n 


Let us focus our attention on this last equation. Using eq. (15.161) together 
with the fact that (wlS^a) = <a[5'|«>*, we find that 

£[<5„ b - 2niS(E n - £ b )<b|iT|«>] [8 m + 2ni8(E„ - £y<a|*»*] = <5 ba 

(15.164) 

or 

3 ba - 2ni8(E a - £„)<b|^|a> + 2ni8(E b - £ a )<a|^|b>* 

+4n 2 £ S(E n - E b )8{E„ - £ a )<b|^|«><a|^|n>* = 8 ba (15.165) 

n 

so that 

i8(E b - £ a )[<b|^|a> - <a|^"|b>*] 

= 2k8(E„ - E b ) £ 8(E„ - E a Xb\^\n}^\ny*. (15.166) 

n 

This equation is trivially satisfied when E b ^ E a . However, on the energy 
shell E = E a = E b , we have 

i[<b|^|a> - <a|^"|b>*] = 2n £ 5(E - £J<b|«r|rc><a|^|rc>*. (15.167a) 

n 

Similarly, by developing eq. (15.162) in the same way, one obtains 
i[<b|^|a> - <a|^"|b>*] = 2n £ 8(E - E n )in\3r\by{n\3r\&y. (15.167b) 

n 

These very important non-linear equations are called the unitarity 
relations of the T matrix. Completely similar equations obviously hold for the 
reduced T-matrix elements on the energy-momentum shell. Thus 

i[T ba - T a * b ] = 2n S 8{E - E„)8( P„ - P a )T b „T*„ (15.168a) 

n 

and 

i[T ba - T ab ] = 2* £ 8(E - E„)8(P n - P a )T* nb T m (15.168b) 

tt 

are the unitarity relations for the reduced T matrix elements . 
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We may also write the unitarity relations in operator form . Indeed, from 
eq. (15.167b) we infer that 

i(^n “ *7i) = 2 t zSrfaE - H c )3T n (15.169a) 

while eq. (15.167a) yields 

iCTfi - 570 = 2n3r n S(E - H C )3T t (15.169b) 

where the transition operator is defined by eq. (14.155) and where H c is 
a channel Hamiltonian with “free” eigenvectors 14> c ,y) = |# n > = |«>. If there 
is only one arrangement channel, so that the total Hamiltonian of the 
system may be split as H = H 0 + V , then eqs. (15.169) reduce to 

i {T - «Tt) = 2n^d(E - H 0 )3T (15.170a) 

or 

i («T - «^ f ) = 2 tt erb(E - H 0 ) 3 n (15.170b) 

with 3T = V + V(E - H + ie) _1 F. 

Let us now return to the unitarity relations (15.168) for the reduced 
r-matrix elements, and consider the particular case a = b. We then have 

2 Im T aa = -2n £ S(E„ - E)8( P„ - P a )|rj 2 (15.171) 

n 

where T aa is the reduced transition matrix element for elastic scattering in 
the forward direction. We may also write this equation as 

-2— Im T aa = 2 S(E b - E)5( P b - P a )|T ba | 2 (15.172) 

where is the relative initial velocity and we have changed the dummy 
index of summation from n to b. Comparing eq. (15.172) with eq. (15.23) 
[we recall that h = 1 in eq. (15.23)] and remembering that we sum over all 
final states compatible with energy and momentum conservation, we deduce 
that the right-hand side of eq. (15.172) is just the total (complete) cross section 
for all processes originating from the initial channel a. 

We shall now transform the left-hand side of eq. (15.172). For a relativistic 
collision, we see from eq. (15.52) [with $ = n] that 

h 2 c 2 Ek + Et> 

Im T aa = - — 2 A - Im /», (15.173) 

[2n) E a E b 


where is the forward elastic scattering amplitude and we are working in 
the C.M. system. In addition, we note from eq. (15.51) that 

v, = hc 2 kf\lE A + 1 /E b ] (15.174) 

where k x = |&i| is the magnitude of the relative initial wave vector. Hence, 


hvi 

(27r) 2 /Ci 


Im / e °i. 


Im T a 


(15.175) 
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We remark that for non-relativistic collisions the result (15.175) may also 
be obtained directly from eq. (15.54). Indeed, with b = a and M { = Af f , 
eq. (15.54) yields 

ik 1 ** (15JW) 

where we have used the fact that i’j = hk i IM i in the non-relativistic case. 

Let us now come back to eq. (15.172). Using eq. (15.175) and the fact that 
the right-hand side of eq. (15.172) is precisely the total cross section o- to t, 
we deduce that 

fftot = Y Im /e°l (15.176) 

which is the (generalized) optical theorem. In the particular case of potential 
scattering eq. (15.176) reduces to the optical theorem proved in Section 3.4. 
The more general unitarity relations (15.168) are easily seen to yield the 
“unitarity relation” (4.94) in the case of scattering by a central potential. 

The unitarity relations show in a particularly transparent way that the 
transition matrix elements corresponding to the various channels of a 
collision are related. In particular, we see from the generalized optical 
theorem that all the processes (elastic, inelastic, rearrangement) which are 
allowed at the energy considered - and therefore contribute to the total cross 
section - also “feed” the imaginary part of the elastic amplitude in' the 
forward direction. In the next chapter we shall obtain a set of equations 
(the Low equations) which provide even more general relationships between 
the transition matrix elements than the unitarity relations discussed above. 
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The Determination of the 
Collision Matrix 


We have defined in Chapter 14 the S and T matrices and shown in Chapter 15 
how the transition probabilities and cross sections may be deduced from 
the knowledge of the T -matrix elements. We now attempt to determine the 
collision matrix S (or T) once the Hamiltonian of the system is known. 
We begin in Section 16.1 by obtaining the general, multichannel Lippmann- 
Schwinger equations. The Born series is discussed in Section 16.2, while 
variational principles of the Schwinger type are given in Section 16.3. In the 
next section we introduce the Low equations, while in Section 16.5 we discuss 
the reaction or K matrix and the Heitler equations. We then generalize in 
Section 16.6 the considerations developed in Chapter 7 to study collisions 
involving identical particles. Finally, we analyze in Section 16.7 how 
invariance principles may be used to simplify the determination of the 
collision matrix. 


16.1. The Lippmann-Schwinger equations 
Let us return to the important relations (14.66), namely 
^ 


+ 


E„ — H + ie 
1 


E h - H + ie 




and 


= $n + 


- V <P 

E„ — H + ie c " 


(16.1a) 

(16.1b) 

(16.1c) 
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Instead of using the total Green’s operators G (±) (E) = (E — H + ie)“ 1 , 
let us introduce with the help of eqs. (14.149)—(14.151) the “arrangement 
channels” Green’s operators G i c ±) = (E — H c ± is)” 1 . For example, using 
eq. (14.150b) we may transform eq. (16.1a) into 

Vi*' = ^+ -L— ^V,= - 


E a — H t + is 


H { ± is % - H ± ie 1 


= 0 4 - — _ v. (p j _ 1 _ v.(f) 

£ a — H { + ie |_ £ a — H + is 


(16.2) 


From eq. (16.1a) we see that the quantity in brackets is just so that 

1 


V?' = + 




£ a — £/i + ie 

A similar manipulation using eqs. (16.1b) and (14.151b) yields 

1 


+ 


E b — H { + ie 

while from eqs. (16.1c) and (14.149b) 

1 


r-V^' 


= *„ + 


£„ 


_1/ U/(±) 

H r + ie c n 


(16.3a) 


(16.3b) 


(16.3c) 


The equations (16.3) are known as the Lippmann-Schwinger equations. 
We have obtained them here independently of any choice of representation. 
They become integral equations in the usual representations of quantum 
theory, for example the position representation {#*} or the momentum 
representation {/*}. Indeed, in a given representation {2} the relation (16.3a) 
becomes 

1 -T^r 


= <*i*.> + (a 


Vi*' 


(16.4) 


| £, - H; ± ie 

If we insert on the right-hand side of eq. (16.4) the completeness relation 

Z |2')<A'| = 7 (16.5) 


A' 


we find that 

= *.(A) + E Ul 


1 


t-F 


|£, — 77j + ie 


2'W'^/l'). 


(16.6) 


As an example, let us examine this equation in the position representation 
{r} and for the case of non-relativistic potential scattering. Upon using the 
spectral representation (14.122) of (£ a — H { ± ie)” 1 and the completeness rel¬ 
ation (16.5) we have (using the notation of Chapter 5) 


*(*•) = **,(') + f dr' dr" d k' <P k ,(r)~ -±—— <P* k V') 

J — ^t,’ ± 16 

x<r"|F|F>^fV). 


(16.7) 
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In particular, for a local potential we have 

<r*| V\r'y = V(r')S(r" - r') 

so that 

l^fV) = #*,(') + J*dr' Jd k’ <P k V(r’)^Hr’). (16.8) 

We may now write explicitly [see eq. (14.126)] and perform the three- 
dimensional integral over k '. Introducing the reduced potential U(r) = 
2 mV(r)/h 2 , we find the familiar Lippmann-Schwinger integral equation for 
potential scattering 


= **(»•) -~4~\ dr ' - XP j^ - ,| — Uir'WlfXr'). (16.9) 


We have already seen in Chapter 5 that the Lippmann-Schwinger equation 
(16.9) for two-body (potential) scattering is perfectly well-behaved and has a 
unique solution having the asymptotic behaviour 

-> ( 2 *r 

r-+ oo 



2 exp(ifc ; 


r) + m 4>y 


(16.10a) 


namely a plane wave of wave vector k { and a spherical outgoing wave. 
Similarly i/ / k7 ) (r) is the unique solution of eq. (16.9) with the asymptotic 
behaviour 


r-+ oo 


r e _ifcr 

(27I) _3/2 exp(ifc; • r) + f(0, 4>) —— 


(16.10b 


corresponding to a plane wave and a spherical incoming wave. Therefore the 
Lippmann-Schwinger equation (16.9) is a “good” integral equation for 
two-body non-relativistic potential scattering. 

Unfortunately, the same nice features are not present when three or more 
particles are involved. A first difficulty, pointed out by Faddeev [1] in con¬ 
nection with the three-body problem, is that the kernels GiFj or G f V f 
appearing in eqs. (16.3) are not square integrable (JSf 2 ) and cannot be made 
so by a simple manipulation, as in the case of the two-body problem. We 
shall examine this point in detail in Section 19.2. Another difficulty, noticed 
by several authors [2-4] is that the Lippmann-Schwinger equations (16.3) 
do not have a unique solution when the limit e -> 0 + is taken before solving 
the equation. To see this, we shall now show that the homogeneous integral 
equation corresponding to eq. (16.3a) has solutions ^ ±) such that 

+ j; — \rrrr v ^ t 16 - 11 ) 

t m - Hi ± le 


and E m = E a (m # a). Indeed, let us rewrite eq. (16.11) as [see eq. (14.65)] 

= ±ieG(£ m + i£)4>„, (16.12) 
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where we have explicitly indicated the dependence on e. Furthermore, using 
eqs. (14.150b) and (16.12), we find that 

V^\b) = ±ieG i (£ m ± ie)$ m + G i (E m ± i b)V^\b). (16.13) 

Now as e -► 0 + the first term on the right-hand side of this equation vanishes 
because <P m is not an eigenstate of H { . Thus, for E m = E a9 the quantities 
are (non-normalizable) solutions of the homogeneous integral equation 

<F (±) = G i (±) F i ^ (±) (16.14) 

and the Lippmann-Schwinger equation (16.3a) does not have a unique 
solution. We emphasize that this fact is due to the presence of more than one 
arrangement channel. In two-body potential scattering it is a simple matter 
to prove (see Section 5.6) that the homogeneous Lippmann-Schwinger 
equation has no acceptable solutions in the scattering region. 

So far we have discussed the Lippmann-Schwinger equations for the state 
vectors. We shall now write down similar equations involving the transition 
operators S’ n (or t7 fi ) and 2T fi (or U n ) defined in Section 14.4. Using eq. 
(16.1a) together with the identity (14.151b) and the definition (14.155) we 
first note that 


<p< + > = <p + --- V- 

a a + E a -H { + ieL 1 


i + Vr 


--- V 0 

- H + ie l \ a 


or 


^i +) = + 


E a — Hf -J- ie 


r ^ n (E a )^ 


(16.15) 


so that we have obtained a formal solution of the Lippmann-Schwinger 
equation (16.3a) in terms of the operators G[ +) and 2T n . Using the identity 
(14.151b) together with the definition of £T n we observe that the operator 
ST n itself satisfies the Lippmann-Schwinger equation 


= v { + v { 


E — Hf + ie 


(16.16) 


Similarly, from the definition (14.163) of the operator ZT n and the identity 
(14.150a) we also find that «^ fi satisfies the equation 


— ff + a 


V:. 


E - Hi + ie 1 


(16.17) 


In the simple case of a direct collision {V { = V f = V d ) the transition 
operator 2T is defined by eq. (14.169). Then, upon using the identities 
(14.153), we find that 3T satisfies the Lippmann-Schwinger equations 

1 j. 

E - H a \+ ie 


iT = V d + V d 


(16.18a) 



DETERMINATION OF THE COLLISION MATRIX 


407 


and 


P = V d + P 


E — Ha 4- is 


(16.18b) 


When Vd = V (the full interaction between the colliding particles) we shall 
write 


3T = V + V 


1 


E — Hq + ie 




(16.19a) 


and 


F = V 4- & 


E — Hq + ie 


(16.19b) 


The various Lippmann-Schwinger equations (16.16)—(16.19) for the 
transition operators can be replaced by off-the-energy-shell equations for the 
corresponding matrix elements. For example, if we insert a complete set of 
free states on the right-hand side of eqs. (16.19) and use the definitions 
(14.171), we find that 

<b|ir< +) |a> = <b|F|a> + £ -1—- <b|F|n)<»|^ + >|a) (16.20a) 

n ^ 

and 

<b|^->|a> = <b|F|a> + X -L^<b|^-)|n><n|F|a> (16.20b) 

with E a ^ E h . We remark that there is no analogue of eqs. (16.20) for the 
on-the-energy shell T-matrix elements <b|^|a>, since we require the insertion 
of a complete set of states. The on-shell T-matrix elements <b|^ r '|a> must be 
computed by first obtaining either <b|^~ (+) |a> or <b|«^ (_) |a) fr° m eqs. 
(16.20a) or (16.20b) and then setting E a = E h . Similar equations may be 
written down for the completely oif-the-energy-shell matrix element 
($ h {E h W(E )\* a (£ a )>. That is, 

(<P h (E h )\F(E)\<P a (E a )> = (<P h (E h )\V\<P a (EJ> 

+1 = -—t;<^ b( £ b )I V |#„(£„)><#„(£„)<£ a (E a )> (16.20c) 

n IS — JS n + IB 


or 

< b (£ b )|<r(£)|<P a (E a )> = <<*> b (E b )|F|* a (E a )> 

+Z F . * ■ <^ b (£ b )|.r(£)|^(£„)><^(£ n )lF|^(£j>. (16.20d) 

n & — + 16 

In order to illustrate these equations on a simple example, let us consider 
the non-relativistic potential scattering of a spinless particle having a mass m. 


References and notes on page 440 



408 


GENERAL SCATTERING THEORY 


We then write eq. (16.20a) as 




f <fc f IKIfc'Xfc'l^lfc,) 

J £(&[) — £(&') + ie 


(16.21a) 


with E(k t ) = h 2 ki/2m, E(k { ) = h 2 ki/2m, E(k') = h 2 k' 2 /2m and k { ^ k t . 
Similarly, eq. (16.20b) yields 


<fc f |^" (_) |fci> = <fef|F|fc|> + 



<*rl ^- ) |fe'><fe'|F|fe i > 
E(k[) - E(k') + ie 


(16.21b) 


with k { # k ( . For the completely olf-the-energy-shell F-matrix element we 
deduce for example from eq. (16.20c) that 


Ck t \^(E)\k.,y = (fcflFIJq) + 



<fc f |F|fc')<fc'|iT(£)|fc.) 
E(k) - E(k’) + ie 


(16.21c) 


with E(k) = h 2 k 2 /2m and k # k { # k { . 

For a spherically symmetric potential it is convenient to analyze the above 
equations by carrying out the partial wave decompositions: 

<fcf|F|fci>=S z Vik^kdYUkdYim, ( 16 . 22 a) 

1 = 0 m=-l 

<fc f | = i £ r, (± >(fc f) kdYJtoYitt ,) (16.22b) 

( = 0 m=-f 

and 

<fc f |^(£)|fc i > = £ £ T l (k { ,k i ,E)Y lm (fc<)yt m (k i )- ( 16 . 22 c) 

Z = 0 m= —l 


We shall also write sometimes the partial wave expression r,(A: f , A: i9 £) as 
T t (k { , k i9 k ), (with k { ^ k ( ^ k). We see from the above equations and the 
definitions (14.171) that 

T\ + \k f ,k i ) = T l (k t ,k h k i ) (16.23a) 

and 

T\-\k t ,k i ) = T l (k t ,k i ,k t ). (16.23b) 


Furthermore, on the energy shell (k t = k f = k), we shall write 


and [5] 


V,(k) = F,(/c, fc) 


T,(/c) = T ; (±) (fc, k). 


(16.24a) 

(16.24b) 


Let us now return to the Lippmann-Schwinger equations (16.21). After 
performing the partial wave decompositions (16.22) we obtain 


T ( i + \k ( , kd = V,(k f , k>) + 
T\~\k t , h) = V t (k { , k t ) + 


Poo 

J 0 

Poo 

J o 


d k' k' 2 


dk' k' 2 


F,(/c f , k')T\ + \k\ kd 
£(/c,-) - £(fc') + ie 
T\-\k f , fc')F ; (/c', fc,) 
E(k t ) - E(k’) + ie 


(16.25a) 

(16.25b) 
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and 


Ti(k { , k i9 k) 


V l {k { , k { ) 


+ 



d W k' 2 


Vik u k')Tik\ k i9 k) 
E(k) - E(k') + ie ’ 


(16.25c) 


The physical (on-the-energy-shell) partial wave T-matrix is obtained by first 
solving eq. (16.25a) or (16.25b) and then using eq. (16.24b). 


16.2 . The Born series 

Let us attempt to solve the Lippmann-Schwinger equations (16.3) by 
successive iterations. For example, starting from the “free” states # a and <P b , 
we find that 

!Pi ±) = <£ a 4- G{ ±) ^<*> a + G[ ±) K i G| ±) F i 0 a + • • • (16.26a) 

and 

= <p h + Gf ±) F f ^ b + Gf ±) F f G[ ±) F f d> b + • • • (16.26b) 

which we may call respectively the “prior” and “post” Born series for the 
state vectors. Another slightly different way of proceeding is to first solve by 
iteration the Lippmann-Schwinger equations (14.149)—(14.151) for the total 
Green’s operators. In this way we generate the Born series for G (±) , namely 


G (±) = G^ ±) + G^ ±) F c Gi ±) + Gi ±) F c G( ±) F c G^ ±) + • • • (16.27a) 

and in particular 

G (±) = G{ ±) + G} ±) ^G{ ±) 4- G{ ±) ^G| ±) F,G| ±) + ■ • • (16.27b) 

G (±) = G^ 4- G[ ±) F f G[ ±) 4- G[ ±) F f G[ ±) F f Gj ±) + • • •. (16.27c) 

Then, using the formal solutions (16.1) we immediately obtain the develop¬ 
ments (16.26), but more generally we also find that 

= <*> a + Gf'Vp* + G< ±) F c 6< ± >K i «. + • • • (16.28a) 

and 

n ±J = + G^Vfi^V f tf> b + ■■■■ (16.28b) 


Upon substitution of these expressions in eq. (14.157) we then obtain for 
the (on the energy shell) transition matrix element <b|^|a> the Born series 

<b|^|a> = <<P b |Fi(or F f ) + + F f G< +) F c G< +) Fi + • • -|# a >. (16.29a) 

In particular we may write 

<b|^|a> = <^ b |Fi(or F f ) 4- F f G| +) Fi 4- F f G| + ) F i G[ +) F i 4- • • -|# a > (16.29b) 

and 

<b|^|a> = <<J> b |^(or K f ) + Vfil+'Vt\ + + • • -|<f> a >. (16.29c) 

The first Born approximation consists in retaining only the first term of 
these expansions, namely 

<b|^|a> B1 = <4» b |F,|<P a > (16.30a) 

= (16.30b) 
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where we have used eq. (14.159) to justify the second equality. The expression 
<$ b | Fi|# a > is often called the “prior” form of the (first) Born approximation, 
while <# b |F f |# a > is denoted as the “post” form. Although formal scattering 
theory tells us that the two expressions (16.30) are strictly equivalent (on the 
energy shell), it is worth noting that this equality no longer holds when 
approximate free states and <P b are used. For example, a “ post-prior 
discrepancy ” develops as soon as the bound state wave functions describing 
the possible internal structure of the colliding systems are not known exactly. 
This, of course, is the case for almost all collision processes involving 
composite particles. 

Let us return to the Born series (16.29) for the transition matrix element. 
We note that for direct collisions, such that Vi = V { = v d , we may write 

<bma> = <* b |F d + V d G ( d +) V d + V d G { d ) V d G { d ) V d + • • -|* a > (16.31) 

where G ( d +) = (E - H d + ie)" 1 and H d = H x = H { = H - V d . It is also 
clear that formulae entirely similar to those obtained above may be written 
down for the reduced T- matrix element T ba on the energy-momentum shell. 
For example, eq. (16.29a) yields 

T ba = <* b |K,(or V ( ) + Vfi^V, + F f G< + >F c G< +) ^ + • • -|*.> (16.32) 

and in first Born approximation we shall write 

Tba 1 = <<W|* a > = <<P b MI* a >. (16.33) 

These matrix elements obviously depend on the total momentum 
P = P a = P b in a way which is influenced by our choice of coordinate system. 
In the center of mass framework, where P = 0, we simply omit the vari¬ 
ables of translation in # a and # b . 

Little is known about the mathematical properties of the general Born 
series (16.29). For direct collisions (no rearrangements) the conditions of 
convergence of the series (16.31) are probably similar to those discussed in 
Section 8.4 for the simple case of non-relativistic potential scattering. For 
example, the Born series (16.31) may well be convergent for non-relativistic 
direct processes at sufficiently high colliding energies. We shall return to this 
question in Sections 19.5 and 21.1. In particular, we shall see in the case of 
the non-relativistic elastic scattering of charged particles (electrons) by 
atoms (hydrogen and helium) that the first Born approximation eventually 
governs the scattering at sufficiently high energies. For inelastic (direct) 
collisions of charged particles by atoms the two first terms of the Born 
series dominate the scattering at high (non-relativistic) energies. 

On the other hand, for rearrangement collisions some particles are trans¬ 
ferred between the colliding systems during the reaction, so that V x #= V f and 
the more general series (16.29) must be considered. The question of the 
convergence of the Born series (16.29) has been investigated by several 
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authors [6-11]. At low energies the series diverges because the potentials are 
strong enough to bind particles. At high energies , Dettmann and Leibfried 
[10] have shown that for non-relativistic rearrangement processes occurring 
in three-body systems the energy variation of the T-matrix element is given 
correctly by the two first terms of the Born series. 


16.3. Variational principles 

In this section we shall derive variational principles of the Schwinger type 
which generalize the expressions obtained in Section 10.2 for potential 
scattering [2, 12, 13]. The application of the Hulthen-Kohn principle to a 
particular three-body problem (electron-atomic hydrogen scattering) will 
be discussed in Section 19.5. 

We begin by recalling eqs. (14.53), namely 

V™ = Q[ ±) ^> a (16.34a) 

and 

= 0[ ±) ^ b (16.34b) 

where the Moller wave operators are given in terms of the full Green’s 
operators G (± > as 

fli (±) = 1 + G (±) Fi (16.35a) 

and 

4 ±) = 1 + G (±) F f . (16.35b) 

Comparing eqs. (16.35) and using the fact that G ( *>t = G (± >, we find that 
Vm +) - 1] = - 1]% (16.36) 


Furthermore, by using eqs. (14.150b) and (14.151b), we obtain from eqs. 
(16.35) the relations 



(1 - G i (±) F i )i2| ±) = 1 

(16.37a) 

and 


(1 - G^Ff)^ = 1 

(16.37b) 

from which one readily deduces that 



(1 - G f (+ >F f )(fl! +) - 1) = G< + >F„ 

(16.38a) 


(OP - l) f (l - = V t G\ +) , 

(16.38b) 


- F f Gf +) F f )(G[ +) - 1) = Q\~ )t V ! G\ +) V i 

(16.38c) 

and 


- l^CFj - F i G i (+) Fj)fi{ +) = F;G( +) Fi^ +) . 

(16.38d) 
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Let us now consider the transition operator (14.163). Using eq. (16.35a) we 
may write it as 

^ fi = V f Q\ +) (16.39) 

or, by using the identity (16.36), 

Fti = 0[- )t F i + (F f - FO. (16.40) 

After these preparations, we shall now establish a pair of variational 
principles for ^ n . Consider the expression 

[R,] = ^' )t F f G[ +) F i + F f D[ + ) - ft ( f _)t (F f “ Vfi\ +) V { \Q\ +) - 1). (16.41) 

Using eqs. (16.38c) and (16.39) we note that its exact value is just 

[*,] = (16.42) 

Moreover, this expression is stationary for independent variations of the 

Moller wave operators about their correct values. Indeed, 

<5[R,] = <5£2[ _)t F f {G[ +) Fi - (1 - G< + ) F f )(Q[ + > - 1)} 

+ {1 - 0[ _)t (l - V { G\ +) )}V { 5Q\ +) (16.43) 

so that from eqs. (16.37b) and (16.38a) we deduce that 

8[R t ] = 0. (16.44) 

Therefore the expression (16.41) provides a variational principle for the 
operator Since it only uses the Green’s operator G[ +) we shall call it 
the “post” form. 

A corresponding “prior” variational principle, using the Green’s operator 
G[ +) is given by 

[r 2 ] = F f G[ +) F i flj +) + i + (V, - Vd 

-(£#“’ - l) f (Fi - F i G[ +) ^)i2( +) . (16.45) 

Indeed, using the relations (16.38d) and (16.40), we have 

[R 2 ] = F tl (16.46) 

while, from the identities (16.37a) and (16.38b), we deduce that 

8[R 2 ] = 0. (16.47) 

We may obtain bilinear forms of these variational principles by taking the 
matrix elements of the stationary expressions [JR,] and [R 2 ] between the free 
states <P a and # 5 (see Section 10.2). Remembering that the (on the energy 
shell) transition matrix element <b|«^~|a> is given by 

<b|^|a> = <* 5 |^ fl |* a > (16.48) 

and dealing directly with the reduced T-matrix elements 7"ba> we find for Tba 
the following “post” stationary expression 

[T b J = <n"Wl + G< + >(F, - Kf)}l*a> 

+ <**W'\Vi +y > - <n _) l V t - F f G< +) F f m +) > (16.49a) 
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where we have used eqs. (16.34). Similarly, the “prior” form is given by 

DU = <* b |{i + (v t - vdG^V; iin +) > 

+<n- ) i^i^ a > - <n _) i^ - n +) >. ( 16 . 4 %) 

Finally, the fractional form of the variational principles is obtained by 
substituting 

W[ +) -► AW < +) , W^ -+ BW[-\ (16.50) 

in eqs. (16.49) and treating the coefficients A and B as variational parameters. 
That is, we use the equations 

i[U = 0, ^[U = 0 (16.51) 


to determine A and B. We then return to eqs. (16.49) which yield respectively 
the fractional “post” form 


[?ba] — 


<*blF,|S*. +) ><n -) |Ff{l + G[ +) (F s - F f )}|4> a > 


<n _) |F f - F f G< +) F f |<F< +) > 

and the fractional “prior” form 

<n~ ) MI*.><*bl{i + {Vt - vdG\ + '}v { m +) > 


[rj = 


<n _) l^i - F l Gj +) K 1 |!PS +) > 


(16.52a) 


(16.52b) 


We note that the bilinear and fractional variational principles obtained 
above reduce to the expressions derived in Section 10.2 in the particular case 
of direct collisions (V { = V f = Vd). 

It is also worth noting that if in the fractional expressions (16.52) we 
replace in first approximation the unknown state vectors W[ +) and by 
the Born “free” states and <P b we obtain the following approximate 
expressions 

[U * u 

or 

[U c T*' 

where T^ 1 is the first Born approximation to the transition matrix element 
[see eq. (16.33)]. We see that if we neglect the entire second term in the 
bracket we recover the first Born approximation. On the other hand, if we 
neglect the “second order” part of the denominators we find the second 
Born expressions 

Opost) - T ba + <# b |F f Gj +) F,|* 1 > (16.54a) 

and 

Oprior) = Til + <4> b | F f G< +) m>. (16.54b) 


1 + 


<4> b |F f Gj + ^|4> a ) 
<^blFi - v&^v^y 




(16.53b) 


1 + 


<* b |F f GT'F,|g.) 
<4» b |F f - F f G) +) F f |4> a > 


(16.53a) 
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We remark that even in its simplified form (16.53) the Schwinger variational 
principle involves the evaluation of complicated second order terms. We also 
note that since the variational principles obtained above are not in general 
minimum principles, the expressions (16.53) do not necessarily yield more 
accurate results than the first or second Born approximations. We recall in 
this connection [see the discussion following eqs. (10.67)—(10.69)] that 
difficulties can arise when poor trial functions are used in variational 
principles. 


16A. The Low equations 


Let us start from the off-shell matrix elements <b|^ (+) |a> and <b|«^ ( } |a> 
defined by eqs. (14.162). Using eqs. (14.155) and (14.163), we write 

<b|iT< + >|a> = ^4> b (£ b ) Vf + V f - ffjj-j Vt 4> a (E a )^} (16.55a) 

and 

<b|ir<->|a> = ^ b (£ b ) V; + V f - *a(£a)^ . (16.55b) 

We now introduce a complete set of states ¥ /(n) } which are eigen¬ 

states of the total Hamiltonian H, with !£< ±) corresponding to the continuum 
part of the spectrum and !£ (B > to the bound states [14]. Thus [see eq. (14.41)] 

Z |n +) ><n +) | + I |S rtB) X*' (B) | = / (16.56a) 

n B 

and 

z in -) xn -) i + z |i /(B) x^ (B) i = i (i 6 . 56 b) 

n B 

where the summation over the index n contains integrations over continuous 
variables. Using eq. (16.56a) in eq. (16.55a), we then obtain 

<b|iT< + >|a> = <4> b |F f |<P a > + Z <* b \V f \n +) >(vi +) j ^ 




(16.57) 

But 




<^|F f m +) > = <b|^ (+) |n> 

(16.58) 

and 





1 y 
£ a - H + ie 1 



1 

E a — E n + ie 


<n +) \w*> 



(16.59) 
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where we have used the hermiticity of the operators H and V t . We also find 
that 




1 


-V 

E a — H + ie 


<2>„ > = 


1 




(16.60) 


E*-E b 

where we have omitted e on the right-hand side because £ a # E B . Using eqs. 
(16.58)—(16.60) we rewrite eq. (16.57) as 

<b|^ (+) |n><a|.T (+) |n>* 


<b|iT (+ >|a> = <<P b |F f |<P a > + X 

n 

+E 


E a — E n + ie 

<<P b \V { \'PWX'F (B W>> 


(16.61a) 


^B 

In a similar way, we obtain the corresponding equation for <b|^" (-) |a>, 
namely 

<n|^ ( - ) |b>*<n| < r ( " ) |a> 


<b|^ ( - ) |a> = + X 


+i 


E b — E n + ie 


b E b — E B 


(16.61b) 


We note that in contrast with the Lippmann-Schwinger equations studied 
in Section 16.1, the equations (16.61) are no longer linear in the T- matrix 
elements. 

Since we have 

<V™\V { \<P a y = <^«)|// - = (E b - Jga<?P< B >|* a > (16.62) 

and similarly 

<cp b |F f |^B)> = (E b - E b )^ b \V™y (16.63) 

we may rewrite eqs. (16.61) as 

< bl ^-» l a>= + s <b| ^r >i ">< si r: > '^ - 

-Z(£b - £ b )<^„l ^ (B) ><^ (B) l^ a > (16.64a) 


and 


<b|^<->|a> = <4> b |Fj|4> a > + £ 


<n|5 r(_) |b>*<n|^' (_) |a> 


E b — E n + ie 
-X (E b - £ a )<^ b |^ (B >)<^ B >|<l> a >. (16.64b) 

B 

Let us now consider eq. (16.64a). Changing b a, a -► b and taking the 
complex conjugate we obtain 

<a,^ib>.=<#j + 1 

n "n IS 

-X (£ B - £ a )<^ b |^ B >><^ B >|$ a >. (16.65) 

B 
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Subtracting eq. (16.65) from eq. (16.64a) we then have 


1 


<b|ir< + >|a> - <a|^< +) |b>* = £ (--- - - 

„ \£ a — E n + le E h — E n — isj 

x <b|^ (+) |n><a|^ (+) |n>* + (£ b - £ a ) £ <«P b |!P (B) ><!P (B) |$ a >. (16.66a) 

B 

Similarly, 

<b|^<->la> - <a|^" (-) |b>* = if--^ - --4- 

„ \E b — E n + is £ a — £ n — ie/ 

x <n|^ r(-) |b>*<n|5' (-) |a> + (£. - £ b )I<^ b H rtB) ><« rtB) l#.>. ( 16 . 66 b) 


The non-linear equations (16.66) for the T-matrix elements (off-the- 
energy-shell) are called the Low equations [15]. We note that the Low equations 
reduce to the unitarity relations (15.167) on the energy shell. Indeed, from the 
identity (11.167) we deduce that for E a = E b = E 


1 1 
E — E n + ie E — E n — is 


— 2nid(E - E n ). 


(16.67) 


Therefore, using the fact that <b|^ (+) |a> = <b|^|a> on the energy shell we 
find from eq. (16.66a) that 

i{<bma> - <amb>*} = 27! X 8(E - £„)<b|^|»><a|^|»>* (16.68) 

n 

which is the unitarity relation (15.167a). We have seen in Section 15.6 that the 
optical theorem is a particular case of eqs. (15.167). 

The Low equations (16.66) may be considered as a system of self-consistent 
equations for the T-matrix elements. They are very general and may be used 
with little modifications in quantum field theory. Unfortunately, these 
equations are in most cases extremely difficult to solve. Firstly, all the bound 
state wave functions must be determined. Then, we need all the off-shell 
T-matrix elements, including those between the state a (or b) and bound 
states. 

In certain physical situations, however, one may insert on the right-hand 
side of eqs. (16.66) a group of intermediate states n which for physical 
reasons are believed to be important, and whose T matrix elements are 
known. An example of this situation is provided by the Chew and Low 
model of low-energy pion-nucleon scattering [16]. 


16.5. The reaction matrix and the Heitler integral equations 

Since its original introduction by Heitler [17] to analyze radiation damping 
phenomena, the reaction or AT-matrix (also called the /^-matrix) has been 
widely used to investigate a variety of quantum collision processes. Of 
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particular importance is the case of nuclear reactions where the It-matrix 
theory was first proposed by Wigner [18, 19] and developed by many others. 
We list at the end of this chapter a few important references [20-22]. 

We have already studied above the properties of the solutions ^ ±) or 
^ ±) of the Lippmann-Schwinger equations (16.3), which exhibit in con¬ 
figuration space an outgoing (+) or incoming (—) wave behaviour. We shall 
now be interested in other solutions and ^ ( b p) of the Schrodinger equation, 
corresponding to different boundary conditions. Indeed, let us define 


n P> = <*>a + ^ 


and 


n p) = * b + 


2^ - H 0 + ie + E a - H 0 - ie) 

H _ _ _ T 

2\£ b - H 0 .+ i 


ie E h — H 0 — ie 


-W< p> 

(16.69a) 

lej 

-Vn p) 

16/ 

(16.69b) 


where we have assumed for simplicity that the total Hamiltonian H may only 
be split in one way as H = H 0 + V. By using the identity (11.167), we find 
that 


and 


where the symbol 


¥?> = <£ a + P 

n p) = * b + P 


1 E.- H r ■' 

(16.70a) 


(16.70b) 

. + * .) 

0 4- ie E - H 0 - 16 / 

(16.71) 


means that we have to take the Cauchy principal value when integrating over 
the continuous spectrum of H 0 . Thus 


with 



py jggXgJ 

„ E a - E„ 


Ho*. = E n d>„. 


(16.72) 

(16.73) 


It is clear from eqs. (16.69) that the objects and */ /( b p) are standing 
wave eigenstates of the Hamiltonian H. For example, in the case of potential 
scattering eq. (16.69a) becomes in the coordinate representation 

n P V) = * k $r) - T f- COS , (fck ~. r ]) U(r'WZV) dr'. ( 16 . 74 ) 

47r J \r - r \ 

Hence, when r -+ oo, the wave tf'j^r) tends towards the plane wave 
#*i(r) = (27c)“ 3/2 exp(ikj-r), plus a standing wave whose amplitude is inversely 
proportional to r. 
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Let us now establish the relationship between the objects r P{ +) and 3 , j- p) . 
From eqs. (16.3a) and (16.70a) we see that 


ip(+) _ «p(P) _ 


1 


£ a - H 0 + is 


VWi +) - P 


1 


£ a - H 0 


F9 / 1 P) 


(16.75) 


or, using the identity (11.167), 

^ +) - f / i P) = P F ~ 1 77 F(^ +) - ^i P) ) - i*S(£. - H 0 )VWi + \ (16.76) 


Introducing a complete set of unperturbed states on the right-hand side of 
eq. (16.76) between <5(£ a — H 0 ) and VW^ + \ and using eq. (14.157), we also 
have 


¥*+> _ *Pl P > = p_ 


E a -H 0 


v(n +) - n p) ) 


-i* Z *£ a -£«K»l^|a> K (16.77) 

n 


Since the delta function in the summation imposes E n = E a , all the states 
belong to the continuum and may be expressed in terms of *PP by means 
of eq. (16.70a). Thus 

K +) - n P) = P E —^ F(n +> - n P) ) - i*E ^a - £ a)<«l^|a> 

-t-'a 0 n 

X (^ P) - P £^o 7nP) ) (16 ‘ 78) 

or 

!Pi +) - = p F~ l -i7 F [^ +) - n P) + i*Z<5(£a - £„)<n|^|a>n P) ] 

-i* Z - £„)<n|^|a>n P) - (16.79) 

n 

If we set 

£ = «*/<+> _ y( p ) + i w X <5(E a - £„)<n|^|a>!P< P) (16.80) 

n 

we see that eq. (16.79) is of the form 

$ = P ~ jt V ^- ( 16 - 81 ) 


In the simple case which we are considering (one arrangement channel [23]) 
the only solution W of the homogeneous equation (16.81) which belongs to 
the continuum is the trivial one *P = 0. Hence 


K +) = ^ J P - in E S(E a - EXn^^P (16.82a) 

n 


is the desired relation between V J l +) and T' a p) . Similarly, we also find that 

n _) = ™ Z S(E b - £„)<b|^|n>* !P< p >. (16.82b) 
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Having studied the standing wave eigenstates and of the 
Hamiltonian H , we now introduce the AT-matrix elements as follows. We first 
define on the energy shell E = E a = E b the matrix elements 

<b|K|a> = <* b |F|«f'< P) > (16.83a) 

and we also note that 

<b|K|a> = <n P) l^l^a>. (16.83b) 


Indeed, using eqs. (16.70), we may write on the energy shell 
<b|K|a> = <<P b |F|!P< p >> 

1 


= <n p) i« p> > - (n p) 


VP- 




E- H 0 

= <n p) iFin p, > - <n p) m(n p) - $ a )> 

= <n P) |^l^a>, Q-E.D. 


Moreover, we also have 


<b|K|a>* = <* a |F|n P) > = <a|K|b> 


(16.84) 


so that the K -matrix is Hermitian on the energy shell. 

Let us return to the relations (16.70). They imply that the operator K 
whose on-the-energy shell matrix elements are given by eqs. (16.83) satisfies 
the equations 


K - K + K* - *„) K 

(16.85a) 

or 


K - K + kp (e - h) v 

(16.85b) 

and is Hermitian, namely 


K t = K. 

(16.86) 


Natural extensions of the K matrix off the energy shell may be obtained 
from eqs. (16.83). Thus we define 



<b|£< +) |a> = <*„(£„)! V\ n p) (£a)>, E a * E b 

(16.87a) 

and 


<b|^(->|a> = <n p, (£b)|l / |<?a(£a)>, E a # E b . 

(16.87b) 

Clearly 


<b|^T (+) |a> -* <b|/sT|a> as E b -* E a , 

(16.88a) 


<b|^ -) |a> -*• <b|tf|a> as E b -+ E a 

(16.88b) 
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and we remark that the matrix elements <b|A' (+) |a> and <b|# ( } |a> satisfy 
the off-the-energy shell equations [compare with eqs. (16.20)] 

<b|K (+ >|a> = <b|F|a> + £ P^-Lg-)<b|F|n><n|K (+) |a> (16.89a) 

and 

<b|K (-) |a> = <b|F|a> + £ P (^T£ )<b|^ (_) l»><«|F|a>. (16.89b) 

Moreover, we note that 

<b|AT (+) |a>* = <a|AT ( “ ) |b> (16.90) 

an equation which reduces to (16.84) on the energy shell. The completely off- 
the-energy shell AT-matrix elements (<P b (E b )\K(E)\<P a (Ea)}> where E ^ 

E h , are seen from eqs. (16.85) to satisfy the equation 
<* b (£ b )|K(£)|* a (£ a )> = <# b (£ b )|F|$ a (£ a )> 

+£ P(^)<^( £ b)l p l^ B )><^)l^)l^a». (16.91) 

The reduced A-matrix elements on the momentum shell may be defined by 
analogy with the corresponding T-matrix elements [see eqs. (14.174) and 
(14.175)]. That is, 

<b|A]a> = <5(P a - P b )A ba (£), £ = £ a = £ b (16.92a) 
<b|JS^ ± >|a> = d(P a - P b )K£\E b9 £ a ), E b * E a (16.92b) 

and 

(<P b (E b )\K(E)\<P a (E a )> = 8( P a - P b )* ba (£ b , E„ E\ E±E % ± E b . (16.92c) 

Let us now return to the relation (16.82a) between 'F i a +) and ¥^ p) . If we 
operate on both sides of this equation by means of <# b | V , we obtain (on the 
energy shell) 

<b|«T|a> = <b|^|a> - i7i X 8(E - £J<b| tf|«><H|^|a>. (16.93a) 

n 

Similarly, if we rewrite eq. (16.82b) as 

<n _) l = <n P) l - - £„)<b|^|n><n p) l 

n 

and operate on both sides by means of V\<P a }, we find that 

<b|5 r |a> = <b|A|a> - in £ <5(£ - £ n )<b|^|«><n|£|a>. (16.93b) 

n 

The equations (16.93) are known as the Heitler integral equations [17]. In 
terms of the operators 3T{E) and A(£) we may write 

3~{E) = K(E) - inK(E)d(E - H 0 ).T(E) (16.94a) 


or 


FIE) = K(E) - \n2T{E)5(E - H 0 )K(E). 


(16.94b) 
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An important property of the K matrix is that any Hermitian K matrix 
which is substituted into the Heitler equations (16.93) leads to a unitary S 
matrix . To see this, we use the Heitler equations to write 

i[<bma> - <amb>*] = i<b|A'|a> + n^d(E - £„)<b|^|«X«|^|a> 

n 

-i<a|tf|b>* + n £ d(E - E^(ji\K\n}*(n\3E\by*. (16.95) 

n 

Then, taking into account the fact that <b|AT|a> is Hermitian, we have 
i[<b|iT|a> - <a|^|b>*] = n £ <5(£ - £„)[<b|^|n><»|^|a> 

+ <n|A'|a><«|^'|b>*]. (16.96) 

Using again the hermiticity of the K matrix elements and the Heitler equations 
to modify the right-hand side of eq. (16.96), we find that 
i[<b|^|a> - <amb>*] = *£<5 (E - £„){[<n|^|b>* 

n 

-mX<5(£ - E n -){n\K\n'y{n'\^\by]<.n\2r\^ 

n' 

+ [<n|^|a> + in £ S(E - £„0<h|* |/0<«1^|a>]<flmb>*}. (16.97) 

n' 

Then, after interchanging the indices n and n' in the second double sum, we 
obtain 

i[<b|^|a> - <a|^|b>*] = 2 tt £ S(E - £„)<«|^|b>X«l^|a>, (16.98) 

n 

which is precisely the unitarity relation (15.167b). We may also start from the 
operator equations (16.94) and use the fact that K = to write 

\[3T - 5 "t) = 7 zKS{E - H 0 )3T + n^'d(E - H 0 )K 

= n[3n - \n2nd(E - H 0 )K]d(E - H 0 )3T 

+ nZnd(E - H 0 )[3T + inKd(E - H 0 )3T] (16.99) 

so that 

i («r - «rt) = 2n^5(E - H 0 )«T. (16.100) 

This result is identical to the operator form (15.170a) of the unitarity relations. 
The operator form (15.170b) may clearly be obtained in a similar way. 

16.6. Collisions involving identical particles 

In this section we want to investigate the effect of the identity of particles in 
collision processes, a problem which we already studied in Chapter 7 for the 
simple case of non-relativistic two-body scattering. We shall now consider 
more general situations, for example when a particle is incident upon a 
target containing several scatterers, some of them being identical to the 
projectile [24]. This is the case for example in electron—atom or nucleon— 
nucleus scattering. 
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Let us consider a collision process a b for which the (unsymmetrized) 
Lippmann-Schwinger equation (16.3a) reads 

S* +) = <P a + G[ +) V x W[ +) (16.101) 

where 

G[ +) = (£. - Hi + ie)-\ H=H i + V i9 H { <P a = £ a * a , (16.102) 

and Vi is the interaction potential in the initial channel. The formal solution 
of eq. (16.101) is given by 

!?i + > = <P a + G (+) (E a )V,<P a (16.103) 

with 

G (+ \E ) = (E - H + ie) -1 . (16.104) 

The free, unsymmetrized, state <P a is clearly constructed in such a way that 
it singles out a given particle as the incident one. If we consider for example 
a system containing N = N 0 + 1 identical particles, of which N 0 are initially 
bound in a target and one is free, we may write 

<lu • • • ?No) = ^«(?o)^(9i» • • • Qn o) (16.105) 

where q 0 ,q u . . . #v 0 are the dynamical variables of the particles, and the 
wave functions il/ a (q 0 ) and ^(^ x . . . qn 0 ) describe respectively the incident 
particle and the target. We shall assume in what follows that the target 
wave function . . . qN 0 ) has already been properly symmetrized. For 
example, in the case of an electron having a wave vector and a spin 
orientation v = incident on a helium atom in the ground state (^S), 
the free, unsymmetrized state <P a is given by 


4> a = (2 n) 3/2 exp(ifc i -r o )a(0)^ 1 , s (r 1 , r 2 )-^[a(l)j3(2) 


«(2)jJ(l)]. (16.106) 


Here the index 0 refers to the “incoming” electron, while the variables 1 and 
2 correspond to the “atomic” electrons. The objects a and are the spinors 

a = (o) p = (?) (16 - 107) 

and we have assumed that the nucleus of the helium atom is infinitely heavy. 

What we would like to do now is to construct from <P a a new free state 
which takes into account properly the identity of the incident and target 
particles. To this end, we consider the symmetrization operators [24] 


and 






for bosons (symmetrization) 


(16.108a) 


for fermions (antisymmelrization) 


( 16 . 108 b) 
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where P is a permutation [25], e P = +1 for an even permutation and 
e P = —1 for an odd one. The symbol stf is also often used to denote 
either A or the operator £ P £ P /\ I* a simple matter to show that the 
operators and SP A are Hermitian. One also has 

y\ = ^ s ; (i6.io9) 

so that and \ are projection operators. Moreover, they commute with 

the total Hamiltonian for the system of N identical particles. That is, 

[9* s, H] = 0, \SP A , H] = 0. (16.110) 

In what follows, we shall often use a single symbol to represent both operators 
y* K and y s . It is defined by 

? = Jf\'L S P P ( 16 . 111 ) 

where 5 P = +1 for bosons and 5 P = s P for fermions. 

We are now able to construct an initial free state which is correctly 
symmetrized. It is given by 

3> a = (16.112) 

or 

*a - S SpP *a = Z <5p<*>Pa (16.113) 

where C is a normalization constant and we have set # Pa = P# a . If we 
require the symmetrized state <5 a to satisfy the same normalization condition 
as the unsymmetrized state # a , we have 

<m> = c 2 <<Pjy\<P a > 

= I = <<*> a |* a >. (16.114) 

Now (^al^l^a) vanishes unless P belongs to one of the N 0 \ permutations of 


the (ft ... 

qN 0 ) variables. Thus, in this case 


and 

5p<*J P|* a > = 



C 2 

Si "*'" 1 


so that 

c-Jn. 

(16.115) 

The correctly symmetrized free state # a , corresponding to the unsym¬ 
metrized <P a of eq. (16.105) is thus given by 


I tpP'PM'l'Mi’ ■ ■ ■ <1n »)• 

(16.116) 
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This expression may be simplified by noting that the AH permutations P may 
be classified into N types. The first type consists of N 0 ! permutations of the 
variables (q l9 . . . qu 0 ) which leave # a unchanged since the target wave function 
il/fi is already symmetrized with respect to these variables. The remaining N 0 
types are obtained by considering the permutations p oj which interchange 
q 0 with one of the qf s (with j = 1,2,... N 0 ). For a given value of j, there are 
each time N 0 l permutations of this sort. Furthermore, 

^o/oA = i, • • • qj-uqo, q J+ u ■ ■ ■ qN 0 ) (I 6 . 117 ) 

with the plus sign for bosons and the minus sign for fermions. Hence we have 

*a = ^“JVo! I SjPoMqoW<h’ ■ ■ ■ W (16.118) 

IV! j — q 


with <5 0 = 1, 8j = 1 for bosons and 5j = — 1 for fermions. 

Using eq. (16.105) and the fact that N = N 0 + 1, we may also write 

1 No 

Z SjPofr- (16.H9) 

For example, the (anti)symmetrized free state corresponding to the 
unsymmetrized state (16.106) is given by 


3 > a = ^(1 - ^01 - Pq 2)|(2tc) 3/2 exp(ifci • r 0 ) a( 0 ) 

x^nsCr,, r 2 )j 2 [a(l)(S(2) - «(2)j5(l)]j 


(16.120) 


where P 01 interchanges the variables “0” and “1” while P 02 interchanges 
those labelled by “0” and “2”. 

We have analyzed until now the simple case of N = N 0 + 1 identical 
particles, of which one is initially free and the remaining N 0 ones are bound 
in the target. More generally we may imagine a system of N identical 
“elementary” particles, of which n A are initially bound in the “beam” 
(composite) particle A, while the remaining n B = N — n A particles are 
contained in the “target” B. In this case the symmetrized state is still given 
by eq. (16.112), namely 

= C^<2> a = ^ X 5 P P4> a (16.121) 


but the constant C, obtained by imposing the normalization condition 
(16.114) is now given by 

I ATi IL/4 

(16.122) 


= r ~ 

~ [_«A ? .«B ? ._ 


An even more general situation occurs when there are several kinds of 
elementary particles involved in the collision. This case may be handled by 
using a straightforward generalization of the symmetrization operators. It 
will not be analyzed in detail here. 
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Let us now consider the unsymmetrized state vector !F< +) . In order to 
investigate the action of the permutation operator P on !^ +) , we recast 
eq. (16.103) in the form [see eq. (14.65)] 

S* +) = ie(E a - H + ie) -1 # a . (16.123) 

Then, since [P, H] = 0, we have 

PP[ +) = ieP(P a - H + ie)" 1 ^ = ie(P a - H + ie)" 1 ^ 

= i e(E a - H+iey^p,. (16.124) 

Therefore, if we define the channel Hamiltonian H P and the interaction 
V P by the relations 

Hp<P Pa = E a 4 > Pa , (16.125) 

H P = PT/iP" 1 (16.126) 

and 

H = H P + V P (16.127) 

we find from eq. (16.124) that 

= PVi +) = (E a - H + ie) -1 (P a - + ie)4> Pa 

= (P a - H + ie)" 1 ^ - if + ie + F P )<*> Pa 
or 

n: } = + G< + >(P a )K P * Pa . (16.128) 

By analogy with our foregoing discussion of the free state, we now define 
the symmetrized state vector by 

W[ +) = C^Wi +) (16.129) 

where the symmetrization operator ^ is given by eq. (16.111) and C is a 
constant which we determine by the normalization condition (16.114) on 
the symmetrized initial state [see eq. (16.115) or (16.122)]. We then 
deduce from eqs. (16.111), (16.128) and (16.129) that 

*i +) = = L £ 5 p v£> (16.130) 

or 

^a + > = I <5p[«?Pa + C< + ) (E a )M> Pa ] 

= * a + L £ c> P G< + >(E a )F P <*» Pa . (16.131) 

We have considered so far the symmetrization of the initial free state <P a 
and of the state vector P[ +) . A completely similar procedure may be used to 
symmetrize the final free state <P b and the state vector i F b ~\ Thus we have 

$ b = C'£f$ b = £ d P ,<P P , b (16.132) 
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where P f is a permutation among the N' identical particles in the final state 
and <P' Ph = P'<P b . The constant C is determined by the requirement that 

<Wb> = <^ b |^ b > (16.133) 

and we assume that there is only one kind of “elementary” identical particles 
(the generalization to several kinds of identical “elementary” particles is 
straightforward). For example, if two composite particles C and D 
emerge in the final state and contain respectively n c and n D = N' — n c 
“elementary” identical particles, one has 



c _ [W 1 1/2 

(16.134) 


Jtc • n D •_ 

Furthermore, the object $ P ' b appearing in eq. (16.132) is such that 



H P -<Pf b — E b <P P , b , 

(16.135) 

with 

H P . = P'H t (P’)- 1 

(16.136) 

and we also have 

H = H { + V { 

(16.137) 


= H P . + V P . 

(16.138) 

where V f is the final interaction in a given channel f, corresponding to the 
unsymmetrized state <P b . By analogy with eqs. (16.129)—(16.131), we also have 

n _) 

= c'^n" ) = ^ ! iv-p , n _) 

(16.139) 

or 



n _) 

= c y Sp.vft 

(N'y.ji p Pb 

(16.140) 

and 



n _) 

= ^ b + (^!? VG< " )(£b)Fp ' <fp ' b 

(16.141) 

where we have used the fact that 


u/(-) 

* P'b 

= pn _) = *P -b + G^-\E b )Vp,<Pp, b . 

(16.142) 


It is now a simple matter to calculate the S-matrix element for a general 
transition between the states 3> a and <P b . Using the notation 

l*Pa> s |Pa>, |<*V b > = JJP'b), 

l*a> S |a>, |* 5 > = |b> 

and proceeding as in Section 14.2, we find with the help of eqs. (16.131) and 
(16.141) that the S' matrix element 

<blSla> = <n-Wi +) > 


(16.143) 
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is given by 

<b|S|a> = <5 ba - 2ni8(E b - £ a )<b|^|a> 

(16.144) 

where 

CC 

<bma> = mn^ 5 p y p<p ' WPa> 

(16.145) 

and we have on the energy shell E = E a = E b 
<P'b|iT|Pa> = <<Pp.hlFp.mr> 

(16.146a) 

and 

<P'b|^|Pa> = <Vti\V P \<l>p a > 

(16.146b) 

or explicitly 

<P'b|^|Pa> = ($ P . b Fp(or Fp.) + V P . - - ^ + - V P <P P ^ . 

(16.147) 

We note that eq. (16.145) may also be written as 
< ^ |S> = (^!? V<PW 

(16.148a) 

or 

<W = ^IW|Pa>. 

(16.148b) 


Finally, we may define the reduced T-matrix elements Tba on the momentum 
shell by the relation 

<b|^|a> = <5(P b - P a )T ba (16.149) 

and the calculation of the cross sections proceeds as in Section 15.2, with 
r ba replaced by T ba . 

In view of future applications, it is worth looking in detail at some particular 
cases. First of all, if N = N\ so that the same number of identical “elemen¬ 
tary” particles (of one kind) is present in the initial and final states (no 
creation or destruction of particles), we have 

CC' 

<bma> = FXm2^^S^'< p ' b l 5 "l Pa >- 

[iV !J p p> 

From eqs. (16.148), we also have 

<bl^la> = ^ E VCP'bliHa), (16.150a) 

or 

<bma> = ~ Z 5p<b|^|Pa>. (16.150b) 

Using the fact that the states |a> and |b> are fully symmetrized, and dropping 
unnecessary prime symbols, we see that eqs. (16.150) reduce to 

CC 

<bma> = E <5p<Pb|ina> (16.151a) 
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and 


CC' 

<bl^ia> = — I^<b|^|Pa>. 

(16.151b) 

As a further restriction, we now assume that there are N = N 0 + 1 
identical particles in the initial and final states, with N 0 particles being 
bound in the target before and after the collision. We then have [see eq. 
(16.115)] 

c = C = JN = jNo + 1 

(16.152) 

and eqs. (16.151) become 


<bma> = J-jI<5p<Pb|^|a>, 

iVo ! p 

(16.153a) 

<ria> = r^ZVb|^|Pa>. 

i\ 0 : p 

(16.153b) 


Now the N 0 ! permutations of the variables (q l9 . .. q No ) have no effect on 
<P a and # b , while the interchange P oj of the coordinate q 0 with one of the 
qf s (J = 1,2,... AT 0 ) is such that [see eq. (16.117)] 

bpojPoj$a( c loi • • • qj-u Qj> Qj+u • • • <7n 0 ) 

= ± • • • ? No ) (16.154a) 

and 

^PojPoj^bi^lOi • • • Qj — 1 > dj9 tfj+ti • • • 

= ±$b(fy . • • qj-u ?o> qj+u • • • ?n 0 )- (16.154b) 

Hence we may write for example eq. (16.151a) as 

No 

<bl*1fi> = <b|^|a> ± X <P 0 jb|^|a> (16.155) 

7=1 

with the plus sign for bosons and the minus sign for fermions. Using the fact 
that 


<P 0 ,-b|^|a> = </> 0 *b|iT|a>, (j\ k = 1, 2,.. . N 0 ) (16.156) 


we may also write 

<b|iT|a> = <b|«T|a> ± N 0 (P 0 jb\<r\z> (16.157) 

which is our final result. The matrix element <b|«^|a> is often called the 
direct (unsymmetrized) transition matrix element. Explicitly, one has (on 
the energy shell) [26] 


V d + 


Va 


1 

E - H + k 



<b|^|a > = {* b 


(16.158) 
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where F d accounts for the total interaction between the particle “0” (with 
coordinates q 0 ) and the remaining particles of the system [27]. The other 
quantity <P 0j -b|«^|a) appearing in eq. (16.157) is called an exchange transition 
matrix element. It is given explicitly by 


<P 0 ;b|^|a> = 



V A {or V P J + 


V Po, 


E - H + ie Fd 



(16.159) 


where Vp 0J is obtained from V d by interchanging the roles of the particles 
“0” and In terms of the reduced transition matrix elements on the 
momentum shell [see eq. (16.149)] we may write eq. (16.157) as 

T ba = Tt ± N 0 TH (16.160) 


where we have defined the objects T £ a and 7£J by the relations 

<b|^|a> = <5(P b - P a )T d ba (16.161) 

and 


<P 0j .b|^|a> = d(P h - PJTba* (16.162) 

We shall illustrate the use of eq. (16.160) in Part IV of this book where we 
analyze various electron-atom and nucleon-nucleus collision processes. Of 
course, when the system contains only N = 2 identical particles, eq. (16.160) 
leads directly to the results of Chapter 7. 


16.7. Invariance principles and the collision matrix 

This section is devoted to a brief account [28] of the role of invariance prin¬ 
ciples in collision processes. We first recall that in quantum theory invariance 
laws correspond to symmetries of the Schrodinger equation, i.e. to symmetries 
of the Hamiltonian operator of the system. 

Consider for example a Hermitian operator A which commutes with 
the total Hamiltonian H, i.e. 

[A,H] = 0 (16.163) 

and is therefore a constant of the motion . We shall also assume that A 
commutes with the channel Hamiltonians H c . Then, from the definition 
(14.155) of the transition operator, we infer that 

[A,^ fi ] = 0 (16.164) 

and also 

[A, S fi ] = 0. (16.165) 

Hence, if X and X" are two eigenvalues of the operator A, we have 

<A 1 [A, iT fi p'> = (X" - X'KX"\tr n \X'} = 0 (16.166) 
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so that 

<r|^fi|A'> = Sx-x-r nW) (16.167a) 

or 

Q"\3TnW> = W ~ XW n {X). (16.167b) 

We have already illustrated these equations in Section 14.4 when we were 
dealing with momentum and energy conservation. In the first case the 
operator A is given by P, the total momentum operator of the system. 
The meaning of eq. (16.163) is then the following: to any infinitesimal spatial 
translation corresponding to a displacement £ we may associate the unitary 
operator 

T(e) = 1 - ^(P*£) (16.168) 

so that P is the generator of infinitesimal translations. Moreover, the 
operator corresponding to a finite translation by an amount a is given by 

- aj. (16.169) 

Let us require that the Hamiltonian be invariant with respect to translations, 
namely 

H = THT t 
or 

HT = TH (16.170) 

i.e. 

[T 9 H] = 0. (16.171) 

Since a necessary and sufficient condition for H to be invariant under 
translations is that it must be invariant with respect to infinitesimal translations, 
we see from eqs. (16.168) and (16.171) that the condition (16.163), namely 

[P,H] = 0 (16.172) 

expresses the invariance of H with respect to spatial translations . 

In the case of energy conservation, the operator is the Hamiltonian H 
itself, which is the generator of infinitesimal time translations [see eq. (13.14)]. 

Let us now consider rotations . In this case the operator corresponding to 
an infinitesimal rotation of angle e in the positive (right-handed) sense about 
an oriented axis defined by the unit vector ft is given by 

jc 

R«(s) = 1 - ^(/ «) (16.173) 

where the generator J is the total angular momentum operator of the system. 
Invariance with respect to rotations is thus expressed by 

[/. H] = 0 


T(a ) 


= exp^ 


(16.174) 
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which leads to the conservation of angular momentum. Since / also com¬ 
mutes with H c we see that 

[J,S n ] = 0 (16.175) 

and 

[/, 3T n ] = 0. (16.176) 

However, since the operators P and J do not in general commute, eq. 
(14.174) cannot be further reduced in terms of - for example - the eigenstates 
of J 2 and J z . Only in the center of mass system where the eigenvalue of P 
vanishes and therefore [ P , /] = 0, are we allowed to diagonalize simul¬ 
taneously the operators P, J 2 and J z . 

Assuming that we are working in the center of mass system, let us look 
more closely at the consequences of eqs. (16.167) and (16.176). Let us 
denote by |a> a correctly symmetrized initial state (see Section 16.6) which 
we develop in eigenstates of the operators J 2 and J z as 



l 5 > = Z E c ;a,mJaJa, m a > 

j a m a 

(16.177) 

where C Ja , ma 

are numerical factors, while 



*f 2 |a,y a , m a > = j a (j a + l)ft 2 |a,y a , m a > 

(16.178) 

and 

Jz\a,j a , m a } = m a h\a,j a , m a >. 

(16.179) 

Similarly, we write 



Ib> ^ 6 ^y b(mb |b) Jb) 

h »>b 

(16.180) 

with 

y 2 |b,i b , m b > = jbijb + l)h 2 |b,i' b , m b > 

(16.181) 

and 

^|b,y b , m b y = m b h\b,j b , m b >. 

(16.182) 

Then, using eqs. (16.167), we have 



<b, h, m b |«T|a, j a , m a > = <5(P b - 0)8 jbJ 8 mbtm T Va (P a = 0 ,j a , m a ) (16.183) 

where 7ba is now a “super-reduced” transition matrix element. Moreover, 
a simple calculation using eq. (16.176) shows that the object Tfea is independent 
of m a . Thus we may write 

<b, Jb) m b \$~\a,j a , m a > = <5(P b - Q)S jbJ S mbtm T- b ^P a = 0 ,j a ) (16.184) 

so that the transition matrix element is diagonal in j and m and independent of 
m. 

Another important symmetry operation which leaves the Hamiltonian 
invariant is the permutation P of identical particles . In any such permutation 

[P,H] = 0. (16.185) 
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(16.186) 


Furthermore, according to the symmetrization postulate the projectors 
and Sf A into the symmetrical and antisymmetrical states are also constants 
of the motion. 

We now consider the reflection invariance , leading to the conservation of 
parity . The parity operator 0* is a linear, unitary operator such that the polar 
vectors r (coordinates) and p (momenta) change sign, while the axial vectors 
L= r x p (orbital angular momentum) and s (spin) are invariant. Thus 
0>r0> t = -r, 0>p0> t = -p, 

0>L0>* = L, 0>s0 1 = 

These equations define the operator 0 up to a phase. In addition 

0> 2 = I (or0> = &*) (16.187) 

so that the phase of 0 is now determined to within a sign and the eigenvalues of 
9 are ± 1. To determine completely the operator we may specify how it acts 
on the basis vectors of a given representation. For example, if we choose the 
position representation {r} and denote by a the remaining quantum numbers, 
we may define (for one particle) 

0>\l/(r, a) = iK-r, a) (16.188) 

and for several particles 

0ty(r u r 2 , .. tx u a 2 , . . .) = H~'u ~r 2 , ■ ■ «i, « 2 » • • •)• (16.189) 


With this choice we see that the eigenvalue 4-1 of 0 corresponds to wave 
functions of positive parity , i.e. such that 

\j/(r u r 2 ,...;a u a 2 ,...) = -r 2 ,..cc u a 2 ,...) (16.190) 

while the eigenvalue —1 corresponds to wave functions having negative 
parity , namely 

r 2 ,...; cc u a 2 ,...) = -r 2 ,...; a u <x 2 ,...). (16.191) 

For all but the weak interactions it is believed that parity is conserved, 


so that 


[&, H] = [<?, H c ] = 0. 

(16.192) 

Thus we also have 


Sn] = 0 

(16.193) 

and 


= o. 

(16.194) 

It is also worth noting that from eqs. (16.186) 


0>J0> t = J. 

(16.195) 


Hence the parity operator commutes with the total angular momentum / and 
the reflection operation commutes with the rotations. 

It is sometimes convenient to relax somewhat the phase convention 
adopted in the definition of 0. For example, instead of eq. (16.188) we may 
require that 


&#(?,<*) = C*K-r, a) 


(16.196) 
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where £ = ± 1 is called the intrinsic parity of the particle. More generally, 
for a system of N particles 

^VOi, r 2 ,...r N ; a u a 2 ... %) 

= C 1 C 2 • ~r 2 , • • • ~r N ; a 1( oc 2 ... a N ) (16.197) 

where the factors £ l9 £ 2 ,... £jv are so chosen that ^ commutes [29] with H . 
The concept of intrinsic parity is only useful when the number of particles 
can change. Otherwise, as in elementary quantum theory, one may simply 
take £ = +1 for every particle. 

We conclude this section by a discussion of time-reversal invariance . We 
first note that, as for spatial translations, time translations and rotations, this 
type of invariance also occurs in Classical Mechanics [30]. Indeed, let us 
start from Newton’s law of motion for a mass point, namely 

m^ = F (16.198) 


and assume that the force F only depends explicitly on the position coordi¬ 
nates. Then, because Newton’s equations are of second order in t , we can 
associate to every solution r(t) of eq. (16.198) another solution 

r'(t) = r(—t). (16.199) 


z z 



Fig. 16.1. Two classical trajectories (a) and (b) which correspond by time reversal. 


The correspondence between the two solutions is illustrated on Fig. 16.1. 
We note that the position of the particle at time t 0 in case (a) is the same as 
its position at time — 1 0 in case (b), while the velocities and momenta are 
reversed. Indeed, 
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-v(-t 0 ). (16.200) 


Let us now investigate the question of time reversal in quantum theory. 
We begin by considering the case of a spinless particle moving in a real 
potential V(r). We write the Schrbdinger equation as 

ifi | nr, 0 - f-+ F(r)W, 0. (16.201) 
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We now change t into — t. Since the Hamiltonian is real, we may restore the 
form of eq. (16.201) by taking the complex conjugate. Thus 

i h j t V*(r, -0 = [-£* + F(r)J»*(r, _ t). (16.202) 

Hence, if T(y 9 1 ) is a solution of the Schrodinger equation, so is also the wave 
function 

y'(r,0 = y*(r, -0- (16.203) 

We note that this result depends on our choice of representation. For 
example, if we write 

!P(r, 0 = (2 nh)~ 3,2 j<j)(p, t) expj^p - rj dp 
and 

Y'(r, t) = (2nh)~ 3l2 j (j)'(p, t) expj^/r rj dp 

then eq. (16.203) implies that 

<fr'(p,t) = <fr\-p 9 -t) (16.204) 

and we see that in momentum space we have to change p into — p as we 
transform t into —t. This precisely agrees with the result obtained in 
Classical Mechanics. 

We may summarize the results obtained until now in the following way. 
Suppose that we define a transformation of the observables which leaves r 
unchanged but carries p into — p. We denote the corresponding operator by 
JT and call it the time reversal operator. Thus 

XyX t = Y 


and (16.205) 

tfpX t = -p. 

It is not difficult to find the operator X in the simple case which we have 
discussed so far. Indeed, if we denote by K 0 the complex conjugate operator 
corresponding to the position representation, we may take 

X = K 0 (16.206) 

since in the position representation y is purely real and p = — i hS r purely 
imaginary. Because the Hamiltonian appearing in eq. (16.201) is invariant 
when p is changed into —p 9 we see that 

[X 9 H] = 0. 


(16.207) 
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We may then rewrite eq. (16.203) as 

V'ir, t) = XW(r 9 -/)• (16.208) 

We note that the operator K 0 is anti-unitary [31] and such that K% = I or 
K 0 = Kl. The occurrence of anti-unitary operators should come as no 
surprise since in quantum theory two systems are equivalent if they are 
connected by a unitary or an anti-unitary transformation [32]. Furthermore, 
the operator X as defined by eqs. (16.205) anticommutes with the com¬ 
ponents of the orbital angular momentum L = r x p, i.e. 

XLX t = —L. (16.209) 

This last property suggests a natural extension of the time reversal operator 
when it is acting on the spin variables: we then require that the spin should 
change sign under the X transformation, namely 

XsX t = — s. (16.210) 

Consequently X also anticommutes with the total angular momentum 

XJX t = (16.211) 

For a spin one-half particle a simple calculation shows that the operator X 
may be written as 

X = tK 0 (16.212) 

with t = i G y . Here o y is the second of the Pauli spin matrices [33]. 

We now consider the general case, starting from the Schrodinger equation 

i h j <P(0 = HW(t) (16.213) 

where we assume the total Hamiltonian H to be time-independent. We first 
change t into — t and then apply the operator K 0 of complex conjugation. 
This yields [34] 

ift-- ¥*(-t) = H^\-t). (16.214) 

ot 

We have already seen that if H = H* then W f (t) = K 0 W(—t) is also a 
solution of the Schrodinger equation, describing the time-reversed state of 
the system associated with W(t). In general, however, H* ^ H. In this case 
we suppose that there exists a unitary operator t such that [35] 

tH*t* = H. (16.215) 

Obviously, the operator t should not contain K 0 and should become the 
identity when H is real. Operating on the left on both sides of eq. (16.214) 
with t and using eq. (16.215), we find that 

ih-xWi-t) = (16.216) 

ot 
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Thus, if W(t) is a 

solution of the Schrodinger equation, so is also 



T(t) = zW*(-t) 

(16.217) 

or 

T(t) = XW(-t) 

(16.218) 

where 

X = tK 0 . 

(16.219) 


In analogy with our above discussion we call ^'(0 the time-reversed state 
vector associated with t ). We note that since K 0 is anti-unitary and t is 
unitary the operator Jf defined by eq. (16.219) is anti-unitary. 

Let us return once more to the Schrodinger equation (16.213). Reversing 
the time and inserting Jf * X' ( = I) between H and we get 

rs 

-ih-Wi-t) =* (16.220) 

ot 

or 

-Xih ^(-0 = XHX'XV(-t). 
ot 

Now, using eqs. (16.217)—(16.219), we find that 

pt r\ 

-zK 0 ih -V(-t)= = XHX'V'it) 

or 

rs 

ih- T{t) = JT jr*V'(t) (16.221) 

ot 

which we want to be identical with 

rs 

ih - T(t) = (16.222) 

ot 

Therefore, provided the operator r satisfying eq. (16.215) exists, we see that 
the requirement 

XHX t = H (16.223) 

or 

[Jf, H] = 0 (16.224) 

is the necessary and sufficient condition for the time-reversal invariance of 
the system governed by the time-independent Hamiltonian H. 

We now return more specifically to collision problems. We assume that 
the operators H, H c and V c are invariant under time reversal. That is 

XHX t = H, t = H„ JTF c Jft = V c (16.225) 

for all channels c . 
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Let us first consider the channel Hamiltonian H C9 such that 

H c <P n = E n <P n9 n = (c 9 y) (16.226) 

and let A t {i = 1, 2,...) be a complete set of observables, including H C9 
which specify the channel eigenfunctions <P n . For example, the A t may 
correspond to the angular momentum, spin, isospin, parity, etc. of the 
states $ n . We have 

Ai* n = aft. (16.227) 


Now, most observables lead to operators which are either even or odd under 
the time-reversal operator X . That is 



A\ = jTAiJr f = ± A, 

(16.228) 

so that 


A4>' = +a4>' 

(16.229) 

with 


*'n = 

(16.230) 


Therefore, if we choose the observables satisfying eq. (16.228) to classify the 
states, we see that & n and <P' n belong to the same set. If we denote by (— n) 
the time-reversed state of n 9 i.e. the state obtained from n by reversing the 
sign of all linear momenta, angular momenta and spins of the system, we 
see that 

= V-n*-n (16-231) 

where is one of the states $ n and \i_ n is a phase factor such that 
= 1. For example, if 

<P n = (2n)~ 3/2 exp(iA -r) (16.232) 

then 

<P' n = = (2n)~ 3/2 exp(-i k r) = #*. (16.233) 

Let us now look at the state vector 

l K ±} = + j7 -4x7 (16.234) 

xlfpi jfi 1 1£ 

Applying the time-reversal operator X and taking into account eq. (16.231), 
we find that 

= A i + *— 1 7 7 ^-VcA^ n 

V E„- H ±18 J 

- '■-[(* + - “-w- < i6 - 235 > 

Hence, from eqs. (16.231) and (16.235) we see that 

** a = 

3f<t> b = /i- b ^- b , 

JT!P< ±) = n-J™ (16.236) 

and 
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so that the transition matrix element <b|«^~|a> corresponding to a collision 
process a b is such that 

<bm,> - («.|y, + r, - _ - * f - 

- "•-"-‘f-h + V ' E.-H + i/ 'K-)- <16 ' 237) 

where we have used the notation (a, b ) to denote the scalar product of the two 
vectors a and b. Now, on the energy shell, we have 

<<2>_ a |Fi|<f>_ b > = <$- a |F f |3>_ b > 

so that eq. (16.237) becomes 

<bma> = /i-a/^- b <(-a)|5 r |(-b)>. (16.238) 

More explicitly, in terms of channel indices, we have 

<f, /?mi, a) = pt.-ulit.-KU (-a)l^|f, ("/*)> (16.239) 

which is known as the reciprocity theorem or microreversibility relation. 
Thus, up to a phase factor, the transition matrix element between an initial 
state and a final state having the same energy is equal to the transition 
matrix element between the final and the initial state with all eigenvalues of 
odd operators under time reversal describing these states reversed in sign. 
It is believed that the reciprocity theorem (16.239) is one of the fundamental 
symmetry relations which are satisfied by physical systems. 

As an application of these considerations, we consider the reaction 

A + B -> C + D (16.240) 

in the center of mass system. Let us denote by S A , S B , S c , S D the spins of the 
particles involved in the reaction (16.240), and by k x and k { the relative 
wave vectors in the initial and final states. Then, from the reciprocity theorem 
(16.239), we obtain for the reduced T-matrix element 

<* f , S C9 S D \T\k h S A , S B > = <-*i, “Sa, -S B \T\-k t9 -S c , -S D >. (16.241) 

Summing over initial and final spin states, we have 

11<*„ 5 C , Sum*,, S A) 5 b >| 2 

spin 

= I |<-*i, -5 a, -S B \T\-k t , -S c , -S D >| 2 . (16.242) 



DETERMINATION OF THE COLLISION MATRIX 


439 


To be invariant with respect to rotations, this expression must only be a 
function of the scalar products kf, k and k { • k f . We may thus rewrite the 
right-hand side of eq. (16.242) as 

*^Aj “S'bI^I —Sc> ““'S'd )! 2 

spin 

= Z l<*., S A , S B \T\k ( , Sc, S D >I 2 (16.243) 

spin 

where we have also used the fact that the spins are dummy indices in the sum. 
Hence, from eqs. (16.242) and (16.243) we deduce that 

Z l<*f, s a SolTlki, S A , S B >| 2 = Z l<*., 5 a, 5 B |r|* f , S c , S D >| 2 (16.244) 

spin spin 

so that in the evaluation of cross sections the dynamical part , i.e. the square 
of the modulus of the 7 1 -matrix element, is the same for the direct reaction 
(16.240) and for the inverse reaction 

C + D A + B. (16.245) 

The only difference in evaluating cross sections appears in the kinematical 
factors involved in the density of final states. From eqs. (15.27), (15.41) and 
(15.51) we deduce that for unpolarized beams the differential cross section for 
the direct reaction (16.240) is given by 



a---- Z 

k, (2 S a + 1)(2S B + 1) s % 


K*r, Sc, S D |T|fcj, S A , S B >| 2 , 


(16.246) 


with 

= __ 

“ fc 4 c 4 (l/E A + 1/£ B )(1/£ C + 1/£d) ' 


For the inverse reaction (16.245), we have instead 

1 


/doA kj 

\di2/i NV ( 


■ (2S C + 1)(2S d + l) s £ n 
Using eq. (16.244), we may also write eq. (16.247) as 


Z S A , S B \T\k t , S c , S D >| 2 . (16.247) 



k { 1 

a k { (2S C + 1)(2S D + 1) 


Z |<fcf. Sc, S D \T\k it S A , S B >| 2 . (16.248) 

spin 


Hence, by comparing eqs. (16.246) and (16.248), we conclude that for 
unpolarized beams 


(^)di r ( 2S a + 1)(2S B + l)fc? = (^) inv (2S c + 1)(2S D + l)k 2 . (16.249) 

This relation is usually known as the principle of detailed balance. It has 
many applications in atomic, nuclear [36] and elementary particle [37] 
collisions. 
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with |a'> = ^|a>, |b'> = ^|b> for any pair of vectors, then the phases may always 
be chosen so that 01 is either unitary or antiunitary”. Except for time reversal all the 
transformations considered in this section are unitary. 

[33] We recall that the Pauli spin matrices are given by 



[34] In eq. (16.214) we should understand W* as follows. Let {cj be the components of 
the state vector W in a given representation. Then !F* is the state vector having com¬ 
ponents {c*} in the same basis system. 

[35] The unitarity condition on the operator r is imposed by the requirement of preserving 
the normalization [see eq. (16.217)]. 

[36] See for example Blatt, J. M. and V. Weisskopf (1952), Theoretical Nuclear Physics 
(Wiley, New York) Chapters 10 and 12. 

[37] A particularly interesting application of this principle to elementary particle physics is 
the determination of the spin of the charged pion. See for example Kallen, G. (1964), 
Elementary Particle Physics (Addison-Wesley, Reading, Mass.) Chapter 3. 
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Two-Potential Scattering 


Before we proceed to the last part of this book, devoted to some applications 
of collision theory, we shall consider in this chapter a class of problems 
which may be considerably simplified by using formal scattering theory. 
These are the so-called “two-potential” problems, such that the interaction 
may be broken in a physically meaningful way in two parts: one which 
is treated exactly, and the other which is handled in an approximate way. 
A natural framework to discuss these problems is the Furry picture which we 
introduce in Section 17.1. In the next section we obtain the generalized 
Lippmann-Schwinger equations, while the Gell-Mann and Goldberger [1] 
“two-potential” formulae are derived in Section 17.3. Finally, in Section 
17.4 we discuss the distorted wave Born series. The theory of final state 
interactions which constitutes an important application of two-potential 
scattering will be discussed in Chapter 21. 

17.1. The Furry picture 

We consider a collision such that in the initial arrangement channel 

H = Hi + V\ (17.1a) 

while in the final arrangement channel 

H= H { + V f . (17.1b) 

Let us assume that the interaction potentials and V f may be split as 

Vi = U { + (17.2a) 

and 

V t = U { + W f . (17.2b) 
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A typical example is the scattering of particles under the combined influence 
of the Coulomb and nuclear interactions, which we already considered in 
Section 6.3. In what follows, however, we shall derive general formulae 
without making any particular choice concerning the nature of the potentials 
appearing in eqs. (17.2). 

Let us consider the new Hamiltonians 

J7i = H { + U { (17.3a) 

and 

H f = H { + U { (17.3b) 

which already contain the interactions U { and U f . We suppose that H { and 
H f correspond to scattering problems which are already solved. More generally, 
we write for a given arrangement channel c that 

H=H C + V c9 H c d> n = £„<*>„, V c — U c + W c , H C = H C + U c 

(17.4) 


and we recall that the “free” waves <P n describe the system when the 
“particles” (elementary or complex) belonging to the arrangement channel c 
do not interact. 

Let us suppose that we are able to solve the Lippmann-Schwinger equations 


v (±) 

A/I 


= <*>„ + 


1 

E„ — H c + ie 


U C X 


<±) 

n 


which determine the distorted waves xi ±) . We may also write 


(17.5) 


xi*’ = + 


-1- U <P 

E„ — H. ± ie c " 


where we have introduced the new Green’s operators 

= lim -—4 • 

e-*0 + E n H c ± is 


(17.6) 


(17.7) 


The distorted waves clearly correspond to the free waves 4> w , distorted 
by the presence of the interaction U c . In what follows we shall take advantage 
of our knowledge of the distorted waves in order to obtain useful expressions 
for the transition matrix element. The fact that the total Hamiltonian may 
be written as 


H = H c + W e = H c + U c + W c (17.8) 

suggests that one performs the calculations in the Furry picture [2]. The state 
vector T n (t) in this picture is obtained from the Schrodinger state vector W s (t) 
by 

W n (t) = exp(iH c t)'F s (t), (17.9) 

where we have set ft = 1. We recall that in the interaction picture one has 
[see eq. (13.45)] 

^(O = expG/^OW (17-10) 
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The Tomonaga-Schwinger equation for T n (t) is now given by 

i | *n(t) = W c (t)V n (t) (17.11) 

where _ 

W c (t) = cxp(iH c t)W c exp(—if/ c 0- (17.12) 

The equations (17.11)—(17.12) define the corrections induced by the inter¬ 
actions W c to the movement governed by the Hamiltonians H c . We remark 
that in the Furry picture the distorted waves play the role given to the 
free waves in the interaction picture. 

Having recognized this important property, we are now prepared to 
“read off” most of the results of the two-potential formalism. We may define 
the evolution operators U c (t, t 0 ) in the Furry picture from the equation 

¥ n (t)=U c (t,t 0 )¥ n {t 0 ). (17.13) 

These operators satisfy the integral equations 



U c (t, t 0 ) = I — i f‘ W c (t')U c (t',t 0 )dt' 

Jto 

(17.14a) 


=/+i r u c (t, owxndf 

(17.14b) 

and the passage to infinite times may be done as in Chapter 14. We obtain 
in this way the new Moller operators [compare with eqs. (14.51) and (14.52)] 


fic ±) = 14 ( 0 , +co)/l c 

(17.15) 

and 

such that [3] 

^ ±)t = ^ c i7 c ( + oo,0) 

(17.16) 

n*’ = 

(17.17) 

and 

<n ±, i = <zi ±, iff. ±)t . 

(17.18) 


We may develop these relations as in Section 14.1 to obtain the formal 
solutions 

n ±y = + p-^-r-T-0^- (17.19a) 

£j n — tl ± IS 

In particular, we see that in the initial and final arrangement channels one 
has respectively 

^ = zi±) + E ie W>X<a±) (17 ' 19b) 

and 

n ±} = A*' + p- i 1TT - w t & ±) • (17.19c) 

£L b — Tl ± IS 

We note the close analogy between the above formal solutions and those 
obtained in Section 14.1 from the free waves <P n [see eqs. (14.66)]. 
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17.2. Generalized Lippmann-Schwinger equations ' 


We may now proceed as in Section 16.1 to deduce from eq. (17.19a) the 
generalized Lippmann-Schwinger equations for We first note that by 
using the identities (14.146) and (14.147) one has 

G (±) = q(±) + c (±) lf c G< ±) (17.20a) 

and 

G (±) = G ( c ±) + G* ±) FF C G (±) . (17.20b) 

Then, from eqs. (17.19a) and (17.20b), we deduce that 

= x ( n ±} + Wc ' F " ±) - (1721a) 

In particular, we have in the initial and final arrangement channels, 

1 


and 


= zi*’ + 

n ±} = zt ±> + 




1 


_wu/(±) 

E b — H ( ± ie f b ' 


(17.21b) 


(17.21c) 


It is interesting to obtain eqs. (17.19) and (17.21) directly by formal 
manipulations, without using the Furry picture arguments given above. To do 
this we start from the relation (14.66a) for l E ( n ± \ namely 

'K ±] = <?>„+ =-tt - r V/t>. 


= <*>„ + 


E n - H + is c " 
1 


E n - H c -U c -W c ± ie 
and subtract eq. (17.6) from it. We obtain in this way 

1 


7 {U C + W c )0 n 


(17.22) 


K“ - xl 11 + 


- - - - U <P 

E„ — H. — Ur + ie c "■ 


(17.23) 


L c C — 

We now write the last term on the right-hand side of eq. (17.23) as 
1 . 1 


E„ — H c — U c ± ia Uc * n (E„ - H c -U c - W c ± ie) + W c 
and use the operator identity 
1 

aT 


i- Ul- B —1—) 

+ B x4V A + B) 


U e * u (17.24) 


(17.25) 
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where 

A m E n - H c - U c - W c ± ie, B s W e . 
Thus eq. (17.23) becomes 

1 


(17.26) 


= zi** + 


E„ — H c — U c — W c ± ie 


1 


T (U C + W c )<P n 


- U <P 

E n - H c - U c - W c ± ie e * 

1 


■W r . 


1 


E„-H c -U c -W c ± ie c E n -H c -U c ±ie 
Simplifying the right-hand side and using the fact that 
1 


T U C <P„. (17.27) 


E n — H c — U c + ie 


- TJ $ : y (±) _ <j> 

c^ti An 


(17.28) 


we find that 


or 


yj ±) = zi*’ + 


= a* + 


E„ - H c - U c - W c ± ie 


(17.29) 


E. - H ±m 


W cX ( n ±} 


(17.30) 


which is precisely eq. (17.19a). The generalized Lippmann-Schwinger equa¬ 
tions (17.21) follow by using eq. (17.20b). 


17.3. The two-potential formulae 

We now turn to the calculation of the (on-the-energy-shell) transition matrix 
element <b|^"|a). It is given by the integral representations (14.157), namely 


<bma> = <4> b \V t \n +) > = <n _) |l^a>- 

(17.31) 

Thus, for the two-potential problem considered here, we have 


<bma> = <4> b | U t + WfWi+f 

(17.32a) 

and 


<bi^ia> = <n _) ic/i + w>- 

(17.32b) 

Let us focus our attention on eq. (17.32a) and introduce the distorted 
waves in this formula. From eq. (17.6) we deduce that 

^ + E, - H, - 

(17.33) 
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so that 


<* b i = <*n - <<m^ 


i 


b ‘ £ b - H f + ie 


(17.34) 


and therefore 

<bi^ia> = <<p b it/ f m +) > + 


-($ , 


u f 


L —— 


E b — H { + ie 


<p(+) 


(17.35) 


The third term on the right-hand side of eq. (17.35) may be transformed 
by making use of eqs. (14.66b) and (17.34) so that on the energy shell 
(£=£ a = £ b ) 




+ /^b 


¥'< + ) ) = ($, 


U t 


1 


E — Hf 4" ie 




<P„ 


Uf - L - -Wf --- -V 

f E - H { + ie f £ - H 4- ie 1 




or 


<P i 


U f 


E — H f + ie 


+ ( <*> 


77 Wf 


S*. + ) ) = a> - <W|* a > 


1 


U r „ „ . . Wr 


1 




E — H f + ie E — H + ie 
Furthermore, from the operator identity 

with .4 = £ — H 4- ie and 5 = £ — H s + ie, we find that 


0, 


Ut 7,-1 . : W t ■ 


= (# 


£ — Hf 4- ie £ — H 4- ie 
1 




Ut 


-Vi 


E - H 4- ie 
or, using eqs. (14.66b) and (17.34), 




Uf 


E — Hf 4“ ie 


-V. 


<P, 


Ut- a = . T. Wf 1 


-rVl 


*.) = <wm +) > 


(17.36) 


(17.37) 


O (17.38) 


£ - H f 4- ie ' £ - H + ie 

— <^J17f|4> a > - <z ( b - ) |F I |<P a > + <$ b \W a y. (17.39) 
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Making use of the results (17.37) and (17.39) in eq. (17.35) and taking into 
account the fact that on the energy shell 

<<M u t + W t \<P a y = <<P b |K f | 4> a > = <* b |K,|* a > (17.40) 

we find that 

<b|^|a> = 0 tir'Wi - W f \<P a y 4- <xL" ) |Wfi* r i +) >- (17.41) 

A similar reasoning, starting from eq. (17.32b) leads to the “symmetric” 
formula 

<bma> = <* b W t - W l |*< +) > + <n _) l» r ilZ ( . +) >- ( 17 . 42 ) 

The results (17.41) and (17.42) are the two-potential formulae of Gell-Mann 
and Goldberger [1] (see also ref. [4]). They simplify when 

= H r = H d ; V, = V f = V d ; U, = U t = U; W, = W, = W 

(17.43) 

so that V d = U + W and H = H d + V d = H d + U + W. In this case 
eqs. (17.41) and (17.42) yield the relations 

<bma> = <x ( b _) M* a > + <Z ( b _) l^|^ +) > (17.44) 

or 

<b|^|a> = <<P h \U\ X [ +) > + <n _) m;d +) > (17.45) 

which are known as Watson's theorem [5]. 

An interesting physical interpretation of these formulae may be found in 
the following way. If we start for example from eq. (17.44) and recall that 

n +) = xl +) + „ — jrrr c w xi +) (i?.46) 

— n + le 

we may write the transition matrix element (on the energy shell) as 
<b|^|a> = 

+(xi~' w + w Yzrjf^rjj z w w ^ +) ) • ( 17 - 4? ) 

The first term on the right-hand side of eq. (17.47) clearly describes the 
transition due to the interaction U alone. The second term has also the 
structure of a transition matrix element induced by the potential W [see 
eq. (14.170)], but between the distorted waves xi +) and Xb _) - Furthermore 
the corresponding Hamiltonian is evidently H d + U + W and not simply 
H d + W. This term may therefore be interpreted as a transition matrix 
element describing the scattering by the potential W in the presence of the 
interaction U. 

Another interesting simplification of the two-potential formulae (17.41) 
and (17.42) occurs when the distorting potentials U x and U f cannot induce the 
transition a -► b considered. This may happen for example if the interactions 
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Ux and U f only generate elastic scattering and the transition a b is an 
inelastic process or a rearrangement collision. In this case the first term on 
the right-hand side of eqs. (17.41)—(17.42) vanishes so that 

<b|^|a> = <xn Wi +) > = <*mbd +> > (17.48) 

in direct analogy with the “free waves” formulae (14.157). 


17.4. Distorted wave Born series 

Let us continue to treat exactly the potentials U { and U f but elect to use 
perturbation theory to handle the interactions W x and W f . We generate in 
this way the distorted wave Born series for the wave functions and the transi¬ 
tion matrix element. 

To see how this can be done, we return to the Lippmann-Schwinger 
equations (17.21b) and (17.21c) which we solve by iteration, starting from the 
distorted waves and as our first approximation. Thus, writing 

n +) * zi +) ; n _) - (17.49) 

and substituting in eqs. (17.41) and (17.42) we obtain the first term of the 
distorted wave Born series for the transition matrix element, namely the 
distorted wave Born approximation (DWBA) 

<bma> DWBA = < x n Vi - ^i* a > + <x\r ) m\xi +) > ( 17 . 50 ) 

or 

<bma> DWBA = <*jK f - mxi +) y + <x\r ) m\xi +) y ( 17 . 51 ) 

Although formally different, the two expressions (17.50) and (17.51) for 
the DWBA transition matrix element are easily seen to be equivalent. They 
are better approximations to the exact T-matrix element than the expressions 

<bma> ~ <zL- ) | 7, - FF f |* a > + <x\r ) \W f \<P a y (17.52) 

or 

<bi^ia> - <^ b iK f - mxi +) y + <$ h mxi +) y (17.53) 

which would be obtained by using directly the approximations (17.49) 
in the original integral representations (17.31). Indeed, by comparing the 
two approximations (17.50) and (17.52) with the exact expression (17.41), we 
see that in eq. (17.50) the exact state vector 'F[ +) has been replaced by xi +) 
while in eq. (17.52) it is replaced by <P a . Now, if the effect of W { is sufficiently 
weak, the distorted wave xi +) should be “closer” to the exact solution W[ +) 
than is the free wave <P a9 so that the DWBA approximation should be 
preferred to the approximation (17.52). Similarly the DWBA expression 
(17.51) is intrinsically superior to the approximation (17.53) provided that 
W f may be treated as a perturbation. 
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If the potentials U { and U f cannot induce the transition a -► b, we may start 
from the exact formulae (17.48) to obtain the DWBA approximation 

<b|^|a> DWBA = <*n« +) > = Od'Wfl;d +) > (17.54) 

whose analogy with the first Born approximation for free waves [eq. (16.30)] 
is obvious. 

A simple, but physically appealing interpretation of eq. (17.54) may be 
given. Let us imagine for example that the transition a -► b is a binary 
rearrangement collision of the type A + B -+ C 4- D (see Fig. 17.1). 



Fig. 17.1. A diagrammatic interpretation of the DWBA matrix element (17.54). 

As shown in this figure, we see that the two particles A and B feel the inter¬ 
action U { (embodied in xi +) ) in the initial channel, then interact once through 
Wi (or W f ), and finally interact through the potential U { (contained in Xb _) ) 
while emerging from the collision. It is important to note that U i and U i 
are treated exactly so that the particles can interact repeatedly through U x 
and C/f, while the potentials W x or W { are only allowed to act once in the 
DWBA approximation. 

Higher order terms in the distorted waves Born series may be written down 
in the same way as for the Born series in Section 16.2. Thus, solving eqs. 
(17.20) and (17.21) by iteration, we obtain respectively the distorted wave 
Born series for the full Green’s operators G (±) and the state vectors V / ^ ±) , 
namely 

G (±) = G^ ±) 4- G^Wfi^ 4- + ••• (17.55) 

and 

= Zi ±) + G^W C ^ + G^WcG^W^ + • • •. (17.56) 

The corresponding distorted wave Born series for the T matrix element 
<b|^"|a> are obtained by replacing | !F£ +) > and <^ _) | by their distorted wave 
Born series in the two-potential formulae (17.41) and (17.42). Completely 
similar formulae may of course be written down for the reduced T matrix 
element r ba . 
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The DWBA formula (17.54) has been used extensively to study atomic 
[6] and nuclear [7] collisions. It also provided an intuitive starting point for 
various high-energy absorption models [8-10]. When the conditions of 
validity of the eikonal approximation are satisfied (see Section 9.1), the 
distorted waves xi +) and ^ _) appearing in eq. (17.54) may be replaced by the 
corresponding eikonal wave functions. The evaluation of the matrix elements 
(17.54) is then considerably simplified. This eikonal DWBA approximation 
has been applied to various high-energy processes [9, 11, 12] and more 
recently to atomic collisions [13-15]. 


References and notes 

[1] Gell-Mann, M. and M. L. Goldberger (1953), Phys. Rev. 91, 398. 

[2] This picture was originally introduced in quantum electrodynamics by Furry, W. H. 
(1951), Phys. Rev. 81, 115, to study in a covariant way the inclusion of an “external” 
interaction within the Feynman-Dyson formalism. All the quantities in the Furry 
picture will be denoted by a bar, asJP^/), fV c (t), etc. 

[3] We recall that s ^(t = 0) = !F„(/ = 0) since all the pictures coincide at t = 0. 

[4] Gerjuoy, E. (1958), Ann. of Phys. (N.Y.) 5, 58. 

[5] Watson, K. M. (1952), Phys. Rev. 88, 1163. 

[6] See for example Mott, N. F. and H. S. W. Massey (1965), The Theory of Atomic 
Collisions (3rd ed.. Clarendon Press, Oxford). 

[7] See for example Tobocman, W. (1961), Theory of Direct Nuclear Reactions (Oxford 
University Press). 

[8] Sopkovich, N. J. (1962), Nuovo Cimento 26, 186. 

[9] Gottfried, K. and J. D. Jackson (1964), Nuovo Cimento 34, 735. 

[10] Jackson, J. D. (1965), Rev. Mod. Phys. 37, 484. 

[11] Goldhaber, A. S. and C. J. Joachain (1968), Phys. Rev. 171, 1566. 

[12] Goldhaber, A. S., C. J. Joachain, H. J. Lubatti and J. J. Veillet(1969), Phys. Rev. 
Letters 22, 802. 

[13] Chen, J. C. Y., C. J. Joachain and K. M. Watson (1972), Phys. Rev. A5, 2460. 

[14] Joachain, C. J. and R. Vanderpoorten (1973), J. Phys. B6, 622; (1974), J. Phys. B7, 
817; J. Phys. B7, L528. 

[15] Shields, R. H. and J. L. Peacher (1974), Phys. Rev. A9, 743; 

Peacher, J. L. and Shields, R. H. (1974), Phys. Rev. A9, 2371. 





PART IV 


APPLICATIONS 





18 


Two-Body Collisions 


In this chapter we shall consider scattering processes in which two “elemen¬ 
tary” [1] particles are present in both the initial and final states. For spinless 
particles and in the non-relativistic case this problem reduces to the simple 
one of potential scattering which we studied in detail in Part II. We shall now 
use the theory of Part III to extend this treatment to the case of relativistic 
collisions and (or) two-body collisions involving particles with spin. 

We begin by considering in Section 18.1 the simple case of central forces. 
Starting from the Heitler equation we perform a partial wave analysis and 
obtain the explicit expressions of the S , T and A'-matrices in terms of phase 
shifts. Off-shell extensions and unitarity relations for partial wave scattering 
matrices are also discussed. The next two sections are concerned with non¬ 
central interactions. The basic techniques involved are developed in Section 
18.2. They are applied in Section 18.3 to the scattering of spin zero by spin 
one-half particles. Finally, in Section 18.4, we use the Regge pole ideas exposed 
in Section 11.4 to give a brief, phenomenological account of two-body 
hadronic collisions at high energies. 


18.1. Central forces 

Let us consider the scattering in the C.M. system of two particles A and B, 
having respectively masses m A and m B , spins S A and S B and C.M. energies 
E a and E b . Before the scattering, the two particles have the respective 
momenta p A = p { and p B = —p i9 where p x is the initial relative momentum. 
We shall denote by k { the corresponding initial relative wave vector, such 
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that p x = hk x . The total initial C.M. energy is given by 

= E a + £ b = c[(mic 2 + pf) i/2 + ( mlc 2 + pf ) 1/2 ] 

= c[(mic 2 + h 2 kf) l/2 + (mlc 2 + fi 2 fc?) 1/2 ] (18.1) 

with Pi = M and k { = \ki\. 

After the scattering the two particles will have the respective C.M. mo¬ 
menta p { and —p u the corresponding wave vectors being k { and — k { (with 
Pf = hkf). Their total final C.M. energy is given by 

E b = c[(mic 2 + p f 2 ) 1/2 + (mlc 2 + p f 2 ) 1/2 ] 

= c[(m\c 2 + h 2 kf) 112 + (mlc 2 + h 2 kf) l/2 ']. (18.2) 

Energy conservation therefore requires that p { = p f (or k { = & f ). 

We shall assume for the moment [2] that the internal states of the colliding 
particles will not be affected by the scattering, except perhaps for certain 
spin modifications which we shall specify shortly. Let us denote by 
S A (S a + 1) h 2 and v A h the initial eigenvalues of the operators SI and S A • w, 
where w is the unit vector along a given axis. The final eigenvalues of these 
operators (after the collision) will be denoted by S A (S A + 1) h 2 and h. We 
adopt a similar definition for the eigenvalues S B (S B + l)h 2 , v B h and 
S B (S B -1- 1 )h 2 , v B h of the operators S& and S B u. Finally, if S = S A + S B is 
the total spin of the two particles, we shall write the eigenvalues of the 
operators S 2 and S u before and after the collision as S(S + 1 )h 2 , vh and 
S\S' + 1 )h 2 , Vh. 

In this section we. shall consider two-body collisions in which the inter¬ 
action V between the colliding particles is central. That is, 

[£,#] = () (18.3) 

where H is the total Hamiltonian of the system. We may also write 

(S'\v\sy = ds$'V^ (18.4) 

where V (S) is the interaction occurring in the state of total spin £. The total 
angular momentum in the C.M. system is evidently 

J = L + S (18.5) 

where the orbital angular momentum L is given by 

L = r A x Pi + r B x (- p { ) = ( r A - r B ) x p x 

= r x p x . (18.6) 

Here r A and r B are the coordinates of the particles A and B and r = r A — r B . 
We shall assume that the Hamiltonian H is rotational invariant so that 
[see eq. (16.174)] 

[/, H] = 0. (18.7) 

Then, from eqs. (18.3), (18.5) and (18.7) we deduce that 

[L, H] = 0. 


( 18 . 8 ) 
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Now, according to eqs. (16.184), we see that the condition (18.3) implies 
that the reduced transition matrix element ^ba and its off-the-energy-shell 
extensions T^\E b , EJ and T ha (E b , E a , E ) are diagonal in S and v and also 
independent of v. Moreover, since the orbital angular momentum L generates 
the infinitesimal rotations in configuration or momentum space, the condition 
(18.8) means that the only dependence of the T-matrix element on the initial 
and final C.M. wave vectors k { and k { will be in the form of scalar products of 
k { and k fi namely k\ (or fci), k} (or /c f ) and k { k f . We may thus write the 
on-the-energy-shell reduced T-matrix element as 

T ba = <* f , 5', v'\T\k u S , v> = 8ss'&wTW(k u k l9 krkrl k { = k f = k. (18.9a) 
Similarly, the off-the-energy shell matrix elements T^\E bi E a ) are given by 

UP = <k t , S', V\T^)\k u S, v> = 8ss-5„'TW s Kk t , k lt k r k f ), 1c { # k t 

(18.9b) 

while the completely off-the-energy shell r*matrix element T ba (E b , E ai E) is 
such that 

T ba (E bi E ai E) = <* f , 5', V\T(E)\k u S , v> = 5ss^T^(k {9 k i9 Mr, k) 9 

k =£ k { 7^ k { . (18.9c) 

We note that the only spin modifications allowed by central interactions 
are changes in the individual spin orientations of the particles (i.e. in the 
individual azimuthal components v A and v B ) satisfying the condition v = v' 
(or v A + v B = v A + v B ). 

A particular case of central forces arises when the interaction V is totally 
spin-independent. Then one has 

[S A9 H\ = [S B9 H] = 0 (18.10) 

and the quantity F (S > appearing in eq. (18.4) is obviously independent of the 
total spin S. The reduced on-the-energy shell T-matrix element is then given 
by 

T ba = <fc f , 4, vilTIki, v A , v B > = y VB vT(t, k , fc j • £ f ), 

k = k { = k { (18.11) 

and similar expressions may be written for the off-shell quantities T^\E b , E a ) 
and T ba (E b , E a , E). Hence the only allowed transitions are of the type 
(v A j v b ) -► (v A , v B ). The stationary solutions of the (time-independent) 
Schrodinger equation of the system are of the form 

V(r 9 s A9 Sb) = Hr) Xv a (s a )x vb (s b ) (18.12) 

where Xv A ( s /d and % VB Cy B ) are the spin eigenvectors of the two colliding par¬ 
ticles, while s A and .s B are the corresponding (discrete) spin variables. For 
the more general case of central forces we have instead 

V(r 9 s A , s B ) = Hr)Xsv(s a> *b) (18.13) 
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with 


Xsv(s A . s B ) = Z <SaS b v a Vb|Sv>x Va (s a )x Vb (s b ) 


(18.14) 


VA.VB 

(va+v b = v) 


where (^a^bVa^bI^v) is a vector addition or Clebsch-Gordan (C.G.) 
coefficient [3]. 

Let us now consider the Lippmann-Schwinger equation for the off-the- 
energy shell T-matrix elements We may use eq. (16.20a) to write in the 
{S, v} representation 

<fc f , s’, v'|T (+) |fti, S, v> = <fc f , S', v\v\k.„ S, v> 

, „ <fcf, S', v'|F|fc", S", v"><fc", S", v"|T <+) |fcj, S, v> 


- Z fdfc" 

S",v" J 


£.(fci) - £(fc") + ie (18 ' 15) 

where k" is an intermediate wave vector and E(k") the corresponding energy. 
Using eqs. (18.4) and (18.9) we find that 

T (+)(S) (fc f , k u £; • k { ) = V (S \k f ,k-„ k, ■ k f ) 

+ | dfc ' fe '’ * ' *f)r (+)(S) (fc', fen fei • fe') 


f 


J ,,, s rn ,, , . ( 18 . 16 a) 

^a(fei) - E(k ) + 1£ 

where we have now written k' for the intermediate wave vector. For spin- 
independent interactions we may use eq. (18.11) and the fact that V is in¬ 
dependent of S to obtain a similar equation, but where the index S has 
disappeared. In the same way, one also obtains from eq. (16.20b) the 
Lippmann-Schwinger equation 

T (-)(S) (fc f , k i9 ft { • £ f ) = V (S) (k { , fe i5 £ f ) 

. , , f , T ( ~ )(s \k { , k\ £' • £ f )F (S) (/c', k i9 k { • £') 

+ dk - 


I 


(18.16b) 

E b (k { ) - E(k f ) + h> v ' 

We recall that the on-the-energy-shell T-matrix must be obtained from 
either version of eq. (18.16) by first solving it and then setting E & = E b . 

We shall also need expressions for the K -matrix elements. Because the 
A-operator [see eq. (16.85a)] 


K = V + V 




(18.17) 


commutes with L and S in the case of central forces, we also have 
K ba = <fc f , S', v'\K\k.„ S, v> = 8 ss ,S vv ,K (S \k, k, k r k f ), 

k = k-, = k f (18.18a) 


for the on-the-energy-shell A-matrix elements. Similar expressions hold for 
the off-shell quantities (E b , E a ) and K ba (E b , E a , E ). That is, 

Ki? = <fc f , S', v'\K (±) \k-„ S, v> = 8 ss .8 vv ,K (±HS) (k { , k-„ k r k f ), 

k # k { (18.18b) 
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and 

K ba (£ b) E„ E) = <fc f , S', v'\K(E)\k h S, v> = 8 ss .8^K (S \k t , k h fc, ■ k„ k), 

k # fc, # fc f . (18.18c) 


For spin-independent forces, where the operator K commutes with L , S A 
and one has 

-Kba s <fef> v a> v' B \K\k„ v A , v B > = <5 VaV1 8 VaK K(k, k, k* ■ k f ), 

k = ki = fc f (18.19) 


with similar expressions for K^\E b , E a ) and K ba (E b9 E A9 E). 

Using eq. (16.89a) we may then write in the (*S, v) representation 

K (+)(s \k f , k i( kj • fc f ) = F (S) (k f , kj, £j • k f ) 


+ P 



F (S) (fc f , fc', k f • k')X (+)(S) (fc', ki, k, • k') 

£.(k.) - W) 


(18.20) 


A similar equation - with no spin index S - holds for spin-independent forces. 

Let us now write the Heitler equation, which connects the T and K matrices 
on the energy shell. From eq. (16.93a) we first write on the energy-momentum 
shell 

7b a = K b ,-inYS(E-E n )K bn T nil . (18.21) 

n 

Then, using eqs. (18.9) and (18.18) we find in the {S, v} representation that 
T (S) (fc, fc, k, • fc f ) = K (S) (fc, k, kj • k f ) (18.22) 

-bit | dQ' dk' k' 2 K (s \k, fc', k f • k') <5[£(k) - £(k')]T (S) (fc', k, kj • k') 

where d(2' is an element of solid angle in which the vector k ' is pointing. 

In order to perform the integration on the variable k ' we introduce as in 
Section 15.2 the density of states per unit energy p(E) such that 

p(E)dE = k 2 dk (18.23) 

and therefore 

p(E) = k 2 dk/dE. (18.24) 

We then obtain at once 
T^ s \k,k,(c i -fc f ) = R( s \k, k 9 k i*£ f ) 

- \np{E)^d£2'K (S \k, k, k f • k')T (S \k, k, kj -k'). (18.25) 

A similar equation holds for the case of spin-independent interactions with 
T and K matrices independent of the spin index S. In what follows we shall 
simplify the notation by omitting the index S, so that we shall formally 
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treat central and spin-independent interactions on the same footing. It should 
be remembered, however, that a given value of S is always implicit when T 
and K actually depend on S. 

We now proceed to solve eq. (18.25) by*expanding the T and K matrices in 
spherical harmonics. Defining cos 6 = k { • k { , we write 

T(fc, k, k { -£ f ) = Yj cos 0) 

1 = 0 471 

= I z T£k)Y lm (£ t )Ytj£d, k { = k f = k (18.26a) 

/ = 0 m=-l 

and more generally, 

T (± >(/c f) fc i) ^ i ^ f )= X X T^Xk^kdYJ^Yfjt,), k^k t (18.26b) 

/ = 0 m=-/ 

r(fe f) /c i( /cj • 4. fe) = I I T t (fc f) fc„ VYMYfjtc.,), 

1 = 0 m= -l 

fc f . (18.26c) 

Similarly, 

K(k,k, £,■£')= £ £ K£k)Y lm (k t )YUk-X k = k i = k { (18.27a) 

/ = 0 m=-1 

K (± \k ( , k h I-, kf) = £ £' ^( ±) (^ c r> k-M^YUk-,), fc, # fc f (18.27b) 

( = 0 m= —l 

and 

K(fc f , /c h £, • M) = £ x K ( (fc f) fei, kwaktwfjk.,), 

1 = 0 m = -l 

k^ki^kf (18.27c) 

where we recall that [see eq. (16.24b)] 

T z (/c) = T z (±) (k, k) (18.28) 

and we have also defined 

K z (k) = K z (±) (k, k) (18.29) 

on the energy shell. Since the ^-matrix is Hermitian and the Legendre 
polynomials are real, we note that 

K,(k) = K?(fc) (18.30) 

so that AT z (k) is a rea/ quantity. Inserting the expansions (18.26a) and (18.27a) 
in eq. (18.25) we find by using the orthonormality of the spherical harmonics 
that 

X X YUkdYtJk.^k) - K,(k) + inp(E)K{k)T,(ky] = 0. (18.31) 

1 = 0 m=-l 
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Therefore we have reduced the Heitler equation to the set of algebraic equa¬ 
tions 

which yield 


and also 


Tfk ) = K(k) - iMWmnk) 

(18.32) 

TO) - m) 

1 1 + inp(E)Ki(k) 

(18.33) 

,(} i -in P (E)my 

(18.34) 


Because K t (k) is a real number, it is a natural candidate for a simple 
parametrization. Let us write 

K,(k) = -L- tan <5,(fc) (18.35) 


np(E) 


so that 


T t (k) = - 


1 

np(E) 


exp{i<5 z (fe)} sin 8 t (k). 


(18.36) 


We shall call the quantities dfk) the phase shifts. It is a simple matter to 
show that in the simple case of non-relativistic potential scattering the phase 
shifts defined by eq. (18.35) agree (modulo n) with those introduced in 
Chapter 4. To see this we first use eqs. (15.50) and (15.51) together with 
k x = k { = k and p(E) = k 2 dk/dE to write the scattering amplitude as 

/ ba = —(2n) 2 (k dk/dE)T ba (18.37) 

for both non-relativistic and relativistic collisions. We have adopted here 
the phase convention ( j ) = n [see eqs. (15.52)—(15.54)]. For general (spin- 
dependent) central forces we may obtain from eq. (18.37) the scattering 
amplitude corresponding to a given value of S. It is 

f(S) = _ ( 2n) 2 (k dk/dE ) n s \k, k, k x - k f ). (18.38) 

For spin-independent interactions we obviously have 

/= — (27r) 2 (fc dk/dE) T(k, k, k r H { ). (18.39) 

If we insert in this last equation the expansion (18.26a) and use eq. (18.36) 
together with eq. (18.24) we obtain 


A n oo +1 

f= T l Z exp{i^(fc)} sin StW^YtJA)- 

K i = 0 m =-i 


(18.40) 


The “addition theorem” of the spherical harmonics, namely [see eq. (B.39) 
of Appendix B] 

4 n +l 

Pi(cos 6) = 

' m- 


2 l + 1 J Y lm (^) Y L^d, 


cos 0 = * £ f (18.41) 
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then allows us to write eq. (18.40) in the form 

/ = 7 I (2/ + 1) exp{i<5,(fc)} sin 5,(k)P,(cos 0 ) (18.42) 

k i =o 

which is precisely eq. (4.66). It is important to note that this relation, which 
holds for spin-independent forces, is valid for relativistic as well as non- 
relativistic two-body collisions. For spin-dependent central forces we obtain 
in the same way 

/ (s) = T E (2/ + 1) exp{i<5, <S) (fc)} sin 5\ s \k)P,(cos 0) (18.43) 

k i= 0 

where we have now written explicitly the spin label S in 8\ s \ 

Let us return for a moment to the set of algebraic partial wave Heitler equa¬ 
tions (18.32) involving the “on-shell” quantities T t (k) and K^k). It is possible 
to generalize these equations by starting from the operator form (16.94) of 
the Heitler equations, inserting a complete set of free states and decomposing 
the off-the-energy shell matrix elements in partial waves [see eqs. (18.26) 
and (18.27)]. This yields the set of algebraic equations 

W*, k„ k ) = Kfkt, fcj, k) - inp(E)K\ +) (k s , k)T\~\k, fc,) (18.44a) 

and 

T,(k f> fc„ k) = K t (k f , k-„ k) - inp(E)T\ + \k f , k)K\~\k, fc,). (18.44b) 

But from eq. (18.44a) and the fact that Tl~\k, k,) = T t (k, k„ k) we also 
deduce that 


T\~\k, fc,) = K&k, fc„ k) - inp(E)K\ + \k, k)T\~\k, fc,) 
= K\~\k, fc,) - i np(E)K,(k)T\~\k, fc,) 

and therefore 

K\~\k, fc,) 


Similarly, 


T\~\k, fc.) = 
T\ + \k t , k ) = 


1 + in p(E)K,(k) 
K\ + \k s , k) 


(18.45a) 


(18.45b) 


1 + inp{E)K l (k) * 

Substituting eqs. (18.45) into eqs. (1.8.44) we then obtain the generalized 
partial wave Heitler equations [4, 5] 

r,(fc f , k.„ k ) = K,(k t , k x , k) - inp (E fJ^M^. ( 18 . 46 ) 

1 + mp(E)Ki(k) 


Having obtained the expressions (18.35) and (18.36) for the on-shell K and 
T matrices in terms of the phase shifts, we now proceed to perform the cor¬ 
responding decomposition of the 5 -matrix into states of well defined orbital 
angular momentum. To this end, we first write the 5-matrix elements as 


S»a ^f> S , v fSjfcj, 5, v> — ^fcf|S|fci^ s ^ 5 j.^ vv . (18.47) 
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for central forces, and 

Sba = <*» vi, v^\S\k i9 v A , v B > = (18.48) 

for spin-independent forces. In what follows we shall omit the superscript 
(S) appearing on the right-hand side of eq. (18.47). Moreover, 

<* f |5|*i> = S(k t - k 0 - 2; i\5[E(k { ) - E(k { )\ {k^k,} 

= S(k t - ki) - 2n\d[E(k^ - E(k { )]T(k , k, £ r £ f ). (18.49) 

We have already written down the expansion of T(k , k , fc { • £ f ) in spherical 
harmonics [see eq. (18.26a)]. We now assert that 

8(k ( - fci) = £ £ Y lm (fc f ) Yf^fc;) (18.50) 

1 = 0 m=-l PW 

with E = E(ki) = E(k { ). Indeed, if we consider a function /(&*) and expand 
it as 

/(fei) = I I fi'MYrAtd (18.51) 

/' = 0 m'=-r 

we find by using eq. (18.50) that 

z Z Z fd^Pd/e./ef 

J / = 0 m=-l r = 0 m'=-V J Jo P\^J 

x 5[E(fc,) - EikMMYU^YU^YrM. (18.52) 

Using the orthonormality of the spherical harmonics, we deduce that 

f 8(k f - *,)/(*,) dk-, = Z Z Pd/cj fe? -^[E^) - £(fc f )] 

J / = 0 m=-l Jo 

X YjkjfM. (18.53) 

Then, by using eq. (18.24) we obtain 

f 8(k f - *,)/(*i) dfcj = Z Z fd£ «5[£(fci) - EikMMYUbt) (18.54) 
J 1 = 0 m= —l j 

and therefore 

f 8(k t - *,)/(&,) dfc, = Z Z fiJM)Y lm (fc<) = /(fef); Q.E.D. (18.55) 

J 1 = 0 m=-l 

We may now use eqs. (18.26a) and (18.50) in eq. (18.49) to obtain the 
partial wave expansion of the 5-matrix as 

<fc f |S|fc i > = Z Z - £ ( fe f)][l - 2nip(E)T l (k)-] 

1 = 0 rn=-l P\£) 

X Y lm tft)YU*d (18.56) 

or 

<fc f |S|fc i > = Z Z -4^[ £ ( fc i) - Eik'MWUKMfid (18.57) 

1 = 0 m= -1 P(E) 


References and notes on page 509 



464 


APPLICATIONS 


with 

S t (k) = 1 - 2n\p(E)T l (k). (18.58) 

Using the expression of T x (k) given by eq. (18.36), we see that 

S t (k) = exp {lid^k)}. (18.59) 

This result agrees with the definition of the “5-matrix” given in Chapter 4 
for the simple case of potential scattering. 

It is also convenient to introduce 5-matrix elements <£ f | S(k)\ki} defined 
on the energy-momentum shell by the relation 

<fc f |S|fc,> = ~S[E(kd - £(fcf)]<^f|S(fc)|£,>. (18.60) 

PW 

We see from eqs. (18.57)—(18.59) that 

<£ f |S(/c)|£j> = t Z S^YjfyYfJk.,) (18.61a) 

1 = 0 m=-l 

or, by using the addition theorem of spherical harmonics 

<£ f |S(fc)|^> = £ t^SMP^cosO) (18.61b) 

1 = 0 ™ 

with cos 6 = ki-fcf. We note that eq. (18.61a) may be rewritten as 
<^ f IS(fc)|^> = t I Z I <« f |rm'><rm'|S(/c)|/m></m|^> (18.62) 

1 = 0 m= -l r = 0 m'= -r 

where the spherical harmonics 

Y lm (H ) = <*|/m> (18.63) 

are the transformation functions from the angular momentum representation 
{/, m} to the plane wave representation {k}. We also remark that 

<Z'm'|S(k)|Zm> = d^Stik). (18.64) 

Hence, in the case of central forces, the 5-matrix is diagonal in the angular 
momentum representation . 

Let us now investigate the consequences of the unitarity condition on the 
partial wave scattering matrices. The 5 matrix in the angular momentum 
representation is evidently a diagonal unitary matrix with the diagonal 
elements given by eq. (18.59). To analyze the T matrix, we start from the 
operator forms (15.170) of the unitarity relations, namely 

i(<T - ^) = 2n^d(E - H 0 )3T (18.65a) 

or 

i(«r - P' ) = 2n3T5(E - H 0 )^ (18.65b) 

Using eqs. (18.9), we find that 

ImTikf, k h bi-lit, k) = -np(E)\dQ k 'T< + ^(k, k ( , ■ H t )T<~\k, k h £'•£,) 

(18.66a) 
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and 

ImT(fc f , fc„ £,£ f , k) = -7ip(£)fdfl e T< + >(fc f , k, k'■k ( )T ( -^(k h k, k'-h ) 

(18.66b) 

where we have used the fact that k' = k . On the energy shell (k = k { = k f ), 
eq. (18.66b) becomes 

Im T(k, k , k { -£ f ) = — np(E)^dQ k 'T(k, k , k' -k { )T*(k 9 k , k' -£i). (18.67) 

We may use eqs. (18.24) and (18.37) to rewrite this relation in terms of the 
corresponding scattering amplitudes as 

Im /(fc, 0) = L fdfl*, /*(fc, 0')f(k, 6 0 ) (18.68) 

where cos 9 = krk ( , cos 9 ' = k' •ki and cos 0 O = k'-k f [6]. This equation is 
identical to the result (4.94) obtained in Chapter 4. 

Let us now analyze these equations in partial waves. From eqs. (18.66) we 
deduce the off-shell partial wave unitarity relations 

Im 7](k f , k i9 k ) = -np(E)T\ + ) *(k 9 k { )T\~\k 9 k,) (18.69a) 

and 

Im 7](k f , fej, k) = —np(E)T[ + \k f , fc)7l">*(fc i , k). (18.69b) 

They reduce on the energy shell to the relation 

Im^(k) = -7rp(£)|T z (k)| 2 . (18.70) 

In terms of (on-shell) partial wave amplitudes <2*(k) = k _1 exp{i<5j(k)} x 
sin <5j(k) such that [see eq. (18.36)] 

W) = " (18-71) 

np{E) 

we have therefore 

Im 0 j(k) = k\a t (k)\ 2 (18.72) 

which is precisely the result (4.99) obtained for non-relativistic potential 
scattering of a spinless particle. 

Finally, we note that the hermiticity of the K matrix and the fact that the 
quantities K t (k ) are real are also implied by the unitarity condition. 

Until now we have expressed the scattering matrices, S , T and K in the 
angular momentum representation in terms of phase shifts <5[ s) (k). To com¬ 
pute these phase shifts we have to analyze the scattering wave functions in 
partial waves and solve the corresponding radial equations. This was carried 
out in Chapter 4 for the case of non-relativistic spinless scattering and will 
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not be repeated here. When the interaction forces are not known, the phase 
shifts have to be extracted from the experimental data. They play then the 
role of phenomenological quantities, intermediate between the experimental 
results and the theoretical expressions obtained for S h T t or K t . 

To conclude this section we now calculate the cross sections for two-body 
scattering by central forces. The differential scattering cross section is given 
by eq. (15.40), namely 

as - < 1873 > 

Using eq. (18.24), together with the fact that v { = d E/(h d£), we find that 

da/d Q = |/| 2 (18.74) 

where the scattering amplitude /is given by eq. (18.39) for the case of spin- 
independent forces. For spin-dependent (central) forces, we write instead, for 
a particular value of S , 

da^/dQ = |/< s )| 2 (18.75) 


where/ (S) is given by eq. (18.38). The differential cross section corresponding 
to a random distribution of initial spin orientations and summed over all 
final spin orientations is then 


da 

dQ 


1 


(2S a + 1)(2S b + 1)s=|Sa-s b | 


Sa + Sb dff (S) 

S (2S + 1) 


d Q 


(18.76) 


The total cross sections are obtained by integrating the differential cross 
sections over all scattering angles. For spin-independent forces we find from 
eqs. (18.42), (18.74), (4.69) and (4.70) that 

471 00 

<r,o« = Z (21 + 1) sin 2 5, (18.77) 

K i = 0 

in accordance with eq. (4.71). For spin-dependent central forces we may use 
eqs. (18.43), (18.75), (4.69) and (4.70) to obtain 

^=SE(2/ + l)sin 2 ^. (18.78) 

K i = 0 


In both cases we may directly verify the optical theorem (15.176) by using 
eqs. (18.42) and (18.43) to calculate Im f(0 = 0) or Im/ (S >(0 = 0). We also 
note that the total cross section summed over all final spin orientations and 
averaged over the initial random spin orientations is given by 


(Tint - 


4n 


k 2 (2S a + 1)(2S b + 1)s=!Sa-s b | 


Sa + Sq oo 

£ (2 S + 1) S (.21 + 1) sin 2 <5; 


i, (S) . 


(18.79) 
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182 . Non-central forces . General theory 

We now turn to a discussion of the scattering of two particles interacting 
through non-central forces. Important examples of non-central interactions 
are the spin-orbit and tensor forces. The former was first used in atomic 
physics to describe the interaction of an electron’s spin with its orbital 
angular momentum. It also plays an important role in strong interaction 
physics. The tensor force was first introduced in connection with the analysis 
of nucleon-nucleon scattering [7]. 

As in the case of central forces, it is convenient, especially at low energies, 
to discuss two-body collisions involving non-central interactions in terms of 
phase shifts. One of the major aims of the theory is therefore to obtain a 
generalized partial wave expansion of the 5 matrix. This question will be 
considered in Section 18.2.1. Another important goal of the theory is to 
calculate the phase shifts - and thus the amplitudes and cross sections - 
once the form of the non-central potential is known. We shall discuss this 
problem in Section 18.2.2. In Section 18.2.3 we introduce the helicity 
formalism [8]. Instead of considering 5-matrix elements between states of total 
channel spin, orbital angular momentum and total angular momentum, one 
can use the helicity basis, in which the states are labelled by total angular 
momenta and projections of the particle spins along their own direction of 
motion. This approach, as we shall see, has the great advantage that it can 
be used easily in the relativistic domain and remains valid for massless 
particles, Finally, in Section 18.2.4, we shall examine the role of invariance 
principles in simplifying the 5 matrix. A few important references dealing 
with the scattering by non-central forces are listed at the end of this chapter 
[7-19]. 

18.2.1. The generalized partial wave analysis 

We begin by examining the problem of finding a generalized partial-wave 
expansion for the 5-matrix. We consider again two particles A and B, having 
masses m A and m B , spins 5 A and 5 B , initial wave vectors k { and — k { and 
final wave vectors k f and — k { in the C.M. system. The collision leaves the 
internal states of the particles unaffected, except perhaps for the spin orienta¬ 
tions. Conservation of energy therefore implies that k x = k { . 

In order to carry out such a partial wave expansion it is useful to introduce 
new functions Wis 1 , associated with the total angular momentum operator 
/, and which generalize [20] the spherical harmonics. They are defined by 


II 

£ 

I <lSmv\JM>Y lm (P) Xsv . 

(18.80) 


m,v 

(m + v = M) 


The inverse relation 

l + S 


Y lm (P)Xs, 

= I I <lSmv\JM>Wi s M (t) 

(18.81) 
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may be obtained by using the orthogonality of the Clebsch-Gordan co¬ 
efficients, namely [see eq. (E.10) of Appendix E] 

£ </Smv|JM></Smv|J'M'> = 8j r 8 MM >. (18.82) 

m,\ 

We note that the functions are eigenfunctions of the operator J 2 

J 2 <2/ J ls M = J(J + 1 )h 2 ^ (18.83) 


of the operator / z , 
of L 2 , 
and of S 2 , 


= Mh^ s M 

L 2 Wii* = /(/ + 1 )h 2 <&i$* 
s 2 <y J ™ = s(s + i)ft 2 ^f s M . 


(18.84) 

(18.85) 

(18.86) 


Furthermore, if 0* is the parity operator defined by eqs. (16.186), we also 
have 

op® 3 ™ = (18.87) 

As we have already noted in dealing with central forces, two particular 
bases in spin space are usually employed to represent the spin states of the 
system of two particles. The first one, or {v A , v B } representation, is the natural 
basis to discuss polarization phenomena (see Section 18.3.3). On the other 
hand, the { S , v} representation, which is more convenient to carry out the 
phase shift analysis, will be used here. We first add the spins of the two 
colliding particles to obtain a total spin S with component v along the axis 
of quantization. The initial free wave is then given in the coordinate represen¬ 
tation by 

<>l#a> = <r\ k h S, v> s <i> ftl>S(V (r) = (271)” 3/2 exp(ift; • r)x Sv (18.88) 

where x S v is given by eq. (18.14). The corresponding free final state is 
<r|$ b > = <**l*f. S'. v'> = <*> kl , S ',v'(»0 = (2 ?i)” 3/2 exp(ifc f • rfe v (18.89) 

and these free states are normalized in such a way that 

<fc f , S', v'|k i5 S, v> = 8(k { - k f )8 SS '8 vv .. (18.90) 

Let us introduce the auxiliary functions 

ZgfflG) = £ < ISmv\J M> Y lm (H). (18.91) 

m=~l 

We may then decompose the initial free wave as 

<*W,v = (2 /tt) 1/2 £ £ i'm^YU^YMsy 

1 = 0 m= —l 


(18.92) 
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** iA v = (2 M) 1/2 Z I Ei'/Ai ryz8!\£tfSf«V) (18-93) 

J I=|J-S| M 

where we have used eqs. (18.80) and (18.91). We may also define the quan¬ 
tities [21] 

<«'SV|<r'|£ i /Sv> = £ Yi^YU^iKl'S'mVlJMyOSmv\JM} (18.94) 

to write 


^„s,v = (2/*) 1/2 I i , j l (k l rXflSv\<W J \H i lS V yxs v . (18.95) 

l,J 

Since we assume that the Hamiltonian is invariant under rotations, we 
want to decompose the S matrix into submatrices corresponding to states of 
definite total angular momentum J. To this end, we first introduce the 
5-matrix elements on the energy-momentum shell <£ f , S\ v'\S(k)\fc i9 5, v) by 
the relations [cf. eq. (18.60)] 

<fc f . S', v'|S|fc;, S, v> = —Wd - E(k[j](li { , S', v'|S(/c)|£ is S, v>, (18.96) 

where k = k { = k t . We then write, as in eq. (18.62) 

S', v'|S(&)|£;, S,v> = £III <£fS'v'|/'m'S'v'> 

l m l' m' 

x </'m'S'v'|S(fc)|//wSv></mSv|£iSv>. (18.97) 

Next, we remember that 

^lm(^) = <LSv|/mSv> 

and we express the states |/W5V> and | ImSv} (and the corresponding bras) 
in the {/', S\J\ M'} and {} representations, using Clebsch-Gordan 
coefficients. Then eq. (18.97) becomes 

<&, s', v'|s(k)|£„ s, v> = I X y rm .(£ f ) 

ImVm ' JMJ'M' 

x<rS'm'vVM></'SV'M'|S(k)|/SJM></Smv|JM>yf m (£ i ). 

We may now invoke the rotational invariance of JT to deduce from eq. 
(16.184) that the 5 matrix is diagonal in J and M and independent of M. 
Thus we have 

< vs'j'm' | s(/c) | isjMy = s jr s MM '(rs'\s J (k)\isy (18.98) 

and using the definition (18.94), we obtain 

<£f, S', v'|S(fc)|£i, S, v> = X <£f/'S'v'|'^ J |£ i /Sv></'S'|S J (fc)|/S>. (18.99) 

IV J 
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This is the generalized partial wave expansion of the S matrix. We note that 
the 5-matrix elements (18.98) do not require that l = 5 = 5', since the 

spin and orbital angular momentum are not necessarily conserved [22]. 

A similar decomposition may be written down for the T-matrix elements. 
We first write the 5-matrix element in the CM. sub-space (on the momentum 
shell) as 

<* f , S', v'\S\k i9 5, v> = <5(*i - * f )<5ss'<5w' 

- 2 nidmd - E(k { )Kfc t , S’, v'|7X*)l*«, S, v> 

(18.100) 

where 

<*f, S', v'\T(k)\fri, S, v> s [<fc f , S', v'|T|* l , S, v>] tl . tf . t 
is the T -matrix element on the energy shell. We now resolve these T-matrix 
elements as 


<£ f ,S',v'|r(fc)|£i,S,v>= £ <^ r /'S'v , |^ <, |^/Sv><i , S'|T J (/c)|/S> (18.101) 

IV J 

which is a generalization of eq. (18.26a). Similar decompositions also hold for 
the off-the-energy shell T-matrix elements and for the ^-matrix elements. 
Using the above relations we then have 

</'5'|5 J (/c)|/5> = Swiss' “ 2n\p{E){VS , \T J {k)\lSy. (18.102) 

The differential cross section corresponding to a process k h 5, v -► k {9 5', V 
is given by eq. (15.40) which we write explicitly as 

% = ( -^P(£)l<£f, S', v'|r(fc)|*i, S, v>| 2 . (18.103) 

0.12 flV j 

For unpolarized beams and targets, this cross section must be summed over 
5 and v and divided by the total number (25 A + 1) (25 B + 1) of initial spin 
orientations. Furthermore, if all the final states (5', v') are recorded without 
discrimination by the counting apparatus, we must also sum over all 5', v'. 
The resulting average cross section is then 


d(7 1 v d a 

d Q = (2S a 4- 1)(2S b + 1) d£2 


(18.104) 


where dtr/dQ is given by eq. (18.103). 


18.2.2. The radial equations 

Let us now return to the Lippmann-Schwinger equation (16.3) with 
Vi = V { = V. In the position representation {r} we may write 

<r\n +) > = nVsJr) = + J ^Xk^r'Wr'^Ur'W (18.105) 


where the interaction operator V is now in general spin-dependent and the 
Green’s function ^o + \k i9 r 9 r') is given by 


^ ( o +) (fei, r, r') 



$v,s'Ar)®l,sA r ') 

EM - E(k') + is ’ 


r (18.106) 
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Here we have used the completeness of the free states, namely 

X f d*'|fc'SV><fc'SV| = 1. (18.107a) 

S',v' J 

We note that in the position representation 
Z f dfe ' ^fS'v'W^ft'.S'.v'O) 

S\v' J 

= (2tt)~ 3 £ f dfc' exp{i k’-(r - r')}x s - V ’Xk- = S(r - r ') (18.107b) 

S'.v'J 

where we have used the fact that 

I Xs’v’Xs'v' = 1. (18.107c) 

S',»' 

Returning to eq. (18.110), we see that 


'• - - (2 ’ rJ £ ! dk ■ 


(18.108a) 

(18.108b) 


Let us first analyze the behaviour of the Lippmann-Schwinger equation 
(18.105) when r -+ oo. To this end, we first note that for any bounded function 
F(k i9 k') we have 


lim 

r-+ oo 


J* 


exp(i k f • #*) 


E(k’) - E & (ki) - ie 
with k f = k { P. Thus we may write 


d k- e ikir 

r/(k „ ft') = (2jr) 2 fcj nfci, fc f ) 


(18.109) 


^s.vO) -*• (2«) 3/2 |exp{ifci • r}x_s,v 

r-* oo ( 

+^- E[-(2^) 2 fc^<£ f ,S',v'|T(/c)|^,S,v>J Zs> j (18.110) 

where we have set k = \k { \ = |/r f | and the on-shell reduced T-matrix element 
appearing in this equation is given by 

<£ f , s', v'|r(fc)|«„ s, v> = (i8.ui) 


It is convenient at this point to introduce a generalized scattering amplitude 
operator M(k f9 k i9 S A , S B ) such that, in the { S , v} representation, the cor¬ 
responding (2S a + 1) (25 b + 1) x (2 S A + 1) (25b + 1) matrix in spin 
space is given by 

<S\ v'|M |S, v> = <x sv |M(fc f , k i9 S A9 S b )|zsv> 

d k 

= —(2n) 2 k —<« r . S', v'|T(fc)|^|, S, v>. (18.112) 
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In the {v A , v B } representation the same operator is represented by the 
(2S a + 1)(2 S B + 1) x (25 a + 1) (2S b + 1) matrix 

<v A) Vb|M|v A) v b > = (Xs A v' A Xs B ^\M(k { , k h S A , S b )\xs aVa Xs b v b > 

= ~(2nfk v A , v B \T(k)\fc h v A) v B >. (18.113) 


Using eq. (18.101) we may also write eq. (18.112) as 
<S', v'|M|S, v> = 4it £ <^ f /'S'v'|^ J |/c i /Sv><rS , |a' , (fc)|lS> 

with [compare with eq. (4.65)] 

0'S'\a\k)\lSy = -nk^,0'S'\T\k)\lSy 
d E 

= ^l<rs'\s\k)\isy - dn.dss'1 


(18.114) 


(18.115) 


Returning to eq. (18.110), we may write with the help of eq. (18.112) 
S'lts.vOO -► (2«) -3/2 Texp(i/cj • r)x Sv + ^ £ <S',v'|M|S,v>j; s . v .l (18.116) 

r-* oo L r S'v' J 

while, from eqs. (18.103) and (18.112) we deduce that the differential cross 
section for the transition (k h S , v) -* ( k { , S', v') is given by 

%= |<S',v'|M|^v>| 2 . (18.117) 


The generalized partial wave analysis of the Lippmann-Schwinger equa¬ 
tion (18.105) may be carried out as in the simple cases of potential scattering 
(see Section 5.4) or two-body scattering with central forces. We shall only 
consider here non-relativistic collisions, so that 

= h 2 k 2 /2m 

where we have set k { = k and 

m = m A m B /(m A + m B ). (18.118) 

We first expand 

= £ R/. svs (/c, r)Z^\ky&{.%(P) (18.119a) 

I'S'lJM 

= (2 In) 112 £ [‘'(N'SVW^lSvyRf.s.^k, r) Zs . v . (18.119b) 

I’S’v’lJ 

where R J vs\is{K r ) are the radial functions which generalize [23] the 
functions R t (k , r ) introduced in Chapter 4. Furthermore we may use eq. 
(5.89) to write the Green’s function (18.108b) as 


&o + \k, r, r') 


2m / 1 exp{ife|p — p'|}\ 

4n | r - r'\ ) 


2 m 

= vy£ g\ + ) (k, r, 

n l,m 


= T 2 £ g> + ) (k, r, r')^ s M, (m J is M (P) (18.120a) 

n JMIS 
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with 

g\ + \k, r, r ') = - i/y,(fer<)/i, <1) (/cr > ). (18.120b) 

We now insert the expansions (18.93), (18.119) and (18.120) in the 
Lippmann-Schwinger equation (18.105) to obtain the set of coupled integral 
equations [compare with eq. (5.98)] 

Ris',is(k> *) = ji(kr)5 u ,8 ss , 

+ Z [ dr' r' 2 g ( y\k, r, r')r 1 l . s . rs .{r')R J rs ^ ls {k, r') (18.121) 

rs" J o 


where 


I rs’,i"s"( r ) 


_ 2m f 

“^J 


d Q,&i&V)V(ryari%v) 


(18.122) 


is the (reduced) potential matrix. We have adopted for the scattering wave 
functions the “normalization” [see eq. (18.90)] 


= m - k)5 ss .8„. 

so that, from eqs. (18.119), we have 


(18.123) 


f*oo 

I 

V'S" J 0 


dr r [Rf"s",rs'(k'9 r )]*Rrs",isO c 9 r ) — ~ k^ir^ss'- (18.124) 


To investigate the behaviour of the radial wave functions at large r we use 
the fact that [see eqs. (18.120b) and (C.12c) of Appendix C] 

gifcr 

g\ + \k,r,r’) -* -(-i ) l j,(.kr'). (18.125) 

r 


Hence we see from eq. (18.121) that 

Q ikr poo 

R J i s .is(k, r ) -► ii{kr)5 w 5 ss . -(-i)'' £ dr' r ,2 j,(kr') 

r-> oo r l”S" J 0 

x / f r rs',i*s*( r ')Rrs",is(k» r ')- (18.126a) 

Alternatively, we may also use eqs. (18.95) and (18.101) to infer from eq. 
(18.110) that 

e ifcr d k 

Rls’AK r) - ji(kr)8 lr 5 ss . - (-ifnk-(rS'\T J (k)\lS} (18.126b) 

r~* oo r 

and therefore 

d e f 00 

(VS'inmsy = ink )- 1 — £ dr r 2 h(kr) ri s . rs .{r)R J rs ..^k, r). 

a/c l"S" J 0 

(18.127) 
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From eq. (18.102) we also have [with p(E ) = k 2 dk/dE] 

0'S'\S J (k)\lS> = Su-Sss- - 2ik £ dr r 2 j t {kr) 

l"S” J o 

x ^ rs',rs"( r )Rrs",is(k’ r )• ( 18 . 128 ) 

Finally, by using the asymptotic behaviour of the spherical Bessel function 
ji(kr) [see eq. (C.12a) of Appendix C] we have 


Rrs’jsik* r ) 


;-(*'+!> 

1 r 


2 kr 


i-(-l) l d n .8 ss .c- ik ' + (rS'\S J (k)\lS}c' kr }. (18.129) 


As in Chapter 4 it is also convenient to introduce the new radial functions 

wiW*, r) = Mk)rR J vs . ils (K r) (18.130) 

where the coefficients A ^(k) are fixed by the “normalization” which we 
impose on u J VS \is • We then have [compare with eq. (4.48)] 

ti-s'JJc, r) -> A r (k){<rs'\s j (k)\isy e ikr - t~ ikr } (18.131) 


where 

A v (k) = i~ il, + 1) Mk)l2k. (18.132) 

Starting from the radial integral equations (18.121), it is a simple matter 
to verify that the new radial functions uf fs > tis satisfy the coupled Schrodinger 
equations 

+ k 2 ~2 —Jw^ 5 y S (fe, r) = Yj ^ rs',i"S"( r ) M rs",/s(^> r )* (18.133) 

It is worth noting that the functions u J vs ^ iS are in general complex. 
Moreover, the coupled equations (18.133) have different centrifugal terms 
and therefore the solutions have a different behaviour at the origin. Apart 
from these (minor) complications, the solutions of the coupled equations 
proceeds as in the case of central forces [24]. Most of the discussion of 
Chapter 11 concerning the analytic properties of scattering amplitudes may 
also be generalized to the case of two-body scattering by non-central forces 
[25, 26]. 

Before we proceed to examine the helicity formalism, it is important to 
note that our discussion of two-body scattering may easily be generalized 
to the case of two-body reactions of the type 

A + B —► C + D 


where the particles A, B, C and D may be composite. In this case, of course, 
the term “two-body” only refers to the fact that there are two particles in the 
initial and final states, even though several “elementary” particles may be 
involved in the collision. The initial free state is then described in the 
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coordinate representation by 

< r i> £i|i> K n, S, v> = <Pi, kl ,„,sJr) = (2ti) _ 3/2 exp(ikj-ri)(p !t „ t5tV (^) (18.134) 

where the subscript i refers to the initial arrangement channel i, the index n 
summarizes all the internal quantum numbers of the initial channel (except S 
and v) and represents symbolically the set of internal coordinates of the 
particles in channel i. Here we work in the {S 9 v} representation, having 
combined the spins S A and S B to obtain the resultant spin S with azimuthal 
component v. We have denoted by <Pi, w ,s,v(£i) the corresponding eigenstate of 
the internal Hamiltonian h x of channel i [see eq. (14.130)]. We shall also 
denote the initial energy by E x (k j) and the corresponding density of states by 
Pi = k\ dkJdE^ In the final state we have E { (k f ), p f = kf dk { jdE { and 

<r f ,&|f,fcf,i»\S\v'> s = (27t)" 3/2 exp(ifc f •f f ) < p f>n . >s . iV .(< 5 K f ). (18.135) 

Defining now the 5-matrix elements on the energy-momentum shell by [27] 
<f, k ( , ri, S', v'|S|i, k„ n, S, v> = ki) - E ( (k { )\ 

x <f, k t , n', S', v'|S(fc,)|i, n, S, v> 

(18.136) 

we may generalize eq. (18.99) to read 

<f, Hr, n' , S', v'|S(&j)|i, k, n, S, v> = £ <£ f /'SV|^|to> 

IV J 

X <f«7'5'|5^i)|i«/5>. (18.137) 

We also have 


<f, k t , ri, S', v'|S|i, k„ n, S, v> = 
- 2m <5(£, - E ( )<i, 


<5fi<5n'n<5s'S^v'v*5(^i — k() 
k, ri, S', v'lr^Oli, k h 


n, S, v> 


with 


(18.138) 


<f, H ( , n'. S', v'lmOU, k, n, S, v> = [<f, k ( , ri, S', v'|r|i, k u n, S, v)] £l=Et . 

(18.139) 

We may also decompose the T- matrix elements (on the energy shell) as 
<f, k, ri, S', v'|7\Ar,)|i, k, n, S, v>= £ (kl'S'v'mklSv} 

IV J 

x{in’l'S'\T\k)\mlSy. (18.140) 


As a generalization of eq. (18.102) we have 
(fnTS'\S J (ki)\iitlSy = d^-du-Sss- - 2ni[p i p ( ] ll \fn'l'S'\T J (k i )\inlS> 

(18.141) 

while eq. (18.103) now becomes 


da 

dQ 


^p { l<f, k, n'. S', v'lTik^i, fc h n, S, v>| 2 . 


(18.142) 
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18.2.3. The helicity formalism 

We have thus far coupled the initial spins S A and S B to form a resultant 
spin S with projection v along a fixed quantization axis. This resultant spin 
was then coupled to the relative orbital angular momentum; the same 
operation was done in the final state. An element of S J (k ) was then called [28] 
(l'S'\S J (k)\lSy. It is also worth noting that we used a fixed axis of spin 
quantization. This simplifies the description of the initial state but leads to 
difficulties in handling the final state. The formulae thus obtained, involving 
Clebsch-Gordan coefficients, are complicated. Another drawback of the 
separation of the total angular momentum operator into a relative orbital 
and a spin part is that it leads to complications in the relativistic case and 
breaks down in particular for massless particles. Finally, the introduction 
of the total spin S leads to complicated formulae when dealing with polariza¬ 
tion phenomena. 

We shall now briefly [29] describe an alternative way of analyzing two- 
body collisions involving particles with spin. The crucial point is to note that 
the projection A of the spin 5 of a particle (having momentum p and energy E) 
along its direction of motion p is invariant under rotations. Indeed, this 
projection A, which is called the helicity quantum number or simply the helicity , 
may also be considered as the projection of the total angular momentum / 
along the direction of motion (since the orbital angular momentum has no 
component along p ), and we know that the projection of / along a given 
axis - which is chosen here to be the direction of motion - is invariant under 
rotations. 

Since the helicity A is invariant under rotations, it is possible to construct 
helicity states having specified values of the quantum numbers J and M, and 
in which all the particles involved have definite helicities. For a two-body 
collision A + B -» C + D in the C.M. system we may then write the 
S-matrix element for a transition ( k i9 /, M, A a , A b ) (k {9 J\ M\ A c , A D ) as 

<* f , J\ A c , A D \S\k i9 J 9 M 9 A a , A b > 

= S[E % (kd - E f (k { )]5jj'5 M M'<A C9 A D \S J (kd\A A9 A B > (18.143) 

where A a , A b , A c and A D denote respectively the helicities of the particles 
A, B, C and D. 

Before we study in more detail the helicity states, let us state some impor¬ 
tant facts [8, 30] concerning the plane-wave solutions of the wave equations 
for particles of mass m, spin s 9 momentum p and energy E = c(m 2 c 2 + p 2 ) 1/2 . 

i) For each p 9 and with m # 0, there are 2s + 1 linearly independent 
solutions which may be chosen to be states of definite helicity: 

A = s,s- 1,... -s+ 1, -s. (18.144) 

If m = 0, there are only two solutions, corresponding to 

A = + £. 


(18.145) 
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ii) When a rotation is applied to one of these solutions, one obtains a state 
with a different direction of p, but the same helicity A. 

iii) When a space reflection is applied, the helicity A changes sign. 

iv) If a Lorentz transformation parallel to p is applied, one obtains a state 
with the same (or the opposite) direction of p 9 but a different magnitude of p. 
If the direction of p is not reversed, A remains unchanged. 

Let us first agree on a convention to specify the relative phases of these 
basic free-particle states. This may be done in the following way. Firstly, 
according to the statement ii) made above the states with momentum p' 
in a direction given by the polar angles ( 6 , $) may be defined by applying 
to the states xj/p ,a having momentum p in the positive z direction and helicity A 
a rotation through an angle 0 in the positive sense about the axis p x p f . 
(The positive sense of rotation is defined from p toward p' as a right-hand 
screw.) We shall now show that such a rotation may be written as 

\PH> *> = R+.e.-i'l'p.x (18.146) 

where 

Kfiy = exp( — ia/ z ) exp( —ij 3J y ) exp(-i yJ z ) (18.147) 

is the rotation operator corresponding to the three Euler angles, a, (with 
h = 1) and J x , J y , J z are the projections of the total angular momentum 
operator /of the particle along the coordinate axes. As shown in Fig. 18.1, 
the three Euler angles are defined by the following successive rotations 

(1) a rotation about the z-axis, of angle a, 

(2) a rotation about the y'- axis, of angle /?, 

(3) a rotation about the Z-axis, of angle y. 



Fig. 18.1. The Euler angles a, j8, y of the text. 
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We note that 0 < a < 27c, 0 < < 7r and 0 < y < 2n. The unitary operators 

exp (—ia J 2 ), exp (—iand exp (—iy/ z ) correspond respectively to a 
rotation of a about the z axis, of /? about the y axis and of y about the Z 
axis. A general rotation, corresponding to the three Euler angles a, /?, y is 
therefore specified by the rotation operator 


Kfiy = exp(—i yj z ) e\p(-ipj y ’) exp(-ia J z ). (18.148) 

To show the equivalence of eqs. (18.147) and (18.148), we first note that 

Jy = exp(— iaJ z )J y exp(ia/ z ) (18.149) 

so that 

exp(— iftJy) = exp(-ia/ z ) exp(—i flJ y ) exp(ia/ 2 ) (18.150) 

and 


Jz = exp(-i pJy)J z exp(ij <iJ y -) 

= exp(—ia/ z ) exp(—i pj y ) J z exp(i fiJ y ) exp(ia/ z ) 
which implies that 

exp(—i yJ z ) = exp(—ia J z ) exp(—i fij y ) exp(—i yJ z ) exp (ipj y ) exp(ia/ z ). 

(18.151) 

Upon substitution of eqs. (18.150) and (18.151) in eq. (18.148) we find the 
result (18.147). 


z z 



Fig. 18.2. The rotation of the coordinate system in which p = Oz into that in which 

p' = OZ. 

Let us now consider the particular rotation through an angle Q in the posi¬ 
tive direction about the axis p x p’ (see Fig. 18.2). We want to switch from 
the “old” system of coordinates Oxyz into a new one OXYZ such that the new 
z axis OZ has the polar angles (9, (f>) in the old system. Examination of Figs. 
18.1 and 18.2 shows that we must chose a = (j> and p = 6, but that the third 
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Euler angle y is arbitrary. We shall take y = —(f> (any other choice of y 
amounts to a change of phase) so that 

\p6(j), X) = p Pt x- (18.152) 

Let us examine in detail how the operator R a p y acts on a state |/, M> which 
is an eigenket of the operators J 2 and J zi the corresponding eigenvalues being 
J(J + 1) and M (with h = 1). If we suppress the other quantum numbers 
belonging to observables which commute with J 2 and J z , and use the fact that 

[R«e v J 2 ] = 0 (18.153) 

we see that the matrix of R a p y in the representation {/, M) is diagonal in 
/. Its elements are given by 

= <JM'\R aPy \JM> = e _iaM ’ p) (18.154) 

where the objects 

diM = <JM'|exp(—i/?Jj,)|JM> (18.155) 

are called the Wigner simplified rotation matrices. Several important formulae 
for the 4 'm® are given in Appendix F. 

We note that the matrix has dimensionality (2 J + 1). It is called the 
(2J + l)-dimensional irreducible representation of the rotation group [31]. 
We may also write 

K„y\JMy = £ (18.156) 

Af' 

We still have to specify the relative phases of the states i j/ p x with momentum 
in the positive z direction. As a result of the statement iv) before eq. (18.146), 
we may construct the states i p p x with X fixed and a variable p by applying 
suitable Lorentz-transformations in the z direction to a fixed state i// P0 x. For a 
particle having a finite rest mass this fixed state is conveniently chosen as the 
one corresponding to zero momentum (p 0 = 0). Then, since for a particle 
at rest the angular momentum is precisely the spin it is possible to specify 
the relative phases of the states \l/ po = o,a by the usual convention, 

( J x ± iJy)\l/ Po =o,x = *J(s + A)(^ + X 4- l)^p 0 =o,A± i (18.157) 

where J x9 J y , J z are the standard spin matrices. 

For massless particles we cannot reduce p 0 to zero by means of a finite 
Lorentz transformation. However, in this case there are only two possible 
helicity values to be compared, namely X = ±s. Owing to the statement iii) 
before eq. (18.146), this may be achieved by using a reflection. Consider 
for example a reflection in the x-z plane such that the coordinates ( x , y, z) of 
a point r become (x, — y, z). This may also be obtained by first applying the 
parity operator SPr = —r and then a rotation of 180° about the y-axis. Let 

Y = exp(-inJ y )0> (18.158) 
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be the operator describing this reflection in the (. xz ) plane. Then 

Yi// PtS = (18.159) 

and the “parity factor” r\ is independent of p because the operator Y com¬ 
mutes with a Lorentz transformation in the z-direction. 

Let us verify that eq. (18.159) is compatible with the convention adopted 
above in the case m # 0. Then we know that 

= #oa (18.160) 

where rj is a phase factor independent of X since commutes with /. More¬ 
over, since d J M > M (n) = we have 

exp(-i7r/ y )i^oA = (-) s ~ x \l/o ,-a. (18.161) 

We may then combine eqs. (18.160) and (18.161) and apply a Lorentz trans¬ 
formation up to momentum p in the z direction to obtain 

Y\J/ p a = (18.162) 

which for X = s reduces to eq. (18.159). 

Let us now consider two free particles 1 and 2 having masses m 1 and m 2 
and spins s t and s 2 . The wave function for this system may be written as a 
direct product of the one-particle states considered above, namely 

IPi0i<Mi> x |p 2 0 2 <M 2 > = (18.163) 

Since we want to work in the C.M. system, we are interested in states of zero 
linear momentum (p t + p 2 = 0). Let us call p = p t = —p 2 the relative 
momentum with polar coordinates (p0(f)). Thus 6 t =6 , (j) 1 = </>, while 
0 2 = n — 0, (j) 2 = n ± (j). The two rotations /? (1 > and i£ (2 > may then be 
replaced by a single rotation generated by the total angular momentum 
/ = J l + J 2 of the two particles, and acting on a basic state i l/px t x 2 such 
that 6 = (j) = 0. This state may be written as 

'I'pMXz = Vpl Zpil (18.164) 

with 

= (-1 r~ Xz exp(-i nJ^ pXl . (18.165) 

Here represents a particle moving in the z direction, such that for a 
particle at rest (p = 0) xo a 2 simply reduces to i// oa 2 with no additional phase 
factor. From the basic state ^ p AiA 2 we may now generate the states with other 
directions of p by applying a rotation. That is 

\p6(f), ppXiX 2 = ^0Ao^pAiA 2 (18.166) 

where X = X x — X 2 is the resultant angular momentum in the direction 
(0, (f >) Of/F. 

We now turn to the problem of constructing states with total angular 
momentum quantum number J and magnetic quantum number M (the 
eigenvalues of J z being M). Because the magnitude p of the vector p and 
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the helicities X x and X 2 are invariant under rotations, we may use all the 
“good” quantum numbers p, /, M, X l9 X 2 to label the state which we want to 
obtain. We shall write the corresponding ket as \p,J, M, X u X 2 >. Using the 
orthogonality relations satisfied by the rotation matrices, namely 
r 2 * 4 

Jo d<X J 0 J 0 dy S ' n ^ = 2 J + \ 5jj ' 5mm ' ( 18 - 167 ) 

one finds that 

\p,J,M,2. u /. 2 > = ^| o d<X Jo /q d^in/? ®Mx(<xPv)Kiiv'l'px i X2 (18-168) 

where Nj is a normalization factor. Let us adopt the normalization 
(PiP2X[X 2 \PiP 2 X l X 2 y = 5(P' — 0 )5(p' — p)S x 2 2 2 

= W - (18.169) 

where P' = p[ 4- p 2 , p and p' are relative momenta, p = k 2 dk/dE and 
dp t = <5(cos 9 — cos 6') <5(0 — 0') 
is the delta function on the unit sphere. Then, requiring that 

(J'M'X'iX'^JMX^y = Sjj'S MM 'S A , iA d A ' 2A2 (18.170) 

one easily shows [8] that Nj = (2 J + 1)/(47t) 1/2 . Finally, we note that the 
transformation matrix from the linear to the angular momentum representa¬ 
tion is given by 

<PW 2 \JAUy 2 > = 0, - 0). (18.171) 

Let us now express the S matrix in terms of helicitv states. We consider a 
two-body reaction A + B -* C + D and write the S matrix element as 

^PcPd^C^u\^\PaPb^\^b) = — ®) <^ f A c A D |£|& i A A A B ^ (18.172) 

where P f = p c 4- p D while k { and k { are respectively the relative momenta in 
the initial and final channel. We also define in the usual way 

<Mc*dIS|MaV = [p.^y^^E-Xkd - £^f)]<McA D |SlW B > (18.173) 
with Pi = kfdkJdEi and p f = k$dk f /dE { : The T-matrix is defined by 
(kfX c X D \S\k { X A X^) = <5 ba — 27ri<5[£ , i (k^) — £ , f(^f)]^fA c ADl^ T (^i)l^i^A^B/ > 

(18.174) 

where 

^ba = ^AC^BD^(^f — ^i)- 

We also note from eq. (18.173) that 

<McA d |5|^ a Ab> = <5ba - 2ni(p l p t yi\fiAMnk l )\ti l X A l B >. (18.175) 
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We may now transform to the {J, M } representation to obtain a generaliza¬ 
tion partial wave expansion for the 5-matrix. Choosing the initial relative 
wave vector to lie along the z axis we first have 

(JMa a a b \Q 0 = 0, 0 0 , A a , A b > = Nj@M X ((f ) 0 , 0, — 4>o) 

= Nj exp{i(M — X)4> o }d J MX (0) 

= JVj<W (18.176) 

We then have, using eqs. (18.171) and the fact that Nj = (2J + l)/(47r) 1/2 , 

^ f A c A D |5|^|/ A A B ^ = ^ < 00 A C A D |J M A c A d )<A c A D 15 J |A A A B ><JAf A a A B |00A a x b > 

j,m 

= Z ^4^<A c A D |S J |A A A B >©i;(</., 0, -*) (18.177) 

where (0 O = 0 O = 0) are the polar angles of k i9 and (0, 0) are those of k f . 
We have also set A = A a — A B , p = A c — A D and we have used rotational 
invariance to write 

</MA c A d |5|J'M'A a A b > = 5j r 5 MM <X c X D \S J \X A X B >. (18.178) 

We may simplify eq. (18.177) still further by using the relation 

»£(0, 9, = exp{i(A - mdUO) (18.179) 

so that the generalized partial wave expansion of the S matrix takes the form 

(k f X c X D \S\fciX A X B y = Yj —^ ^c^Dl^ J |^A^B)^l/i(^) ex P{i(^ — ^)0}- 

(18.180) 

This formula is the generalization of the expansion (18.61a) which we ob¬ 
tained for the case of spinless particles. We note that the generalized partial 
wave expansion (18.180) has a much simpler structure than the corresponding 
expansion (18.99) which we wrote above in the {5, v} representation. In 
particular, eq. (18.180) has only one summation index and does not involve 
Clebsch-Gordan coefficients. The only difficulty arises from the presence 
of the functions a few of these functions are given in Appendix F. 

A similar generalized partial wave expansion may be written for the 
T-matrix elements. That is 


(&fX c X D \ T(fc i )|£ i A A A B > — ^ - <X c X D \T J \X A X B yd^(6) exp{i(A p)<t>} 

J 471 

(18.181) 

so that, from eqs. (18.175) and (18.180), we deduce that 
<A c A d |5 j |A a A b > = <5 ac <5 bd <5a a a c <5a b a d — 27ri(p i p f ) 1 / 2 ^A c A D |J' J |A A A B ^. (18.182) 
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The differential cross section is given by 


dQ ~ hv 

(18.183a) 

or 


^ = ~?PiPrl < WdI 2 . 

(18.183b) 

We may also define a scattering amplitude /a c a d; a a a b (#> <t>) by the 

relation 


h c a d; a a Ab(0, 4>) = -(2tt) 2 ^ J /2 <McA d |T(^)|M a 1b) (18.184) 

so that the differential cross section is given by [see eq. (15.49)] 

% = |l.W A J 2 - (18.185) 


We note from eqs. (18.181) and (18.185) that 

/a C Ao;A a A b (0,<A) = + 1 >< A ^d|T J |A A A b > 

x d^(0) exp{i(/, — ^)(/>}. (18.186) 

Using eq. (18.182) we may also write 

/a c Ad;AaAb(^> 0) = 2i(fe.fe )^ 2 ^ ^ + ^){^c^dI^ J |^a^b) 

-5 A cWa a aA b a d Km( 0 ) exp{i(A - p )(/>}. (18.187) 

This last relation is obviously a direct generalization of the familiar formula 
for spinless particles, namely 

m = ~ t (2* + 1 )[S/W - 1]1*|(C08 0) (18.188) 

Zl/C / = o 

with £,(&) = exp[2i<5,(/:)]. 

18.2.4. The role of invariance principles 
We have already seen in section 16.7 how symmetry principles imply 
some remarkable relations which simplify the determination of the 5-matrix. 
This will now be illustrated on two-body scattering. 

We first note that we have only used the invariance with respect to space- 
time translations (conservation of total momentum and energy) together with 
rotational invariance to obtain the expansions (18.99) or (18.180). 

Let us suppose in addition that parity is conserved, and analyze the in¬ 
fluence of this symmetry principle on the matrix elements </'S'|S J |/S> ap¬ 
pearing in the expansion (18.99). In this case the orbital angular momenta / 
and V must be simultaneously even or odd, so that no transition from an 
even (odd) to an odd (even) state of angular momentum may occur. For 
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example, consider the elastic scattering of two particles having respectively 
spin i and spin 0. In this case the total spin is S = and the only possible 
values of the orbital angular momentum (for a given /) are / = J ± }. If 
parity is conserved, we see that no transition can occur between the states 
with / = / + i and those with l = J — Hence we must have / = /'. 

As another example of the influence of parity conservation, consider the 
case of two particles of spin Then S and S' can only be zero or unity. For 
S = 0, we must have / = /; for S = 1, we may have / = /,/+ l, J — 1. If 
parity is conserved, no transition can occur between the states of parity (—) J 
and those of parity (—) J+1 . Hence the states with / = / are “decoupled” 
from the others. The former states correspond to l —V — J with S and S' 
being either 0 or 1. The latter are such that l = J ± 1, l' = J ± 1 with 
S = S' = 1 . 


Table 18.1 

The first states of the nucleon-nucleon system allowed by 
the generalized Pauli principle 


J 


/= 0 


/= 1 

5 = 0 

5= 1 

O 

II 

CO 

5= 1 

0 

_ 

— 

‘So 

3 Po 

1 

‘Pi 

3 Si 3 D t 

— 

3 P1 

2 

— 

3 d 2 

‘D 2 

3 P 2 3 f 2 

3 

‘F 3 

3 d 3 3 g 3 

— 

3 f 3 


Further important symmetry arises when the two particles are identical , 
in which case eq. (18.99) or (18.180) must be symmetrized. This, in general, 
will eliminate certain states from the sums in eq. (18.99) or (18.180). Similar 
considerations apply when isotopic spin symmetries must be taken into 
account. For example, let us consider the nucleon-nucleon system which 
may have total spin S = 0 or S = 1 and total isotopic spin / = 0 or I = 1. 
In this case the (generalized) Pauli principle states that the total wave function 
of the system, which is a product of an orbital, a spin and an isospin part 
must be totally antisymmetric. The allowed states of the system are then 
easily constructed, the first of them being given in Table 18.1 in the Russell- 
Saunders notation [32] 2S+1 Lj. We also note that if the Hamiltonian of the 
nucleon-nucleon system commutes [33] with / 2 (the square of the total 
isotopic spin operator) so that / is a good quantum number, then parity 
conservation and the generalized exclusion principle imply that singlet-triplet 
transitions are strictly forbidden. Hence we also have [.H , S' 2 ] = 0 in this case. 

Another important simplification of eq. (18.99) arises when the condition 
of time reversal invariance holds. In this case it can be shown [34] that the 
matrix (l'S'\S J \lS} is symmetric. That is 

{l'S'\S J \lSy = <IS\S J \1'S'). 


(18.189) 
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The unitarity of the 5-matrix together with the symmetry relation (18.189), 
implies that 5 may be diagonalized by an orthogonal, real matrix A. Thus 

0'S'\S J \lS} = £ </'5'|A J |a> exp(2i5 J a Ka\A J \lS> (18.190) 


where the quantities 5* are called the eigenphase shifts. Because the 5-matrix 
is unitary, the eigenphase shifts are real. 

As an example, let us return again to the nucleon-nucleon system. In the 
singlet state (5 = 0) one has / = /' = / and the submatrix </', 0|5 J |/, 0> is 
already diagonal. In the triplet state one has 5 = 1 so that, for a given value 
of /, we have / = / — 1, /,/ + 1. If we write the corresponding submatrix 
as a 3 x 3 matrix whose elements are labeled by the indices /,/'=/ — 1, /, 
/ + 1 we see from parity conservation that this matrix must have the form 


</', 1|5 J |Z, 1> ee S J vl 


Sj-i,j-i ^ Sj-i,j+i 
0 Sjj 0 
.Sj+l.j-l 0 Sj+l,j+l_ 


(18.191) 


We note that this matrix is non-diagonal since in general the interaction 
mixes the states / = J — 1 and l = J + 1. The unitarity condition implies 
that \Sjj\ 2 = 1, so that we may write immediately 

Sjj = exp{2i 5 J j(k)} (18.192) 


a relation which defines the real phase shifts 5] corresponding to the transi¬ 
tions (S = 1 ,/ = /)-» (5 = 1, / = J), (i.e. to the states 3 P 1 , 3 D 2 , 3 F 3 , etc.). 

Let us now express that the 2 x 2 submatrix Sf h corresponding to the 
values /,/'=/ ± 1 is unitary and symmetric. Such a matrix depends on 3 
real parameters [35]. Following eq. (18.190) we may write (for S = S' = 1) 

Sf;= I Af.« exp(2idl)A J al (18.193) 

cx = 1,2 


and choose [14] 


A 


j 

V a 


COS 8j 

— sin Gj 


sin Gj 

COS Gj 


(18.194) 


where the quantity Gj is called the mixing parameter. Hence the 2 x 2 sub¬ 
matrix Sfii of eq. (18.193) becomes 

Si i = 

[ cos 2 Gj exp(2i<5f) + sin 2 g s exp(2i<5 2 ) i sin 2g 3 [exp(2i<5{) — exp(2i<5 2 )] "1 
\ sin 2e J [exp(2i<5 , [) — exp(2i<5 2 )] sin 2 g 3 exp(2i<5*[) + cos 2 g 3 exp(2i<5 2 )J * 

(18.195) 
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We note that when s s = 0 this submatrix is diagonal and the entire problem 
reduces to scattering by central forces. 

We now consider briefly the effect of invariance principles on the 5-matrix 
elements expressed in terms of helicity states [see eq. (18.180)]. Firstly, if 
parity is conserved , one finds that [8] 


<-A c , —A d |S j | —A a , -A„> = (-1 ) Sc+Sd-Sa-Sb 


^< A cA d |S j |A a A b > (18.196) 

^ A.B 


and 


/-Ac-Ao;-. a .-A b (0, <t >) = (-1) S c + *>-Sa-Sb /acAd; AaAb(05 n _ 4>) (18 . 197) 

SASB 

where ( A , ( B ,.. . are the intrinsic parities of the particles [see eq. (16.196)]. 

Let us illustrate eq. (18.196) on the simple case of elastic spin ^-spin 0 
scattering, for example elastic pion-nucleon scattering. In this case we have 
only four helicity amplitudes to consider, namely 

<+|s J |+> = s-U, <—|s J |+> = s J - + 

< + |S J |-> ■ S'_, <-|S J j-> = (18.198) 

where the indices A B , A D have been suppressed and we use for A a and X c the 
notation ± instead of ±£. Hence parity conservation, expressed by 
eq. (18.196), implies that 

S J ++ = Si-, Si_ = St + . (18.199) 


We note here a drawback of the helicity formalism. Since the basic helicity 
states are not eigenstates of parity, we must form linear combinations of the 
helicity states to diagonalize the 5-matrix. In this example, the states 


and 


^2 [I JM+> + \JM-y ] 


±[\jm+> - \jM-y] 


(18.200a) 


(18.200b) 


may easily be shown to have respectively the parities (—) J_ 1/2 and (—) J+1/2 . 
The first state (18.200a) therefore corresponds to the state with l = J — J) in 
the {L, S} representation, while the state (18.200b) corresponds to that with 
l = J + $. Now we have already shown above that if parity is conserved the 
states / = J — \ decouple from those with / = / + \ and that / = Hence 
we may write directly 


Sf,-' +1/2 = exp(2i<5, + ) 


(18.201a) 
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and 


s{r‘~ 1/2 = exp(2i<5,_). 

(18.201b) 

Thus, using eqs. (18.199)—(18.201), we find that the state (18.200a) has the phase 
shift 5 l+ with / = / — i, while the state (18.200b) has the phase shift <5^_, 
with /' = /+ ! = /+ 1. Therefore the diagonal S-matrix elements are 

S J ++ + S J + - — exp(2i<5 1+ ) 

(18.202a) 

and 


S J ++ — = exp(2i<5(/+ 1 )_). 

(18.202b) 


Let us now examine how the symmetrization required by the presence of 
identical particles affects the helicity amplitudes. If P X2 is the operator which 
interchanges the particles 1 and 2 we have 

PiatfW, = (-l) 2 '-*‘ +A ’ exp(18.203) 

where we have used eqs. (18.164) and (18.165), together with the fact that 

exp(-kJ$, 1) ) = (-l) 2s expfljrJ* 0 ) 

and 

^- A 2 _ ^_j^A 2 -Aj 

since X x — X 2 is an integer when particles 1 and 2 are identical. 

Because 2 commutes with the rotation operators, we may investigate the 
effect of P x 2 on a state \JMX x X 2 y. The result is 

p X 2 \jMX x x 2 y = (- 1 y- 2 °\MX 2 x x y (18.204) 

so that the states which are correctly symmetrized with respect to P x2 are 

{1 + (-1 ) 2s P i2 }\JMX x x 2 y = | jMX x x 2 y + (-\y\jMX 2 x x y. (18.205) 

We note that when J is odd only the states with X x # X 2 are allowed [36]. 

Finally, we examine the consequences of time reversal invariance. We note 
that under this operation the helicities of the particles are left unchanged, 
since both spin and momentum are changed. The direction of relative motion 
being reversed, we have 

x\ Q4>x x x 2 y = \n — 0, cf) + 7 c, x x x 2 y (18.206) 

where X is the operator of time reversal (see Section 16.7). From this equa¬ 
tion one may deduce that 

x\JMx x x 2 y = (-1 y + M \ jMX x x 2 y (18.207) 

together with the symmetry property 

<A c A d |SW b > = a A A B Wc*D> (18 * 208) 

which is the analogue of eq. (18.189). 
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18.3. Scattering of spin zero by spin one-half particles 

We now examine in some detail the simplest example of scattering by non¬ 
central forces, namely the scattering of spin zero by spin one-half particles. 
Important applications include pion-nucleon scattering and the scattering 
of spin one-half hadrons by spin zero nuclei. 


18.3.1. General formulae 

In the case of spin 0-spin } scattering we always have 5 = S' = Hence, 
for a given state of total angular momentum J the orbital angular momentum 
/ may take the values l = J+ % or l = J — We must therefore consider 
four matrix elements of the type </'5'|5 J |/5>, namely 

(J + iA\S J \J + h 2> = Sj+l/2,J+l/2> 

O - h i\S J \J - h i) = Sj-i/2,j— i/2> 209) 

<J - h?\S J \J + i,i> = ^_ 1/2)J+1/2 , 

il^l J “ ^j+ 1 / 2 ,j— i/ 2 * 

Let us assume that parity is conserved. Then, as we have shown in Section 
18.2.4, 

<M|S J |/,i> = S n Sh (18.210) 

so that the two last 5-matrix elements of (18.209) vanish. Hence the 5-matrix 
is already diagonal and the first two matrix elements of (18.209) are those 
given in eq. (18.201), namely 

Sir 1+1,2 = exp(2i<5,+) and Sif l ~ 1/2 = exp(2i<5 / _). 

We may now use the generalized partial wave expansion of the 5 matrix 
[eq. (18.99)] together with eq. (18.210) to write 

(18.211) 

l,J 

Similarly, using the generalized partial wave expansion (18.101) of the T 
matrix, together with the definition (18.94) and eq. (18.102), we have 

<^v'|7-(/c)|^iv> = X Y lm {fi ( )Yt m (fimmV\JM>«imv\JMyn (18.212) 


where 


T "-2 


(18.213) 


Using the notation introduced in eqs. (18.201) it is also useful to define 




. exp(i(5 i± ) sin 5 l± . 


(18.214) 
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Once the phase shifts have been evaluated, it is a simple matter to compute 
the T -matrix elements (18.212) and therefore the cross section (18.103). 

Before we turn to the explicit evaluation of the phase shifts 5 l± in the case 
of non-relativistic scattering by a given potential, let us ask what is the most 
general form of the scattering matrix for spin zero-spin \ scattering. To this 
end, let us return to the generalized scattering amplitude M introduced 
in eqs. (18.112)—(18.113). In the case considered here (S = S' = \) it has 
matrix elements 

<Xi/a.v'|Atf|*i /2 . v > = ~(2n) 2 k ^ <£ f iv'|r(/c)l*iiv> (18.215) 

and is clearly a matrix acting in two-dimensional spin space. As in Section 
15.5.2 we now observe that the unit matrix 

!) 

and the three Pauli matrices 

= J) o') ° z = (o -l) (18216) 

are a complete set of 2 x 2 matrices [37]. We may therefore write the matrix 
M as 

M = A I + £ afii (18.217) 

i = 1 

where the coefficients A , B u B 2 , B 3 are complex numbers. 

If the interaction is rotationally invariant, M is a scalar. Then the coeffi¬ 
cients Bi must be the components of a vector B , and we may write eq. (18.217) 
as 

M = A I + o ; B. (18.218) 

The only independent vectors which can be constructed from k x and k { are 
k x x k f and k { ± k f . We may therefore write the most general form of M 
compatible with rotational invariance as 

M = AI+ b^-iki x k f ) + b 2 *-(k i + k f ) + b 3 <s\k { - k t ) (18.219) 

where the coefficients A , b l9 b 2 , b 3 are functions of k = 1^1 = |/r f | and of the 
scattering angle 0 . 

Let us examine the effect of parity conservation on eq. (18.219). Using eqs. 
(16.186) we see that when the parity operation is performed 

Pfc + * f )^t = -(kf + kf) 

^(kf x k t )0 > t = k x x kf (18.220) 

^cr^t = cy. 
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Hence, invariance under space reflection rules out the two last terms in 
eq. (18.219). We may then write the matrix M (using a slightly different 
notation) as 

M =f(k , 0 ) + <f -Ag(k 9 0 ) (18.221) 

where the unit matrix / is implied in the first term and n is the axial unit 
vector perpendicular to the scattering plane, namely 

fc: X kr fit X fcc ^ ^ 

cos0 - £ '*- < ism > 

In order to compute the scattering amplitudes / and g we must know the 
Hamiltonian of the system. We note that the first term in eq. (18.221) cannot 
induce any change in the spin state of the particles, while the second term 
may; the amplitude g is therefore frequently called the “spin-flip” amplitude. 

It is also interesting to ask about the effect of time-reversal invariance on 
the expression of M. Assuming always rotational invariance, so that eq. 
(18.219) holds, one may use the reciprocity theorem (16.239) to infer that 
the last term in eq. (18.219) must be omitted when time reversal invariance 
holds. Hence the most general expression of M, valid under the assumptions 
of invariance with respect to rotations and time reversal, is 

M = AI + a-(*i x k f ) + b 2 *•(*, + k f ). (18.223) 

We note that this expression is less restrictive than the form (18.221) imposed 
by rotational invariance and parity conservation. In what follows we shall 
assume that parity is conserved and use only the expression (18.221). 

18.3.2. Non-relativistic scattering 

Let us now particularize our discussion to non-relativistic spin 0-spin \ 
scattering. We must then solve the Schrodinger equations (18.133) which in 
our case are uncoupled since we assume parity conservation. This, of course, 
requires the knowledge of the quantities 'V'h or, in other words, of the 
interaction potential V. We shall suppose here that V has the form 

V= V c (r) + V s (r)v-L (18.224) 

where V c and V s are called respectively the central part of the potential and 
its spin-orbit part; we shall assume that V c and V s both depend only on 
r = \r\. We recall that L , as given by eq. (18.6), is the orbital angular momen¬ 
tum of the two particles, in their C.M. system. We note that the potential V 
of eq. (18.224), and hence the full Hamiltonian of the system, is invariant 
under rotations and space reflections (i.e. conserves parity) [38]. A spin- 
orbit coupling of the form given in eq. (18.224) was first encountered in 
atomic physics, where it arises from relativistic corrections due to the inter¬ 
action of an electron’s spin with its orbital angular momentum. Whereas the 
spin-orbit part of the potential (18.224) leads to small corrections in atomic 
structure, it plays a much more important role in nuclear phenomena. 
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With the interaction potential given by eq. (18.224), the total Hamiltonian 
of the system may be written in the coordinate representation as 

H = - *-V 2 r + V c (r ) + F s (r) <r • L (18.225) 

2m 

where m = m A m B /(m A + m B ) is the reduced mass of the two colliding par¬ 
ticles. The Schrodinger equation satisfied by the scattering wave function 
nti/ 2 .v is then 

\j? + 7Jr ~ ¥? + ^ ~ UXr) ~ 2 - = 0 (18 ' 226) 

where the reduced potentials U c and U s are given by 

U e (r) = 2 ~F c (r); UJtr) = ^K s (r). (18.227) 

Let us analyze /2tV in partial waves according to eq. (18.119b). In this 
case we simply have 

nil 1 / 2 ., = (2 In) 1 ' 2 z tMv>RKk, r)x ua ,r- (18.228) 

IJv' 

Before we substitute this expansion in eq. (18.226) we note that since 
/ = L + we may write 

a L =J 2 - L 2 - \a 2 
where we have set ft = 1. Hence 

<s-L\l$JMy = / J = 1+ i (18.229a) 

and 

o-L\l}JM) = -(/ + 1) 1/jJM), J = l-l (18.229b) 
Hence, defining the quantities 

U l+ (r) = U c (r) + l U s (r), 

U,.(r) = U c (r) - (/ + l)t/ s (r), (18.230) 

we find that the radial functions R{(k, r ) satisfy the equations 
Td 2 2d 1(1 + 1) , 1 

[d^ + 7d? - + k ~ r) = 0 (18.231) 

where we have written R i+ = Rf =l+l / 2 and R t _ = Rf =l ~ i/2 . 

We see that the original problem is reduced to the solution of two uncoupled 
radial equations whose form is exactly the same as eq. (4.15). We may there¬ 
fore directly apply the methods of Chapter 4 to these equations, remembering 
that the central potential U i+ governs the scattering in the (+) states, while 
the other central potential U t _ corresponds to the (—) states. In particular, 
we may simplify eqs. (18.231) by introducing the new radial functions 

Ui±(k 9 r ) = A l± (k)rR l± (k 9 r ) (18.232) 
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where A l± (k ) depends on the “normalization” which we adopt. Then eqs. 
(18.231) become 

|jp + - — r t - - r) = 0 (18.233) 

and if we choose A l± {k) = exp[i<5j ± (k)]/k, we find that 

u l± (k, r ) sin(/cr — + ««*). (18.234) 


With the phase shifts 5 l± obtained from the solution of eqs. (18.233) we 
may construct the quantities T l± of eq. (18.214) and therefore the T matrix 
elements (18.212) and the cross sections. Another possibility consists in 
writing [see eq. (18.116)] 


r e ikr ~ 

n,tvV) -♦ (2ti)“ 3/2 exp(ifcj • f)x v + —£ <v'|M|v>x v . (18.235) 

oo _ v' _ 


where the matrix M is given by eq. (18.221) and we have omitted the indices 
referring to S = S' = Then, according to eq. (18.117), we have for a 
transition ( k i9 v) -> (k f , v') 


^(V -*• v') = |<v'|M|v>| 2 . 


(18.236) 


In this case we need the expressions of the amplitudes /and g in terms of the 
phase shifts <5 /± . A simple generalization of the partial wave method, using 
the operators 


A l + 1 + a * L 
l+ = 21 + 1 


(18.237) 


At- 


l — G‘ L 
21 + 1 


(18.238) 


which project respectively onto the states J = / ± yields the result 
M = ^ri(2l + l)[{exp(2i<5,+) - 1 }A l+ + {exp(2i<5,_) - l}^,_]P,(cos 0) 

Zl/C l = Q 

(18.239) 

where we recall that 

exp(2id /± ) = S/f'* 1 ' 2 . (18.240) 

Introducing the explicit form of A l± , we then have 

M = Z K 1 + 1 ){ ex P( 2i(5 /+) - 1} + * (exp(2i5,_) - l}]P,(cos 0) 

Zl/C i = o 

+ J_ y [exp(2i<5, + ) - exp(2i5,_)lff LP,(cos0). (18.241) 
2 ik ,=o 
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Now 

Z,P z (cos 0) = (-ifc f x V fcf P z (cos 0) = i/i sin 0 PJ(cos 0) (18.242) 

where ft is the unit vector defined by eq. (18.222) and P/(cos 0) = dP z (cos 0)/ 
d(cos 0). Hence, using eqs. (18.221), (18.241) and (18.242), we find that 

f(k, 0) = -!- X [(/ + l){exp(2i<5, + ) - 1} + / {exp(2i<5,_) - l}]P,(cos 0) 

1=0 

(18.243) 

and 

sin 0 00 

g(K 0) = —— X [exp(2i<5 i+ ) - exp(2i<5,_)]P;(cos 0). (18.244) 

Z/C Z=1 

We note incidentally that eqs. (18.243) and (18.244) are equally valid when 
the potentials V c (r ) and (or) V s (r) are complex [39], in which case the phase 
shifts 5 i± are complex and we may write (see Section 4.6) 

exp{2i[Re 5 l± + i Im 5 l± ]} = rj l± exp(2i Re 5 l± ) (18.245) 

where 

r] l± = exp(—2 Im 5 I± ) (18.246) 

are “inelasticity” or “absorption” factors. We may also write eqs. (18.243)- 
(18.244) as 

f(k 9 0) = j Yj I)exp(i5 z+ )sin5 z+ + Zexp(i5 z _)sin<5 z _]P z (cos0) (18.247) 
k i=o 

and 

i 00 

g(k,Q)=- Y [exp(i<5 z+ )sin(5 z+ — exp(i<5 z _)sin5 z _]P/(cos0) (18.248) 

k i=i 

where we have used the fact that [see eq. (B.9) of Appendix B] 

P/(cos 0) = sin 0 P z '(cos 0). 

We note that unless the sum in eq. (18.248) is singular at 0 = 0, the “spin 
flip” amplitude g vanishes in the forward direction. 

We also remark that in the absence of spin-orbit forces (V s = 0) we have 

exp(2i<5 z+ ) = exp(2i<5 z _) = exp(2i<5 z ) (18.249) 

since the functions u l± satisfy the same equation in this case. Hence the 
amplitude g vanishes and eq. (18.243) reduces to the familiar form (4.63), 
namely 

f(k, 0) = Jr X (2/ + l)[exp(2i<5,) - l]P,(cos 0). 

1 = 0 
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18.3.3. Polarization phenomena in spin 0 -spin } scattering 

Let us return to the expression (18.117) giving the differential cross 
section in terms of the M matrix. For spin 0-spin \ scattering the differential 
scattering cross section for a transition (k h v A f , v') is given by eq. (18.236), 
namely 

%jy - v') = |<v'|M|v>| 2 (18.250) 

or, more explicitly 

^(V -* V') = KxAf+ T-Ag\ Xv y \ 2 (18.251) 

where we have used eq. (18.221) and denoted the initial and final spin } 
eigenvectors by x v and Xv'> respectively. If we do not measure the spin 
orientations in the final state, the differential cross section for elastic scattering 
(from a given initial spin orientation v) is 




^ v = Zl<Xv-|M |* v >| 2 

(18.252) 

or 


= |<Xv|MtM | Zv >| 2 

(18.253) 

so that 

d<r v 
d £2 

= I/I 2 + \g\ 2 + <Xvl +fg*)\x,>- 

(18.254) 

Let us introduce the initial polarization vector [see eq. (15.132)] 




Pi = <*vHxv>- 

(18.255) 


According to the discussion of Section 15.5.2 we remark that if the system is 
initially in a pure spin state described by the spinor ^ v , we have |PJ = 1. 
Furthermore, if /f and xi are respectively the spin wave functions corres¬ 
ponding to spin “up” and spin “down”, with Pi chosen as the quantization 
axis, we note from eqs. (15.137) that in this case 

o-^ilzt) = lxt>. = - \/i>■ (18.256) 

Using eq. (18.255) we may write the differential cross section (18.254) as 

^ = I/I 2 + \g\ 2 + (f*g + fg *) A P> (18-257) 

and we see that in general the differential cross section doJdQ depends not 
only on k and 0, but also on the spin orientation of the incident particles 
(more exactly, on the angle between the normal it to the scattering plane and 
the direction of polarization Pi). The only exception occurs when 

f*g +fg* = 0 
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i.e. when Re(/^*) = 0. Since the “spin-flip” amplitude g 9 as given by eq. 
(18.248), is proportional to sin 0, we see that dcr v /d£2 will in general exhibit 
a left-right asymmetry [except, of course, when Re(fg*) = 0]. 

If the system is completely unpolarized in the initial state (i.e. composed of 
an equal and incoherent mixture of states / v =i /2 and / v =-i/ 2 ), we have 
P t = 0. We note that if we average the expression (18.257) over the initial 
spin orientations, and call do/dQ the corresponding cross section, we have 

(i8 - 258) 

where (dd/d£2) un poi is the differential cross section for a completely un¬ 
polarized initial system. 

We now illustrate eq. (18.257) on two simple examples. We first choose the 
axis of quantization along the vector h perpendicular to the scattering plane. 
If we denote by Xv=m and Xv=-m the spinors which describe incident 
particles respectively polarized parallel or antiparallel to n, we find from eq. 
(18.255) that 

*./> = +!, v = i 

and 

hPi = - 1, v = -i (18.259) 

so that 

= I/I 2 + \g \ 2 ± (/*<7 + fg*). (18.260) 


We see that in this case the 2x2 matrix M has the simple structure 


<v'|M|v> = (5/v (/± v'=±± 


so that no spin-flip is allowed. More explicitly, 



<i|M|*> <i|M|-i> 



/ + 9 
0 


/ 


*-.) 


and eq. (18.252) reduces to 

%^- 2 = K±ilA/|±i >| 2 = |<±il/± < 7 l+i>l 2 = l/± g \ 2 


(18.261) 

(18.262) 


(18.263) 


which is precisely eq. (18.260). 

Another interesting particular case is obtained by choosing the z-axis 
along k i9 with the x-axis parallel to h. We have then 

M = f + <r x g (18.264) 

or, by using the explicit form of the Pauli matrix o x given in eq. (18.216) 

(A/) = (18.265) 
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Hence the differential cross section for scattering without spin-flip is given by 


da da „ 


(18.266) 


while the spin-flip differential cross section is simply 


(18.267) 


We note that in this case the cross sections (18.266) and (18.267) do not ex¬ 
hibit a left-right asymmetry. We also remark that if we had chosen the 
z-axis parallel to k\, and the .y-axis along ft, we would have obtained the result 

(AO = (f g ~f) (18-268) 

leading to the same cross sections (18.266) and (18.267). 

We have so far considered the polarization vector P j of the particles in 
the initial state. We now express the polarization of the particles scattered 
in the direction £ f in terms of the polarization vector 


= (M Xv \a\M Xv } = < Xv \M'aM\ Xv > 
f <M Xv \M Xv > ( Xv \M^M\ Xv y • 


(18.269) 


Using the expression (18.221) for M, we find that 


(l/l 2 - \g\ 2 )Pi + ( fg* + f*g + 2|^l 2 Pi • W + i (fg* - / Wi x A 
\f\ 2 + \g \ 2 + (fg* + f*g)A-P i 


(18.270) 


If the incident beam is unpolarized, we have P { = 0, so that the scattered 
beam is polarized along ft, i.e. perpendicular to the scattering plane. In this 
case the differential cross section is given by [cf. eq. (18.258)] 


. _ fg* + f*g A _ 2R</»*) A 
f l/l 2 + l0l 2 \f \ 2 + \g\ 2n ' 


(18.271) 

(18.272) 


To understand physically why the scattering produces polarization in an 
initially unpolarized beam, let us examine the classical trajectories of spin \ 
particles scattered by very massive spin zero particles. We therefore suppose 
that the interaction potential varies slowly over a de Broglie wavelength of 
the incident particle, so that we may use a semi-classical model in which the 
classical trajectories of the spin \ particles have a meaning. Let us choose 
the axis of quantization to be along ft (i.e. perpendicular to the scattering 
plane) and consider a beam which is completely polarized upward in the 
initial state (see Fig. 18.3). The orbital angular momentum L of the particles 
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is evidently perpendicular to the scattering plane, but its direction for particles 
initially incident on the left of the scattering center is opposite to that for 
particles whose incident trajectories lie to the right of the scattering center. 
Therefore the spin-orbit part of the potential (18.224) has opposite sign in the 
two cases, so that for a given angle of deflection the number of particles 
scattered to the left or to the right will be different. For example, if we 
assume that V c and V s are both negative, but that \V S \ |F C |, then the full 
interaction V given by eq. (18.224) will remain attractive during the scattering 




Fig. 18.3. Semi-classical illustration of the scattering of a beam initially polarized with 
spin up by an attractive center of force (a). General view of the scattering (b). Trajectory 
of particle passing to the left of the center of force (orbital angular momentum “down”) 
and deflected to the right (c). Trajectory of particle passing to the right of the center of 
force (orbital angular momentum “up”) and deflected to the left. 
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process. Hence the particles will be deflected in the way shown in Fig. 18.3 (a), 
i.e. to the right when they pass to the left of the scattering center and to the 
left when they are incident on the right of the center of force. Since the spin 
and angular momentum are parallel for particles incident to the right [see 
Figs. 18.3 (a) and (c)] the interaction V is strongly attractive in that case and 
more particles will be deflected to the left than to the right. Of course, if the 
initial particles were polarized with spin-down in the initial state, more 
particles would be deflected to the right than to the left (for the type of 
attractive potential which we have chosen in this example). This is the 
origin of the left-right asymmetry noted in connection with eq. (18.257). 
Since an incident unpolarized beam can be considered as a superposition of 
spin-up and spin-down beams of equal intensities, the total number of 
particles scattered to the left and right will be the same when the initial beam 
is unpolarized. The left-right asymmetry is then cancelled, and the differential 
cross section, given by eq. (18.258) is a function only of the scattering angle 
6 and of the energy (or the wave number k). 

Let us now analyze the polarization of the outgoing particles. For an 
incident beam completely polarized upward in the initial state, the polariza¬ 
tion clearly remains up [40], since no spin-flip is allowed with our choice of 
quantization axis along A. Conversely, for an initial beam polarized with 
spin-down the polarization remains down. Now, in the example chosen more 
particles having initially spin-up will be scattered to the left, while more 
particles with initial spin-down are deflected to the right. Hence, for an initial 
unpolarized beam (i.e. a superposition of spin-up and spin-down beams of 
equal intensities) the beam scattered to the left will have net upward polariza¬ 
tion, that scattered to the right will have net downward polarization. That is, 
if we measure the spin orientation of the particles scattered, say, to the right, 
we shall find that more of them have spin down than spin up. This clearly 
provides a way of obtaining polarized beams of particles. 

Let us check that our description is consistent with the result (18.272) 
obtained for the polarization of the outgoing particles. Using eq. (18.263) we 
find that for an initial spin-up beam we have for scattering to the right 
(A r anti-parallel to Pi), 

" 8 - 273a) 

while for scattering to the left (n l parallel to Pi) 

(w)„„ - ^ < i8 - 273b > 

Conversely, for an initial spin-down beam we have for scattering to the right 
(A r parallel to Pj) 


(18.273c) 
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while for scattering to the left (h t anti-parallel to Pi) 



\f-9\ 2 . 


Hence, for an unpolarized beam 


and 


while 




, ^Uf+d\ 2 -\f-dW _f9* + f*9 
' 2 |/| 2 + M 2 " r \f\ 2 + \g\ 2 


, H/+0| 2 - \f~9\ 2 A _ f9* + f*9 

1 2 |/| 2 + \g\ 2 ' |/| 2 + \g\ 2 


A, 

*« 


(18.273d) 


(18.274a) 


(18.274b) 


in accordance with eqs. (18.271) and (18.272). 

Finally, let us consider the question of detecting the polarization. One 
possibility is to take advantage of the fact that the differential cross section 
for an initially polarized beam depends in general on the angle between the 
normal A and the direction of polarization [cf. eq. (18.257)]. This suggests a 
determination of polarizations by double scattering experiments. 



Fig. 18.4. A double scattering experiment. 


Suppose, for example, that an initially unpolarized beam undergoes two 
successive scatterings. The differential cross section for this process may be 
obtained from eq. (18.254) by making in it the substitution 


IXv> 


|M Zv > 

V<X v |MtM|x v > 


(18.275) 


where the denominator accounts for the normalization of the new initial 
state |M/ v >. Let us assume that the first scattering occurs through an angle 6 t 
and the second scattering through an angle 0 2 (see Fig. 18.4). Furthermore, 
let k h k\ x) and k\ 2) be the respective wave vectors prior to the first scattering, 
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following the first scattering and after the second scattering. Let us also 
denote by h x and n 2 the normals to the first and second scattering planes, 
respectively, so that 


A x A _ x *< 2 > 

1 \k { x " 2 " x ikpv 


(18.276) 


Then, if P x and P 2 are the polarizations which would be obtained from the 
single scattering of an unpolarized beam through the angles 9 X and 0 2 , one 
has 

= l\f(0 2 )\ 2 + \g(0 2 )\ 2 ][l + P2(0 2 )P l (e i )A l .fi 2 ] (18.277) 


which shows that the differential cross section d<r 2 /d£2 2 depends on the angles 
9 X and 0 2 , on the magnitude of the polarizations Pi(0i) and P 2 (0 2 ), and also 
on the angle between the two scattering planes. 

If the two scatterings occur in the same plane , we have A t h 2 = +1 or — 1 
depending on the fact that the second scattering will occur to the left or to 
the right of an observer standing parallel to A x (see Fig. 18.4). The differential 
cross sections measured in the directions k\ 2) (left) and k\ 2) (right) of Fig. 18.4 
will be called respectively (d<r 2 /d£2 2 )i e f t and (d<7 2 /d£2 2 ) r i g ht. Then 


(d<r 2 /dfl 2 )ieft (do^/d^Vight _ p (f) \ p (ft \ 

(d( 7 2 /dn 2 ),eft + (do' 2 /dQ 2 )ri ght " ^2)^0 


(18.278) 


The quantity 


^ = P2<Pl)Pl(Pl) 


(18.279) 


is called the asymmetry parameter. We note from eq. (18.278) that it can be 
obtained from the knowledge of (dcr 2 /dD 2 )ief t and (d<7 2 /d£2 2 ) r i gh t. In order to 
obtain for example P x (assuming that P 2 is also unknown), we must choose 
the experimental setting so that the two scatterings be equivalent. That is, in 
the first step one scatters an unpolarized beam off a target - which acts as a 
polarizer - through an angle 0 t . Then the scattered beam is scattered a 
second time from an identical target in the same plane through the same 
angle 0 2 = 9 t . Hence P 2 (0 2 ) = F\(0i) and from eq. (18.279) we deduce that 

P l (9 i ) = e 112 . (18.280) 


So far we have considered initial systems which were completely un¬ 
polarized or else completely polarized. For initial beams (or targets) which 
are partially polarized it is convenient to use the general density matrix 
formalism of Section 15.5 [41]. Thus, from eq. (15.131) we obtain directly 
the initial density matrix p { as 

Pi = ±(/+«•/>!) (18.281) 


where the average polarization of the incident beam is given by the polariza¬ 
tion vector 


Pi = Tr(piff). 


( 18 . 282 ) 
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Then, substituting eqs. (18.221) and (18.281) into the expression (15.154) 
(valid for any degree of polarization 0 < |Pj| < 1 of the initial system), we 
find that the differential cross section corresponding to the incident polariza¬ 
tion vector Pi is given by 

= l/l 2 + M 2 + (f*g + fg*)APi. (18.283) 


We note that this result has exactly the form of eq. (18.257), but it is more 
general since we may now have 0 < |Pj| < 1. 

We may also use the density matrix formalism to obtain the polarization 
P f of the scattered beam. Writing 


> 

II 

1 

Cl 

/ 

(18.284) 

and using eq. (15.156), we have 


Tr(M Pi M'e) 

1 Tr(Mp,Mt) ‘ 

(18.285) 


For example, if the system is initially unpolarized, so that |Pi| = 0, we have 
Pi = 2? and 


Tr(M Pi Mta) = iTr[(/+ a-Ag)(f* + <f hg*)<s\ 

= Wr + P'9) Tr[(<F • ft) • a] 

= (fg* +Pg)A (18.286) 

where we have used eq. (18.221) together with the fact that Tro^ = 0 and 
Tr ((TPj) = 25ij. Moreover, we also have in this case 

Tr(M Pi Mt) = iTr(MMt) = |/| 2 + | P | 2 . (18.287) 

Therefore, using eqs. (18.286) and (18.287), we deduce from eq. (18.285) that 


, _ 2 tfe(/ P *) A 

f \f \ 2 + \g\ 2n 


(18.288) 


in agreement with our previous result (18.272). 

Finally, we remark that polarization phenomena are also conveniently 
discussed by using the helicity formalism of Jacob and Wick [8]. 


18.3.4. Total cross sections 

We now write the expressions of the total cross sections for spin i-spin 
zero scattering. Since the elastic differential cross section averaged over the 
initial spin orientations is given by eq. (18.258), the total elastic cross section 
is simply 

<t = { [l/l 2 + M 2 ] dfl. (18.289) 
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Using the partial wave expansions (18.243) and (18.244), together with the 
orthogonality of the Legendre polynomials, we have (for real or complex 
potentials V c and F s ) 

< = pE {\(l + l)[exp(2i<5 i+ ) - 1] + i[exp(2i5,_) - 1]| 2 

+ 1(1 + l)|exp(2i<5 i+ ) - exp(2i<5 i _)[ 2 }/(2/ + 1). (18.290) 

We may write this equation as 

<t = t (18.291) 

1 = 0 

where of 1 , the elastic scattering cross section for the /th partial wave, is given 
by 


< = p[(/ + l)|exp(2i<5 i+ ) - 1| 2 + l |exp(2i5,_) - 1| 2 ] 

^ 4tc( 2/ + l)//c 2 . (18.292) 

When the potentials V c and (or) V s are complex (and therefore also the 
phase shifts <5 i± ), we may also calculate the total cross section for removal 
of the incident particles from the elastic channel, i.e. the total “reaction” 
cross section a [ ot . A simple generalization of the partial wave method, similar 
to that used in Section 4.6 for scattering by spinless particles, yields 

<C = Z (18-293) 

1 = 0 


where 


a\ = p[(2 1 + 1) - (/ + l)|exp(2i^ + )| 2 - / |exp(2i5 J _)| 2 ] 

^ n(2l + l)/fc 2 . (18.294) 

If only elastic scattering occurs, so that the phase shifts 5 t± are real, we 
have evidently <7[ ot = 0 and 

Att 

<t? = --j[(/ + 1) sin 2 5 l+ + l sin 2 <5,_] < 4 tt( 2/ + 1 )/fe 2 . (18.295) 

rC 

Finally, for spinless particles, or in the absence of spin-orbit forces, the 
results (18.290)—(18.295) evidently reduce to the familiar formulae which we 
derived in Section 4.1 [eqs. (4.71)-(4.72)] for real potentials and in Section 
4.6 [eqs. (4.260)-(4.261) and (4.268)-(4.272)] for complex potentials. 
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18.4. Hadronic collisions at high energies 

In this section we want to indicate how the Regge pole ideas introduced 
in Chapter 11 in the framework of potential scattering may be used to 
describe two-body hadronic collisions at high energies. We shall only give 
here a simple, introductory account of this subject which has received a 
considerable amount of attention during the recent years. A few important 
references are given at the end of this chapter [42-56]. 

First of all, let us stress that the point of view which we shall adopt in 
analyzing the high-energy Regge pole model is very different from our 
study of Regge poles in Section 11.4. In potential scattering the existence of 
Regge poles and their properties are a consequence of the mathematical 
properties of the Schrodinger equation which governs the dynamics of the 
problem. On the contrary, in high-energy, strong interaction physics there 
does not exist at present a well-established dynamical framework. The general 
principles of relativistic invariance, unitarity and crossing symmetry, although 
very powerful, do not seem to constitute a complete dynamics. As a con¬ 
sequence, the Regge pole model for strong interactions has not been “derived” 
from first principles, and is therefore a phenomenological theory in which one 
attempts to obtain agreement with experiment in the most economical way, 
i.e. by using the smallest possible number of free parameters. 

With these ideas in mind, let us consider the following very simple model. 
We conjecture that the results which may be taken over from the 
potential scattering approach to hadronic interactions are: 

1) The partial wave amplitudes a(l , E) can be defined for complex /-values. 
They are analytic for Re / > —except for a finite number of isolated 
Regge poles of order one. 

2) When |/| -» oo, the quantity | a(i, E)\ behaves in such a way that there is 
no contribution from the circle at infinity to the Regge-Sommerfeld-Watson 
transform. 

We recall that these assumptions, together with the notion of signature 
introduced in Section 11.4 in connection with exchange forces imply the 
RSW representation of the scattering amplitude [see eq. (11.158)], namely, 

f(E, cos 9) = £ sil f^ £ ) { P »,(E)(- C0S 0 ) + T i p ««<E)(c°s 0)} 

+ BI{E, cos 9) (18.296) 

where we have written the background integral as BI instead of BI. The quan¬ 
tities t i are the signatures of the Regge poles. That is, r t = +1 for a Regge 
pole of a + (h E) and r f = — 1 for a Regge pole of a~{f E). We also deduce 
from these assumptions that a Regge pole gives bound states and resonances 
in the way described in Section 11.4. 

The implications of these ideas in hadron physics are the following: 
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1) Regge trajectories relate particles with the same internal quantum 
numbers (baryon number, isospin, strangeness, etc.) but different spins. 

2) Regge trajectories govern the high-energy (asymptotic) behaviour of 
two-body hadronic reactions. 

Let us first consider the first point. With the assumptions made above 
Regge trajectories will pass through bound states and resonances as in the 
case of potential scattering. Because of exchange forces and the signature 
concept, a Regge pole will only appear as a particle or a resonance at values 
of / (or /, the spin of the particle) which differ by two units. Furthermore, we 
must also take into account the fact that a scattering amplitude is now 
labelled by various internal quantum numbers such as baryon number, iso¬ 
spin, etc. Hence, the Regge trajectories of hadron physics relate particles with 
the same internal quantum numbers but different spins which differ by two units. 
It is customary to plot these trajectories in the so-called Chew-Frautschi 
diagram [spin J versus the square of the mass m 2 of the particles, expressed in 
(GeV) 2 ] where they appear experimentally to lie on straight lines. An example 
of such Regge trajectories is given in Fig. 18.5 for the case of the nucleon 
resonances A , with isospin I = f and hypercharge Y = +1. It is worth noting 
that instead of associating Regge trajectories with scattering amplitudes, we 
may also consider them to be simply characterized by sets of quantum num¬ 
bers, just like particles. Such “particles”, whose mass depend on their spin are 
called Reggeons. 



0 2 4 6 8 10 12 14 16 m 


2 (GeV 2 ) 


Fig. 18.5. Regge recurrences for the nucleon resonances (/ = f, Y = +1). 


We now examine how Regge trajectories may be used to study the high- 
energy behaviour of two-body hadronic collisions. The key concept which 
we shall use for this purpose is the principle of crossing symmetry. 

Let us consider a two-body reaction in the ^-channel [see Section 2.2] 

A + B C + D (,y channel). (18.297) 

This reaction is illustrated in Fig. 18.6, together with the associated four- 
momenta p A , Pb 9 Pc and p D . We consider also the corresponding ^-channel 
and w-channel reactions, namely 

A + € -» B + D (t channel) 


(18.298) 
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and 

A + D -» B + C (w channel). (18.299) 

The ^-channel reaction (18.298) is also illustrated on Fig. 18.6. 

In what follows, we shall neglect the spins of the particles, so that to each 
of the three reactions there corresponds one (relativistic) amplitude. We denote 
these amplitudes respectively by A s , A t9 A u . While a priori there could be no 
relation between the amplitudes A s9 A t and A u9 the principle of crossing 
symmetry tells us that the following substitution rule applies: 

A,(Pa, PoP&Pd) = A s (Pa,Pb = ~Pb,Pc = ~Pc>Pd) (18.300a) 

and 

A u (Pa,PE>Pe>Pc) = A s (Pa,Pb = ~Pb,PcPd = ~Pb)- (18.300b) 

In terms of the Mandelstam variables, we then have for example 

A,(s, t ) = A s (s = (p a ~ PbY, t = (pa+ Pc) 2 ) (18.301a) 

and 

AJs, u) = A s (s = (p a - Pb) 2 , u = (p A + />d) 2 ). (18.301b) 


A t C 



B D 

Fig. 18.6. The s - and /-channel reactions (18.297) and (18.298). 

We recall that in going from the s channel to the t channel the energy 
variable s becomes a momentum transfer variable while the momentum 
transfer variable t now represents the square of the C.M. energy in the t 
channel. Similarly, in going from the s to the u channel the energy variable s 
becomes a momentum transfer variable, while the momentum transfer 
variable u now corresponds to the C.M. energy squared in the u channel. 
Thus the crossing relations (18.301) imply that the r-channel and w-channel 
amplitudes A t and A u are given by the same analytic expression which gives 
A s , but for different values of the variables. In other words, the same analytic 
function A(s, t 9 u) represents the three scattering amplitudes A s , A t and A u . 
In the physical region of the ^-channel reaction (18.297), the value of this 
function gives the physical scattering amplitude for this reaction. The same 
is true for the t and u channels. 

Since the physical regions of the s- 9 t - and w-channel reactions do not 
overlap (cf. the Mandelstam diagram and the discussion of physical regions 
in Section 2.2), it is by analytic continuation [57] from one physical region to 
the other that the amplitudes A s , A t and A u are connected. 
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Having recalled the basic concept of crossing symmetry, we are now 
prepared to extract the asymptotic behaviour of high-energy two-body 
hadronic collisions (within the context of the simple Regge pole model 
considered here). To this end, we first examine the reaction (18.298) in the 
t-channel and apply to it the RSW representation, neglecting for the moment 
the signature. We consider the ^-channel amplitude A t (s, t) and write [58] 

Ms, 0 = 1 ■ ^ /W-cos 0, ) + BI«, cos 0,) (18.302) 

i sin 71 


where t is the square of the C.M. energy in the t channel and cos 0, depends 
on s and t. 

We now invoke crossing symmetry to infer that the ^-channel amplitude 
A s (s , t) is given by the same expression, in which cos 0 f is expressed in terms 
of s and t. For the simple case of a reaction such that m A = m c = m and 
m B = m D = M, we have from eq. (2.122), 


2[s + \t — m 2 — M 2 ] 

cos 0 t = — . ■ .• - -- 

yjt — 4m 2 y/t — 4 M 2 


-2s 

yj4m 2 — tyj4M 2 — t 


(—s). (18.303) 


Here we have considered the high energy limit in the s channel (for fixed t) 
and have therefore neglected the quantities m 2 , M 2 and t by comparison with 
5-. We have also extracted a factor (i) from each square root in order to obtain 
square roots of positive quantities in the s channel. We remark at this point 
that |cos 0,| becomes very large when s increases, but this should be no cause 
for alarm since the quantity 0, is only the scattering angle in the t channel 
physical region , and we are now in the physical region of the s channel. 
Because for a complex such that Re a > — \ one has 


P a (x) ~ C(a)x a ; 

x-> ± 00 


C(a) = 


2T(a + i) 

n ll2 r(a + 1) 


(18.304) 


we may write, for high energies in the s channel 


^(•s, 0 = 


y m p r 0 

i Sin it cti(t)\s 0 ) 


+ BI 


(18.305) 


where the function &( t ) contains all ^-independent quantities. The scale 
factor .So is introduced here for convenience; it has the same dimensions as s, 
so that the power of a dimensionless number appears in eq. (18.305). Since 
the background integral may be shown to be proportional to s~ 1/2 9 it follows 
that when exchange forces are neglected, 


0 

S-+ 00 


v m [^ g,(,) 

i sin n <Xi(t)|s 0 J 


+ 6(s~ 112 ). 


(18.306) 
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Let us now take into account the signature of the Regge poles. A detailed 
analysis of the analytic continuation from the t channel to the s channel 
shows that eq. (18.306) must be replaced in this case by 

feW ( 0 

A s (s,t) -» ZriWCOH (1B.3° 7 ) 

s-*oo i l S oJ 

t fixed 


where the quantities yj^it) are called the residue functions, and the signature 
factors ^(t) are given by [53] 

1 + T* exp{—ina^f)} 


= 


sin 7t a*(0 


= + 1 . 


Ti = ± 


(18.308) 


Therefore, the RSW representation, initially written down in terms of 
Regge trajectories oc^t) in the t channel , allows us by invoking crossing 
symmetry to make predictions about the asymptotic behaviour of the scattering 
amplitude in the s channel physical region (s -* co 9 t fixed and negative). 
The Regge trajectories af(f), continued in the s channel are called the ex¬ 
changed Regge trajectories in the s channel. If we order the Regge trajectories 
in such a way that 

Re <xf ^ Re ocj ^ . . . . ^ -± (18.309) 

we may write eq. (18.307) as 

AJts, 0 - yHt ){?(*)(-) + yHt)Zft) f-J + • •' (18.310) 

t fixed 


which is simply a representation of the s channel scattering amplitude as a 
descending asymptotic series in powers of the variable s. 

A simple physical picture of the trajectories “exchanged” in an s channel 
reaction may be given, as shown by the diagram of Fig. 18.7. In this case we 
say that the two particles A and B colliding in the s channel have ex¬ 
changed a Reggeon. This exchange is therefore similar to a (Yukawa) force 
which acts between the two particles. On the contrary, in the t channel (see 
Fig. 18.7), the Reggeon appears as an “intermediate state” of the particles 
A and C (or B and D) which accounts for bound states and resonances in 
that channel. Hence, in the Regge model, forces arise from the exchange of 
Reggeons that can act as “intermediate states” for crossed reactions. 



Fig. 18.7. Exchange of a Reggeon in the reaction A + B C + D. 
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So far we have considered the crossing from the t channel to the s 
channel. Similarly, by crossing from the u channel to the s channel, we 
obtain 

(sl a J <u) 

4 s (s,u) -* XyfOO-rfCwK-f (18.311) 

s-* 00 j [So) 

u fixed 

where af(u) are the signatured Regge trajectories of the u channel, con¬ 
tinued into the s channel. Since the u and t channels may have different 
quantum numbers, the trajectories and cnf(u) are in general different. 

To summarize, the two equations (18.307) and (18.311) give the asymptotic 
behaviour of the scattering amplitude in the s channel in terms of Regge 
trajectories in the t and u channels. These are in turn connected to the bound 
states and resonances in the t and u channels. It is worth noting that a Regge 
trajectory a*^) in the t channel is only accessible to experiment when it 
increases through a positive integer such that the rule AJ = 2 is obeyed. On 
the contrary, for t < 0 (i.e. in the physical region of the s channel where 
the variable t is now the square of a four-momentum transfer), the Regge 
trajectory is in principle accessible for all values of t. This is illustrated in 
Fig. 18.8 where a typical (real) Regge trajectory is shown. 


Re a 



Fig. 18.8. The trajectory of an odd signature Regge pole which yields particles of spin 1 
and 3 in the /-channel physical region, and is exchanged in the 5-channel physical region. 

We shall not discuss here the numerous applications of eqs. (18.307) and 
(18.311) to particular high-energy two-body reactions. We simply point out 
that the Regge pole theory has been very useful in the analysis of high-energy 
data. We note, however, that the simple model described above allows only 
for the presence of a finite number of isolated Regge poles of order one in 
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the scattering amplitudes. In fact more complicated singularities such as cuts, 
fixed poles, families of poles (“daughter trajectories”), etc. should be con¬ 
sidered and various special assumptions of the simple Regge pole model must 
therefore be abandoned. It is probable, however, that the basic methods of 
complex angular momentum will remain useful to analyze high-energy 
hadronic collisions. 
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In this chapter we want to give an introduction to some of the techniques 
aiming at the solution of three-body problems. We first introduce in Section 
19.1 some convenient definitions and notations. In Section 19.2 we return 
to the difficulties encountered in applying th£ Lippmann-Schwinger equa¬ 
tions to three-body problems. This analysis leads to the Faddeev equations 
[1] which are obtained and discussed in Section 19.3 for non-relativistic 
three-body collisions. Three-body multiple scattering expansions are dis¬ 
cussed in Section 19.4. Finally, in Sections 19.5 and 19.6 we analyze in detail 
two particularly important three-body problems: electron collisions with 
atomic hydrogen and high-energy hadron-deuteron scattering. 


19.1. Definitions and notations 

Let us assume that the three particles 1, 2, 3 having masses m u m 2 , m 3 , 
interact by means of two-body potentials. We shall denote by V 1 = V 23 the 
potential acting between particles 2 and 3, while V 2 = V l3 acts between 1 
and 3 and V 3 = Vl2 between 1 and 2. 

We assume for the moment that the system is non-relativistic and we 
write its total Hamiltonian as 

H = H 0 +V (19.1) 

where H 0 is the kinetic energy operator of the system and 

v = i v i 

i= 1 


(19.2) 
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is the total interaction potential. The Green’s operators corresponding to 
H and H 0 are respectively 

G (±) (E) = r -77X- 

E — H ± is 
and 

(19.3) 

G ° ±W ’E-H 0 ±U 

(19.4) 

We shall also need the Hamiltonian describing two particles interacting 
while the third one is free, namely 

H t = H 0 + V‘ 

with the corresponding Green’s operators 

(19.5) 

GP>(£) = 1 . . 

' v ' E -Hi ± ie 

We also define the operators 

(19.6) 

1 

II 

(19.7) 

corresponding to the interactions in which particle i 
example 

participates. For 

Vl = V - V 1 = V - v 23 = v 12 + v 13 
Let us introduce the two-body transition operators 

* 

T, = V‘+ V‘Gl +) V‘ 

which satisfy the Lippmann-Schwinger equations 

(19.8) 

T; = V‘ + Tfi^V 1 

and 

(19.9a) 

T, = V‘ + V‘G ( 0 + % 

We note that 

(19.9b) 

G, (±) = G^ + G^ ±) K i GP ) 

(19.10a) 

= G^ ±) + Gp ) F i G^ ±) 

(19.10b) 

and 

- 

Gj + > = G ( 0 +) + G ( o +) TiG ( 0 +) . 
Moreover, we also see that 

(19.10c) 

G{ +) F' = G ( 0 + % 

(19.11) 

Finally, the full three-body ^-operator is given by [see eq. (14.172)] 

sr = V + FG (+) F 
and satisfies the Lippmann-Schwinger equations 

(19.12) 

sr = v + vg^st 

and 

(19.13a) 

sr = V + STG^V 

(19.13b) 
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with 

G ( + ) V = G ( 0 +) 3T. (19.13c) 

Before we analyze how these operators act in the three-body Hilbert space, 
let us discuss some kinematical questions. We shall denote by p t the momen¬ 
tum of particle i. The total momentum is then given by 

p=i Pi . 

i=l 

If we elect to work in the total C.M. system, the condition P = 0 tells us 
that only two of the three momenta are independent. A convenient choice 
consists in using the momentum of one particle p i9 together with the relative 
momentum 


™ k pj ~ m jPk 
irij + m k 


(Ujyk = 1,2, 3) 


(19.14) 


of the two other particles. Here (/, j, k) form a cyclic permutation so that, 
for example 


m 3p2 - WlPl 

q —-- 

m 2 + m 3 

Denoting by R u R 2 , R 3 the coordinates of the three particles with respect to 
a fixed origin, we note that the two momenta p t and q { are respectively the 
conjugate momenta of the two vectors 


and 


r i = &i ~ 


m jRj + m k R k 

mj + m k 


(19.15) 


Pi = Rj — R k (hj,k = 1,2,3) (19.16) 

which specify the coordinates of the three particles in the C.M. system. We 
see that the vector p f specifies the relative position of particles j and k while 
the vector gives the position of particle i with respect to the center of mass 
of (j, k). These vectors are shown in Fig. 19.1 for the case i = 1,7 = 2, 
k = 3. 



Fig. 19.1. Illustration of the vectors of the text. 
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In terms of the momenta P, p { and q t the kinetic energy operator is easily 
seen to be given by 


H = Z! , eL ■ «? 

0 2 M + 2ft + 2 A 


( 19 . 17 ) 


where 


M = £ m h 

i= 1 


Hi = ntiimj + m k )/(m,. + + m k ) (19.18) 

Hi = r n j m k l(m j + m k ). 

The physical interpretation of eq. (19.17) is straightforward. The first term is 
the kinetic energy of the C.M. The third term corresponds to the relative 
kinetic energy of particles j and k in their own C.M. system, while the second 
term accounts for the relative kinetic energy of particle i and the compound 
system (j 9 k). Thus, in the C.M. system the total Hamiltonian can be written 
as 

2 2 

H = |L + + V 1 + V 2 + F 3 . (19.19) 

2j Ui 2 ^ 


For example, if we have i = l,j = 2, k = 3, we may write 

2 ( r i H-—— Pl ) 

\ m 2 + m 2 ) 

+ V 3 ( 


H =£ l + §- l +v '^ +v2 ( r ' + 




( 19 . 20 ) 


To describe three-particle states, we need a three-particle Hilbert space. 
For example, in the momentum representation we shall write the wave 
function of the system as ^(PuPi.Pz) = (PuPiyPsVPy an( i normalize the 
states | p u p 2 , p 3 } so that 


<Pu Ply Pz\Pu Ply Pi> = s (Pi ~ PiWPi ~ PiWPi ~ Pi)- ( 19 . 21 ) 


The matrix elements of a given operator A will then be written as 

(p\y Ply Pl\A\P\y P2y Pi)- ( 19 . 22 ) 


In fact, since all the operators that we shall use commute with the total 
momentum, we may extract a momentum conserving delta function 

d(p\ + P’ 2 + P ’ 3 ~ Pi ~ P 2 ~ P 3 ) 

from all the matrix elements. Hence in the C.M. system the states will be 
specified by two momentum variables, which we choose to be the variables 
Pi and q ( defined above. For example the two-body interaction potentials 
V 1 have matrix elements 

<Pt, 9 i\ V l \ Pi , 9 ,-> = 5{p\ - Pi Xq'i\ V l \ *,> ( 19 . 23 ) 
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with [2] 

<«iiri««> = (2 n)- 3 J drexpjifo - qd'r}V\r). 

Similarly 

( 2 2 \ 


(19.24) 

(19.25) 


We also need to know how to express a two-body transition matrix element 
in the three-body Hilbert space. Using eqs. (19.9b), (19.4), (19.23) and 
(19.25) we find that 

(i9M) 

with 


<p'i, qmE)\ Pi , <z ; > = S(p[ - Pi )( M E - 


<qmQ\qi> = <q\\\v%y 

+ {dq'Kq'AVWy- -( 19 . 27 ) 

J <*i l 2 Vi+ 16 

and £i = E — pf/ljii. We remark that the two-body Lippmann-Schwinger 
equation, expressed in three-body Hilbert space, is very similar to the 
corresponding one written in two-body Hilbert space [see for example 
eq. (16.21c)] except for an overall factor 5(p\ — p t ) and a change in the 
energy variable. 

It is convenient to introduce at this point a diagrammatic representation 
[3] which is quite intuitive and will help to visualize some of the key proper¬ 
ties of three-body systems. First of all, we look at the two-body Lippmann- 
Schwinger equations (19.9)—(19.10). If we write the Born series expansion 
for G h namely [we suppress from now on the superscript (+)] 

G t = G 0 + G 0 V l G 0 + G 0 V l G 0 V l G 0 + . . . 
we obtain for T t the perturbation expansion 

T. = V 1 + V^oV 1 + V'GqV'Gq V 1 +_ (19.28) 

To represent this expansion, we draw a (perturbation) diagram with the 
following conventions : 

1) Particles are represented by horizontal lines, those on the right being 
labelled by p h those on the left by p\. 

2) A vertical dashed line between a pair of particle lines corresponds to a 
two-body interaction. 

3) The T matrix is represented by a shaded blob. 

The perturbation series (19.28) may then be represented diagrammatically 
(for i = 3) as 



T 3 = V 3 + V 3 G 0 V 3 + V 3 G 0 V 3 G 0 V 3 + . . . (19.29) 
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while the Lippmann-Schwinger equation (19.9b) reads 


p'i 

P 2 


Pi 


T 

I 

-L 


+ 




T 3 = V 3 + V 3 G 0 T 3 . (19.30) 

Let us now look at the three-body ^-operator given by eqs. (19.12)—(19.13). 
For example, eq. (19.13a) may be pictured as 



er V + VG 0 3T (19.31) 

where we have taken into account the fact that V = V 1 + V 2 + V 3 . From 
eq. (19.26) we also note that the two-body Lippmann-Schwinger equation 
(19.9b) written in three-body space, may be represented as 



p 3 p 3 



(19.32) 


Diagrams such as those appearing in eq. (19.32), where one particle remains 
unaffected, are called disconnected. We shall see shortly that disconnected 
diagrams play an important role in the analysis of three-body problems. 


19.2. Difficulties with the Lippmann-Schwinger equations 


Let us consider the Lippmann-Schwinger equations for the Green’s operator 


G = G 0 + G 0 VG (19.33a) 

= G 0 + GVG 0 (19.33b) 

and for the ^-operator 

*r=V+VG 0 F (19.34a) 

= V+ FG 0 V. (19.34b) 


For two-body scattering the corresponding equation for the wave function, 
namely 


•h, = <Pfc, + G 0 V\l/ kl 


(19.35) 


was analyzed in Chapter 5. In particular, we showed in Section 5.6 that 
although the original Lippmann-Schwinger kernel K — G 0 V is not square 
integrable (if 2 ), a simple manipulation (iterating once or multiplying by 
V 1/2 ) leads to an equation whose kernel is if 2 and to which the Fredholm 
theory of integral equations can be applied. The result is that for two-body 
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scattering the Lippmann-Schwinger equation (19.35) is a “good” (well 
behaved) integral equation with a unique solution ij/^ such that in configura¬ 
tion space 

•AfctV) ->■ (2jt) -3/2 £exp(ifcj f) + f(Q, $)~J • 

For three-body problems we have already encountered a serious drawback 
of the Lippmann-Schwinger equations in Chapter 16 [see the discussion 
following eqs. (16.10)]. We showed indeed that the Lippmann-Schwinger 
equations (16.3) for the state vectors do not have a unique solution. In addi¬ 
tion, we shall now prove that for three or more particles the kernel K = G 0 V 
of the Lippmann-Schwinger equation is not an if 2 operator [1]. To see this, 
let us evaluate the norm of the operator K , namely 

11*11 = [Tr(KK f )] 1/2 (19.36) 

with 

T r(KK f ) = J |<a'|K|a>| 2 da da' (19.37) 


and a is a complete set of variables. We shall work here in the momentum 
representation, so that the matrix element appearing in eq. (19.37) is given by 


(p'xp'iPzl^PxPiPz) 


Hp’i + Pi + P3 ~ Pi ~ Pi- Pi) 

E - Xf= i (pf/2m i ) + ie 

x[<5(/>i - />i)<9i|P 1 l9i> + HPi ~ /> 2 )<« 2 lJ /2 l« 2 > 

+ S(P' 3 ~ />3)<93|F 3 |9 3 >]. (19-38) 


We may eliminate the total momentum conserving delta function 
5(p\ + Pi + Pi — Pi ~ Pi ~ P 3 ) by working in the C.M. system of the three- 
particle system. However, the integrand of eq. (19.37) will still contain 
terms of the type [d(p\ — p t )] 2 with the result that Tr(** f ) is infinite and 
the kernel K is not J5f 2 . We note that this difficulty arises from the presence 
of disconnected diagrams such as those appearing in eq. (19.32). This fact, 
together with the non-uniqueness of the solution of the Lippmann-Schwinger 
equations, are entirely new features with respect to the two-body situation. 
They are characteristic of three (and more) particle problems. 

We have shown above that the kernel K = G Q V of the Lippmann- 
Schwinger equation for three-body problems is not square integrable (i.e. 
is not a Hilbert-Schmidt kernel). However, the mathematical theory of integral 
equations also yields very useful results when the kernel is compact. Such a 
kernel may be defined as follows [4]: we construct normalized (wave packet) 
states !F n (a) from a complete set of wave functions belonging to the Hilbert 
space of the system. The kernel K is then said to be compact (or completely 
continuous) if for any infinite set of the the set 

K V„( a) = J<a|*|a'>y B (aW 


(19.39) 
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contains a subset which converges towards a limit. One should therefore 
investigate the possibility of the Lippmann-Schwinger kernel K = G 0 V being 
a compact kernel for three-body situations. This question has been studied 
by Faddeev [1] and Weinberg [5] who showed that the answer is negative. 


19.3. The Faddeev equations 


In order to remove the difficulties which we have just analyzed, Faddeev has 
suggested the following method. The basic idea is to write the scattering 
operator ZT(E) as 

*T(E) = ^ \E ) + er^\E) + F^\E) (19.40) 

where T (i \E ) represents the sum of all the diagrams contributing to E ) 
in which particles 2 and 3 are the last to interact. In other words, «^ (1) is a 
scattering operator such that any three-body process has occurred (including 
no interaction at all), and then particles 2 and 3 interact. In terms of diagrams, 
we may write (we simply label the particles lines by 1, 2, 3): 


ZT^XE) = 



(19.41a) 


where the blob denotes any process occurring between the three particles. 
For example, a particular diagram contributing to ^ (1 \E) is 


In the same way, we define 


—m-1 

t | I 

r r ' (s -- 2. 

ii' i 

3-1—1—!— 3 


and 



(19.41b) 


(19.41c) 


Since the sum of ^ (1) , ST {2) and ^ (3) obviously exhausts all the pertur¬ 
bation diagrams available for a three-body system, we see that eq. (19.40) 
immediately follows from the definitions (19.41). 
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Let us now analyze more carefully the content of ^ (1) . We may consider 
it as made of two parts. In the first one particle 1 never interacts with 2 or 3. 
The sum of these diagrams is just the two-body scattering operator T t (E) 9 i.e. 
- 1 - - 






(19.42) 


In the second part, an arbitrary sequence of interactions between the three 
particles is followed by an interaction between particles 1 and 3 (or 1 and 2), 
and then particles 2 and 3 interact a certain number of times. The sum of such 
contributions may be represented as 


>(£) = 




1 

2 (19.43) 

3 


or [see eqs. (19.41b) and (19.41c)] 

f™(E) = T t G 0 ^ 2) + T t G 0 ^\ (19.44) 

Thus, adding up the contributions (19.42) and (19.43), we find that 

+ # (1) 

or, using eq. (19.44) 

jr ( D = T i + T t G 0 ^ 2) + T t G 0 ^ 3 \ (19.45a) 

Similarly, we also have 

jr(2) = t 2 + T 2 G 0 3T (1) + T 2 G 0 ^ (3) (19.45b) 

and 

ST (3) = T 3 + T 3 G 0 ^ (1) + T 3 G 0 3T {2 \ (19.45c) 

The equations (19.45) are called the Faddeev equations for the ^-operator. 
We may write them in matrix form as 

( ^ (1) \ / r A / 0 Ti Ti \ /^ (1) \ 

^ (2) ) = ( T 2 ) + ( T 2 0 T 2 \gA ). (19.46) 

sr^J \t 3 J \t 3 t 3 o/ V (3 >/ 

Before we analyze in more detail the structure of the Faddeev equations, 
it is important to realize that these equations may be obtained independently 
of perturbation theory. Thus, starting from the Lippmann-Schwinger equa¬ 
tion (19.13a) for ST, namely 


ST = V + VG 0 3T (19.47) 

(where V = V 1 + V 2 + V 3 ) we define the operators 

F (1) = V 1 + V l G 0 ST 
■T (2) = v 2 + V 2 G 0 2T 


(19.48a) 

(19.48b) 
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^r (3 > = v z + V 2 G Q F (19.48c) 

so that 

er = ^ (1) + ^ (2 > + «r (3) . (19.49) 

Next, we note that since the two-body operator T, is such that 

T i = V 1 + T t G oV 1 

we mav write 

v 1 = T t - T.GoV 1 . (19.50) 

Substituting in eq. (19.48a), we find that 

<r (l > = Tl - T t GoV 1 + T t G 0 *r - T^v^er 
or 

3™ = T t + TJjsZT - r 1 G 0 (F 1 + V 1 G 0 3) 

= T t + T t G Q {2r - «r (1) ) 

so that 

^d) = r t + r 1 G 0 (^ (2) + ^ (3) ) 

which is precisely eq. (19.45a). A similar reasoning leads to eqs. (19.45b) and 
(19.45c). We have thus obtained the Faddeev equations by pure algebraic 
manipulations involving the Lippmann-Schwinger equations for the two 
and three-body T-operators [6]. 

Let us now return to the Faddeev equations in matrix form, eq. (19.46). 
We may interpret these equations as integral equations whose kernel is a 
matrix operator [K ] = K XJ (ij = 1, 2, 3) [7]. The condition for this kernel 
to be square integrable now becomes 

Tr t ( K u K u ) < «• (19.51) 

i,j= 1 

A casual glance at eq. (19.46) would lead one to believe that little has been 
gained by introducing the Faddeev kernel K ip since the two-bodv T-matrices 
which appear in it are clearly disconnected. However, we note that only the 
off-diagonal elements of K u contain disconnected parts, so that any iteration 
of the kernel will suppress the troublesome delta functions. Thus, iterating 
once the Faddeev equations, we obtain the new matrix equations 

/^ (1) \ /TA /T t \ /«^ (1) \ 

( ) = ( t 2 ) + [K] l T 2 ] + [K 2 ] ( ^ (2) ) (19.52) 

vr (3) / \tJ \tJ \^ (3) / 


(19.52) 


[K 2 ] = 


T\G q T 2 + T t G 0 T 3 
T 2 G 0 T 3 
T^G q T 2 


T\GqF 3 

T 2 GqTi + T 2 G 0 T 3 

T^GqTi 


T\G q T 2 
T 2 G 0 T l 

^ 3 ^ 0 ^! + T 3 G q T 2 


(19.53) 
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and we see that the new kernel [K 2 ] only contains connected elements. For 
example K\ 2 is just 


K\ 2 = T t G 0 T 3 G 0 = 



1 

2 . 

3 


It is now possible to proceed further and to show that the operator is 
compact [1], or even square integrable [8] (with some further requirements on 
the interaction potentials) for all but physical values of E. The limit as E 
becomes real has been investigated in great detail by Faddeev [9]. He shows 
that for real E the fifth power of the kernel is a compact operator in a 
certain Banach space [10], so that the solution of the Faddeev equations is 
unique. It should be noted that this analysis may be considerably simplified 
when the interactions involved are superpositions of Yukawa potentials 
[11], in which case stronger theorems than those obtained by Faddeev may 
be derived. 

Let us write explicitly the Faddeev equations (19.45) in momentum space. 
From eq. (19.26) we already know that 

<P'lP2P3\ T l( E )\PlP2P3> = d(P'l ~ Pl)<P2P3\Tl(E ~ l>f/2^ 1 )|/» 2 , /> 3 > 

= S(p\ - p l )<q' l \T l (E - pf/l/ZOki) (19-54) 


since we work in the (overall) C.M. system. Hence eq. (19.45a) becomes 


<P'lP2P3\^ r(l \E)\PlP2P3> 

= Kp'i - PiKq'AUE - p\l 2ft)|fi> + { d p'[ d p- 2 d Pi 6{p\ - p'[) 

1 


X<5(/»1 + p 2 + P3 - Pi - Pi- P'3)[<PlP2P'3\^ (2 \E)\PiP2P3> 


+ <PiPlp'3\^\E)\PiP2P3>\ (19.55) 

with similar equations for the matrix elements of .T <2) (E) and ,T (3> (E). We 
see that these equations are off-the-energy shell linear integral equations 
which define an off-the-energy shell three-body transition matrix element. 
We note that all the information about the two-body subsystems which is 
necessary in order to solve the Faddeev equations appears in the form of 
two-body matrices T { (off-the-energy-shell). These off-shell two-body T- 
matrices play therefore a role similar to the interaction potentials in two-body 
scattering. It is important to note that the two-body T-matrix elements are 
more closely related to experiment than the potentials V\ a fact which is of 
particular interest when the potentials are not known [12]. 

Another important property of the Faddeev equations is that the solution 
F(E) satisfies three-body unitarity if the two-body T-matrices satisfy two- 
body unitarity [1]. 
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The fact that the Faddeev equations require only two-body T-matrices 
(and no potentials) has been used as an incentive for generalizing these 
equations to relativistic three-body problems. The aim is to obtain Lorentz- 
invariant linear integral equations which reduce to the Faddeev equations 
in the non-relativistic limit, use only two-body T-matrices as input and have 
a unique solution satisfying three-body unitarity. Such equations have been 
obtained [13-15] and applied [16] to various relativistic three-body problems. 
Unfortunately, they do not take into account the important concept of 
crossing symmetry [17]. 

So far, we have discussed the Faddeev equations in terms of the T- 

operators. Similar equations may evidently be written down for the total 

Green’s operator G(E ) or for the various wave functions. Thus we have 

G = G 0 + GVG 0 (19.56) 

or, using eq. (19.13c) 

G = G 0 + G 0 FG 0 . (19.57) 

From eq. (19.40), we then obtain 

G = G 0 + G (1) + G (2) + G {3) (19.58) 

with 

G (i) = G 0 3T (i) G 0 . (19.59) 

The Green’s operators G (i) then satisfy the Faddeev equations 

/G<»\ /G.-G.X /0 T t TA/G^\ 

G* 2) ) = [C 2 — G 0 + G 0 r 2 0 T 2 ) ( G (2) ) (19.60) 

\W \G 3 - Gj \T 3 T 3 0 / \(?< 3 >/ 

where the Green’s operators G t are defined by eq. (19.6). 

Let us now consider an eigenstate of the total Hamiltonian H 

corresponding to the initial free state <P a = <P i o[ . The subscript i is an arrange¬ 
ment channel index which may take on the values i = 0, 1,2, 3, while the 
label a contains the additional information on bound states, momenta, spin, 
isospin,... to complete the description of a given initial channel. By definition 
the value / = 0 refers to three free particles in the initial state <P 0t(X9 with 

H= H 0 + V 
and 

H O 0 O £ —— Eq a ^o,a* 

The case i = 1 describes a situation in which initially the particle 1 is free 
and the pair (2, 3) is bound. This corresponds to the splitting 

H= H x + V 1 
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with 

H t = Ho+V 1 = H 0 + V 23 , 

V 1 = v-v 1 = v 12 + v 13 

and 

Similar definitions hold for the cases i = 2 and / = 3. 

We may now easily derive the Faddeev equations satisfied by the eigen¬ 
states >a . For example, in the case i = 1 one finds [1] that 

x P UaL = <F (1) + «P (2) + <P (3) (19.61) 

with 

MA / o r t (£) r t (£)\ 

( <P (2) ) = ( 0 ) + Go(£)( T 2 (E) 0 T 2 {E) )( !P (2) ) (19.62) 

\s /(3) / \ o / \r 3 (£:) r 3 (£) o /\t (3) J 

and E = E lx + is. The solution of the inhomogeneous equation (19.62) is 
unique, since the corresponding homogeneous equation has solutions if and 
only if there is a three-body bound state at the energy E lx . Indeed, let us 
write the homogeneous equation which corresponds to the first of eqs. (19.62), 

*F (1) = GoiE^E)^ + !P (3 >]. (19.63) 

Using eq. (19.11), we have 

!F (1) = G 1 (E)V 1 [^ ,(2) + «P (3) ], (19.64) 

Multiplying eq. (19.64) to the left by E — H 0 — V 1 = Gj 1 , we obtain 
(E - = K 1 (¥' (2) + !P (3> ) + F 1 9 ,(1) 

or 

(E - H 0 )W w = V ly E. (19.65a) 

Similarly, we find that 

(E - i/ 0 )^ (2) = V 2 V (19.65b) 

and 

(E - H 0 )W w = V 3 W. (19.65c) 

Adding the three equations (19.65) we conclude that 

(E- H 0 - V)<F = (E - H)*? = 0 
if •/' = + y (2} + '/ ,(3) is a solution of the homogeneous equation 

( T (1) \ / 0 T t (E) T i (E)\ /Y w \ 

V i2) ) = G 0 (E ) ( T 2 (E) 0 T 2 (E) )( 1P (2 > ). (19.66) 

!P< 3 V \t 3 (E) T 3 (E ) 0 / \^ (3) / 

Such a solution clearly corresponds to a three-body bound state. 
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Let us now describe briefly some of the techniques which have been useful 
in attempting to solve the Faddeev equations. 

First of all, we note that after separating the motion of the center of mass, 
the Faddeev equations are coupled linear integral equations in six variables. 
Such equations cannot be handled by present-day computers and must 
therefore be simplified. 

An important step towards the simplification of the Faddeev equations is 
to separate out the total angular momentum /. This has been accomplished 
by Omnes [18] and reduces the Faddeev equations to a set of coupled 
integral equations in three variables. 

A further simplification consists in approximating the two-body potentials 
- or directly the two-body transition matrix elements - by separable (fac¬ 
torable) forms (see Section 5.7). To understand how this approximation 
comes about, we first note that if E is near the energy of a two-body bound 
state E Bi , the corresponding two-body T-matrix T t (E) is dominated by a term 
of the separable form. Indeed, writing 

T;(E) = V‘ + V'G^V 1 

and inserting a complete set of eigenstates of the Hamiltonian H t = H 0 + V t , 
we find that 


Tj(E) = V‘ + 


ntmXMv; r d „ v^x^w 1 

E-E Bi J 9 E-E q .. + is 


(19.67) 


where we have assumed for the sake of simplicity that there is only one 
bound state. Hence, when E is in the vicinity of we may write 


<9i\Tmqi> 




E - E 


B i 


(19.68) 


where the “form factor” g Bi is given by 

9b i(qd = <?;|l / i</'Bi> = (£b; - <7i 2 /2/0</'B;(tf i ) (19.69) 

and 

•Ab i(0i) = <?il^B> (19.70) 

is the two-body bound state wave function written in momentum space. 

Let us now assume that the two-body potential V 1 itself contains only one 
factorable (5-wave) term [the generalization to several terms is straight¬ 
forward], so that we may write 

v‘ = Aj|» t ><i>j|. (19.71) 

Thus in configuration space 

<r'|K i |r> = A l »j(r')i> j (r) (19.72) 

with 


v t (r) = <r\v,) 

while in momentum space 

<9llH 9i > = k9iq'i)9i{qd 


(19.73) 
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with 

9i(9i) = <9t\Vi>- 

On the other hand, the Lippmann-Schwinger equation for the (off-shell) 
two-body T matrix is then given by [see eq. (16.21c)] 

<9'mE)\9i> = ^i(9d9i(9i) + h9l9\) f dq" . (19.74) 

J h — + i£ 

We may solve this equation by a method entirely analogous to that given 
after eq. (5.149). The result is 

<9'i\Tm qi > = hgiq'dgMm (19.75) 

where 

m) =-T- - -• (19.76) 

1 - Aj J dq" gf(q")l(E - E q ~ + is) 

Hence, for a factorable potential , the corresponding T matrix T(E ) is also 
factorable . This result also holds for the partial wave T matrix which then 
assumes the form 

W* E ) = kidiMdgMhiW (19.77) 

with 

Wi in 9i > = Z F M (q;, qdYtJqdYUqd, 

l, m 

gd = K ,i9iM'!)9iMi) 

and 

A, f (£) =- ^ --- • (19-78) 

1 -A m J o dq" q" 2 gf t i(q")l(E - E q .. + is) 

We now observe that a sharp resonance of energy E r and width T in the 
partial wave / is characterized by a pole of T lti (q' h q h E) at an energy E = 
Z^r — |ir in the second Riemann sheet. In the vicinity of this pole, the partial 
wave T matrix may be shown to have the form [8] 


9i ’ E ) 


giM)giMi) 

E - E r + iir 


(19.79) 


where gijiqd is the resonance ‘form factor ”. Thus we see that when the energy 
£■ is close to the energy of a bound state or of a sharp resonance the two- 
body T-matrix elements assume a form which can be reproduced by separable 
interaction potentials. These facts suggest that one may try to use separable two- 
body interaction potentials - leading to separable two-body T matrices, even 
off the energy shell - in the Faddeev equations. These equations then reduce 
to linear integral equations which, after partial wave analysis, are just 
integral equations in one variable [19]. 
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To conclude this section we shall now derive a slightly different version of 
the Faddeev equations, called the Lovelace equations [8], These equations 
involve the operators U n and U n defined by eqs. (14.164) which lead directly 
to the transition matrix elements for a process ia -» f/?. We first recall that 

U n = V i + VfiV\ (19.80a) 

and 

U n = V f + V f GV j (19.80b) 

where 

= V — n i = 0, 1, 2, 3 

is the interaction between the projectile and the target in the initial channel i, 
while 

V f = V — V f 9 f = 0, 1,2,3 

is the interaction between the outgoing particles in the final channel f. For 
example, if f = 2, then V f is the interaction between particle 2 and the bound 
pair (1,3). The off-shell transition matrix elements for a process ia fj? are 
given by eqs. (14.165), namely 

<f/?|^' (+) |ia> = <& tfi (E tfi ) \V t + V f G(E ia + i»)K,| <P m (E ia )> 

= <<P {0 (E tfi )\U r XE.J\<P ia (EJ> (19.81a) 

and 

<fj8|^(-)|ia> = ('PteiE^W-, + V { G{E (fS + is ^ | <*>,„(£J> 

= ^(E t d\U t ,(E [fi )\0^EJ}. (19.81b) 

The physical (on-shell) T matrix is evidently obtained by setting E = E ix = 
E[/i and taking the limit e -* 0 + . It is a simple matter to establish the relation¬ 
ship between the Faddeev operators &~ {i) and the Lovelace operators U f i and 
E7 fi . Using the Faddeev equations (19.46), one then obtains for E7 fi the 
Lovelace equations 

Un = Vt+ZUnfio T k (19.82a) 

k&i 

while U n satisfy the Lovelace equations 

U fi = + (19.82b) 

k* f 

where i, f, k = 1, 2, 3 [20]. For example, if i = 1, we find that eq. (19.82b) 
becomes 

U ii = Vi + T 2 G 0 U 21 + T 3 G 0 U 3l 

U21 = Vf + TjGqUjj + T 3 GqU 3 i 

C/31 = Vi + TjGqUjj -J- 

\ 

which we may also write in matrix form as 

/ u n\ /0 T 2 r 3 \ /c/ u \ 

( ^2! = + ( T t 0 r 3 Go ( U 21 . 

\u 3 J \T t T 2 0 / \U 3 J 


(19.83) 


(19.84) 
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We note that the (matrix) kernel of eq. (19.82a) is just the transposed Faddeev 
kernel appearing in eq. (19.46), so that all the results concerning the com¬ 
pactness properties of the (iterated) Faddeev kernel apply equally well to the 
Lovelace kernel. 

We shall not discuss here in detail the various applications of the Faddeev- 
Lovelace equations to specific (non-relativistic) three-body problems. The 
three-nucleon problem has been analyzed by Mitra et al. [21] and by Sitenko 
et al. [22], who studied the triton binding energy and the doublet and quartet 
neutron-deuteron scattering lengths. Neutron-deuteron elastic scattering 
has also been studied by several authors [23]. 

More recently, possible applications of the Faddeev equations to a number 
of three-body atomic problems with Coulomb interactions have been 
investigated. A review of this work may be found in reference [24]. 

Finally, we remark that the Faddeev-Lovelace equations may be solved 
by iteration in order to generate multiple scattering expansions. We shall 
return to this point in the following section. 


19.4. Multiple scattering expansions 

19.4.1. Faddeev-Watson multiple scattering series 

Let us consider a three-body scattering process in which particle 1 is initially 
incident on the bound pair (2, 3). The (on-shell) transition matrix element 
corresponding to the transition la -* f/? is then given by 

<fj?|^|la> = <& {fi \U n \& la > = <^|t7 fl |<D la > (19.85) 

where U fl and U fi are the Lovelace operators defined in the preceding section. 
For elastic and inelastic (excitation) scattering, one has f = 1 so that 

1 + (2, 3) -» 1 + (2, 3) 

or (19.86) 

1 + (2, 3) 1 + (2, 3)*, 

where the asterisk denotes an excited state. 

For rearrangement collisions such as “pick-up” or “knock-out” reactions 


we have either f = 2 or f = 3 corresponding 

to the processes 


1 + (2, 3) - (1, 3) + 2, 

f = 2 

(19.87) 

and 



1 + (2, 3) - (1, 2) + 3, 

f = 3. 

(19.88) 


Evidently the term “pick-up” or “knock-out” depends on the labelling of the 
particles. For example, in the reaction (19.87) the particle 3 is picked up by 
particle 1, while the particle 2 may be said to be “knocked-out” from the 
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bound system (2, 3). Usually these terms apply to the lightest particle of a 
bound pair [25]. Finally, the case f = 0 corresponds to the break-up process 

1 + (2, 3) 1 + 2 + 3 (19.89) 

which is also called ionization in the case of atomic processes. 

In what follows we shall be interested in obtaining multiple scattering 
expansions [26-32] for the various transition matrix elements corresponding to 
direct (elastic and inelastic) scattering, rearrangement collisions and break up 
processes. As we shall see, such expansions are particularly useful at high 
energies , i.e. when the relative kinetic energy of the incident particle 1 with 
respect to the target (2, 3) is large compared to the binding energy of that 
target. We shall assume from now on that this high-energy condition is 
satisfied. 

Let us start with the case f = 1 and return to the Lovelace equations 
(19.82)—(19.84). A first iteration of eq. (19.83) yields 

u 21 = V u U 31 = V t (19.90) 

U lt = V t + T 2 G 0 V t + T 3 G 0 V 1 . 

Iterating a second time, we have 

U 2 1 = V t + T 1 G 0 V 1 + T 1 G 0 T 2 G 0 V l + T^oT^oV, + T 3 G 0 V U 

U 31 = v t + T X G 0 V X + T X G 0 T 2 G 0 V X + T l G 0 T 3 G 0 V i + T 2 G 0 V U 

U n = V x + T 2 G 0 V t + T 3 G 0 V t + T 2 G 0 T l G 0 V 1 + T 2 G 0 T 3 G 0 V t 

+ T 3 G 0 T i G 0 V 1 -I- T 3 G 0 T 2 G 0 V l + .... 

Using the fact that 

V t = V - V 1 = V 2 + V 3 

and eliminating the potentials in favour of the T-matrices by repeated use of 
eq. (19.9a), we find from eq. (19.85) that for elastic and inelastic scattering 
(where f = 1) the relevant T- matrix element <l/?|5" s |la> is given by the 
multiple scattering expansion 

<m^s\loc> = <4>i fi \U n \0 la > (19.91a) 

with 

Un = T 2 + T 3 + T 3 GqT 2 + T 2 GqT 3 + T 2 G Q T i G 0 T 2 + T 2 GqT 3 GqT 2 

+ T 3 G 0 T 1 G 0 T 2 + T 2 G 0 T i G 0 T 3 + T 3 G 0 T 1 G 0 T 3 + T 3 G 0 T 2 G 0 T 3 + ... 

(19.91b) 

Similarly, for a rearrangement collision corresponding to the choice 
f = 3, namely 

1 + (2, 3) (1, 2) + 3 

we find that the T matrix is given by 

<3j9|^ R |la> = (19.92a) 

with 

U 31 = V 3 + T 2 + T x G 0 T 2 + T y G q T 3 + T 2 G 0 T 3 + .... (19.92b) 
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For three-body break-up collisions, we must first include the channels 
i = f = 0 in the Lovelace equations as described above (i.e. by defining 
T 0 = 0). It is then a simple matter to generate a multiple scattering series for 
the operator U 0l9 with the result 

<0j8|<T B |l a > = (19.93a) 

and 

Uoi = T 2 + T 3 + T 1 G q T 2 + T 3 G 0 T 2 4- T 1 G q T 3 + T 2 G 0 T 3 + .... 

(19.93b) 

The rules for obtaining higher-order multiple scattering terms in the 
expansions (19.91)—(19.93) are easily derived: 

(i) Start from the right with a two-body T matrix for any one of the pairs 
which participate in the initial interaction = V — V\ 

(ii) Write G 0 and T x alternatively, avoiding the repetition of adjacent 
indices. 

(iii) Terminate to the desired order with a two-body T-matrix for any of the 
pairs which participate in the final interaction V f = V — V f . 

Our multiple scattering expansions (19.91)—(19.93) have been obtained 
thus far by using the Lovelace operators U n . Similar expansions may 
evidently be written down by making use of the operators U n . For direct 
collisions (f = 1) one immediately finds again eqs. (19.91), while the new 
rearrangement and break-up series are given respectively by 

U 31 = V 1 + T 2 + T x G 0 T 2 + T t G 0 T 3 + T 2 G 0 T 3 + ... (19.92') 

and 

U 0 i = V 1 + T 2 + T 3 + T t G 0 T 2 + T 3 G 0 T 2 + T l G Q T 3 + T 2 G 0 T 3 + ... 

(19.93') 

We conclude immediately by comparing eq. (19.93') with eq. (19.93b) that the 
term V 1 = V 23 should not contribute to the transition matrix element, 
so that = This may easily be verified, since 

<*o,1^1*1.) = = 0. 

Let us now comment briefly on the physical interpretation of the multiple 
scattering series which we have generated. First of all, we note that these 
multiple scattering expansions are rearrangements of the corresponding 
Born series. For example, in the case of elastic or inelastic scattering, cor¬ 
responding to the process 1 + (2, 3) -* 1 + (2, 3), the Born series for the T 
matrix is given by 

<lj9|^ s |la> = <*„! V t + V 1 G 1 V 1 + V 1 G 1 V 1 G 1 V 1 + ... |<f> la > (19.94) 

with 


and 


Vt = V - V 1 = v 12 + v 13 = V 2 + V 3 
Gj = G 0 + G 0 V 1 G 1 . 


(19.95a) 

(19.95b) 
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Using eqs. (19.95) together with eqs. (19.8)—(19.11), we may sum the 
subseries in V 2 and V 3 appearing in eq. (19.94) to all orders in the interaction 
potentials. The result, expressed in terms of T matrices, is given by eqs. (19.91). 
Similar results hold for the rearrangement and the break-up case, leading 
respectively to eqs. (19.92) and (19.93). 

Closely connected to the preceding remark is the fact that if we write 
approximately (for weak couplings) 

Ti ~ V 1 (19.96) 

and limit our expansions (19.91)—(19.93) to the first order in the interaction 
potentials , we find that eqs. (19.91) give 

<lfl^,|la> ~ (0 ltI lV 2 + F 3 |<*> la > (19.97a) 

while eqs. (19.92) become 

< 30 |iT R |la> ~ <<*> 3,1 F 2 + F 3 |<P la > (19.97b) 

and eqs. (19.93) yield 

<0jS|«r B |la> ~ <* 0 , \V 2 + V 3 \ <P la >. (19.97c) 

The three expressions (19.97) are just the first Born approximations for these 

processes (in the prior form). It is very important to note that the approxima¬ 
tion (19.96) is obviously valid only for weak couplings. For any problem in 
which the potentials can bind particles the validity of the first Born expres¬ 
sions (19.97) must be examined carefully. 

Let us now return to the multiple scattering expansion (19.91b) for the 
transition matrix corresponding to direct (elastic and inelastic) scattering. 
Another simple approximation consists in keeping only the terms which 
involve only one two-body T- matrix, so that 

- T 2 + T 3 . (19.98) 

This approximation is known as the impulse approximation [33-38] for the 
process 1 + (2, 3) —► 1 + ( 2 , 3). We note that the two-bodv T-matrices T 2 
and T 3 describe the scattering of the incident particle 1 by the two target 
particles 2 and 3 as if those particles were free. The effect of the interaction 
V 2 3 between the two target particles appears only in higher order terms of the 
series (19.91b). We shall return in more detail to the impulse approximation 
while analyzing high-energy hadron-deuteron scattering in Section 19.6. 

As a final remark, we note that the multiple scattering expansions derived 
1 above may also be obtained from the Watson multiple scattering theory [38]. 
We shall therefore refer to these expansions as Faddeev-Watson multiple 
scattering series; they may readily be generalized to collisions involving more 
than three particles. 

19.4.2. Eikonal multiple scattering expansions 

We shall now obtain multiple scattering expansions within the framework 
of the eikonal approximation. The generalization of this approximation to 
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many-body scattering problems is due to Glauber [39-41], who applied it 
extensively to high-energy hadron-nucleus collisions. 

Although in Sections 19.5 and 19.6 we shall apply the Glauber theory to 
three-body problems, we shall formulate the method here for the more 
general case of a fast particle A incident on a target B which contains N 
scatterers. 

Before we do this, however, let us first recall a few important formulae for 
high-energy two-body scattering in the eikonal approximation. Let r be the 
relative coordinate of the two particles, whereas k { and k f are the initial and 
final relative momenta. We choose the z-axis to be perpendicular to the 
wave vector transfer A = k { — k f (see Section 9.1) and decompose the vector 
r as 

r = b + z£ (19.99) 

where b is the “impact parameter” vector, perpendicular to the z-direction. 
The scattering amplitude is then given in the eikonal approximation by [see 
eq. (9.37)] 

/e = ^j| d 2 f> exp(y • b)(exp{v/(b)} - 1) (19.100) 

where k = |kj| = |k f | and x(b) is the phase shift function. [In order to 
simplify the notation we do not write explicitly the /^-dependence of /.] 
Defining the quantity 

r(b ) = 1 - exp[i x(b)\ (19.101) 

we may rewrite eq. (19.100) as 

/e = j* d 2 b exp(y • b)r(b). (19.102) 

It is important to remark that the derivation of eq. (19.100) does not 
require the existence of a potential to describe the collision process. As we 
already showed in Chapter 9, it is sufficient to sum the partial wave series in 
the high-energy, small angle limit to obtain eq. (19.100). 

The basic expression (19.100) has been obtained in the C.M. system of the 
two colliding particles. However, for high-energy small angle scattering 
eq. (19.100) may easily be shown to retain its validity in the laboratory 
system [42]. The only modification is that k { and k f are now replaced by the 
initial and final momenta /r L and k' L of the projectile in the laboratory frame. 
Of course, the magnitude of k' L is now smaller than that of /r L because of recoil 
effects, but the energy transfer (which is proportional to the square of the 
momentum transfer) is very small for scattering near the forward direction. 
We shall neglect it in what follows and evaluate the laboratory two-body 
scattering amplitudes for k L = k' L . 

We now consider the scattering of a fast particle A by a composite target 
B containing N scatterers. We assume that the motion of the target particles is 
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slow by comparison with the relative motion of A and B. Moreover, we sup¬ 
pose that the incident particle interacts with the target scatterers by means of 
two-body spin-independent interactions. We also neglect possible exchange 
effects between the incident and target particles. The Glauber scattering 
amplitude for a direct collision leading from an initial target state |0> to a 
final state |m> is then given in the center of mass system by 

fmo = j* d 2 b exp(y • 6)<m|[exp{ixS,(fr, b u .. . b N )} - 1]|0> (19.103) 


the corresponding differential cross section being such that 


do’mO ^f. rG |2 

d Q /Ci mo1 * 

(19.104) 

Here A = k { — k { is the C.M. wave vector transfer, while 


y = b + z£ 

(19.105) 

is the initial relative coordinate and 


r j = b i + z £ 

(19.106) 


are the coordinates of the target particles (with respect to the target center of 
mass). The z-axis may be chosen along k { for small angle collisions, but we 
shall also consider other choices below, in particular the one which consists in 
taking £ to be perpendicular to A. The total Glauber phase shift function 

X? 0 t(b,b u ...b N )= £ X j(b ~ bj) (19.107) 

j= i 

is the sum of the phase shifts Xj contributed by each of the target scatterers 
as the wave representing the incident particle progresses through the target 
system. This crucial property of phase-shift additivity is clearly a direct 
consequence of the one-dimensional nature of the relative motion, together 
with the neglect of three-body forces, target scatterer motion and longitudinal 
momentum transfer. 

It is important to note that the Glauber expression (19.103) only applies to 
collisions for which the energy transfer A E is small compared with the 
incident particle energy E { . This is true for elastic collisions and for “mildly” 
inelastic ones in which the target is excited or perhaps breaks up. It is not 
true for “deeply” inelastic collisions in which the nature of the incident or 
target particles is modified or the number of particles is altered during the 
collision. We shall leave aside such processes in what follows. We also note 
that if we neglect recoil effects (which are small near the forward direction) 
we may write the Glauber scattering amplitude in the laboratory system as 

/So = ^ J d 2 * exp(i q ■ 6)<m|[exp{i^ t ° (b, b u ... b N )} - 1]|0> (19.108) 

where q = Jt L — k' L is now the laboratory wave vector transfer. This last 
expression is more suitable for the analysis of high-energy hadron-nucleus 
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collisions because we want the nuclei to remain non-relativistic and we also 
wish to use directly hadron-nucleon data in order to study hadron-nucleus 
collisions. 

Following Glauber [40], we define the quantity 


so that eq. (19.108) becomes 


f G r c 

}m0 2tt J £ 


Let us now introduce the objects 


Act = 1 - n [1 - A(* - bj)-] 

j= 1 


or 


Act = Z A - Z A A + ••• + (- If" 1 n A- 


... 6jv)] 

(19.109) 

... mo>. 

(19.110) 

- bj)l 

(19.111) 

•ite 

(19.112) 

N 

r 1 n r. 

(19.113) 


j =i j*i j =i 

This last equation, when substituted into eq. (19.110), leads directly to an 
interesting interpretation of the collision in terms of a multiple scattering 
expansion. Indeed, by inverting eq. (19.102), one may obtain the quantities 
rj in terms of the two-body scattering amplitudes describing the scattering 
of the incident particle by the j th scatterer [43]. Hence, the terms linear in 
Tj on the right-hand side of eq. (19.113) account for the “single scattering” 
(impulse) approximation to the scattering amplitude, whereas the next terms 
provide double, triple,. . . scattering corrections. We note that the order of 
multiple scattering can at most be N, reflecting the fact that the scattering 
is focused in the forward direction. 

It is important to realize that the Glauber generalization of the eikonal 
method described above makes no reference to interaction potentials . Only 
the two-body phase shift functions (or the functions rj) must be known in 
order to obtain r to t- This fact makes the Glauber theory particularly useful 
for analyzing hadronic collisions, in particular high-energy hadron-nucleus 
scattering, as we shall illustrate in Sections 19.6 and 20.3. 

If the basic two-body interactions are known, as in atomic physics, we can 
actually obtain the eikonal scattering amplitude in terms of these interaction 
potentials. For example, let us consider the non-relativistic scattering of a 
charged, “elementary” particle by an atom. Working in the center of mass 
system, we write the full, many-body eikonal wave function as a generalization 
of the expression (9.30), namely 


Yjr, X ) = (2n )~ 3/2 exp 


if- 


z' 


V i (b,z',X)dz' U(X). (19.114) 
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Here r is the initial relative coordinate, Ui = hk l /M l is the initial relative 

velocity (with M x being the reduced mass in the initial channel) and the 

symbol X denotes collectively the target coordinates. The potential V x is the 
full initial channel interaction between the incident particle and all the 
scatterers in the target. The corresponding eikonal transition matrix element 
is then given by eq. (14.157) in which the exact scattering state vector *Fi +) is 
replaced by !F E . Thus 

<b|^|a> ~ <* 5 |K f |y E >. (19.115) 

Clearly, a similar formula may be obtained by using the exact expression 
< < Fb _) |J / il^a> [see eq. (14.157)] and replacing in it the state vector 'Fi~ ) by 
the corresponding eikonal wave function (whose phase now contains F f , the 
full interaction between the outgoing particles in the final state). Calling 
T' E this eikonal wave function, we then have also 

<b|iT|a> ~ < W|<Z> a >. (19.116) 


Let us now return to eq. (19.115). For a direct collision (such that V\ = 
V f = V d ) leading from an initial target state |0> to a final target state |m>, 
we deduce from eq. (15.54) that the many-body eikonal scattering amplitude 
is given by 


fmO 


f 


d 2 b dz exp(y • r) 


m 


2 nh 
Vjb, z, X ) expl 


[-if.. 


Vfb, z',X)dz 




(19.117) 


where M = M x = M { . 

For elastic scattering processes such that l/rj = |A>| = k 9 and if we choose 
the z-axis to be perpendicular to A, we may perform the z-integral in eq. 
(19.117) to obtain the Glauber result [cf. eq. (19.103) with |m> = |0>] 


f G 

/el 

with 


k 

2m 


d 2 b exp(iJ • 6)<0|[exp{i^ t (ft, b„ 


■ ■ b N )} - 1]|0> 


X?ot(b, b u 


i r- 

Ub,z,X)dz. 


(19.118) 

(19.119) 


We remark that for inelastic (direct) processes the Glauber scattering ampli¬ 
tude (19.103) can only be obtained from the more general expression (19.117) 
by neglecting the longitudinal momentum transfer. Indeed, A now lies along 
k { (and not perpendicular to it) in the case of forward scattering. 

Instead of generating a multiple scattering series in terms of the quantities 
rj (which in turn may be obtained in terms of two-body scattering ampli¬ 
tudes) we may also obtain from eq. (19.103) another multiple scattering series 
which is more closely related to the one we have analyzed in Section 9.1 
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within the framework of non-relativistic potential scattering. As an example, 
let us consider the case of elastic scattering for which we write the Glauber 
amplitude (19.118) as 

/S = £ fan (19.120) 

n= 1 

where 

Jo. = 2^i fl | d2b exp(y ' b)< ° l ^‘ (b ’ *!’ • •• M"|0>. ( 19 - 121 ) 

As in the case of potential scattering, it is interesting to compare the 
Glauber series (19.120) with the corresponding Born series 

/e. = f /b„- (19.122) 

n= 1 

Here /b«» the term of order n of the Born series, contains n times the full 
interaction Vd between the incident particle and the target. We immediately 
note that if the Glauber phase shift function x?ot ls evaluated along a z-axis 
perpendicular to A, then 

/gi =/bi- (19.123) 

Higher terms of the Born and Glauber series will be examined below (see 
Sections 19.5 and 21.1) for the case of elastic electron-atom scattering. 


19.5. Electron-hydrogen collisions 

As a first example of a realistic three-body problem, we shall now give a 
brief account of electron collisions with atomic hydrogen. Such processes 
have been extensively studied by numerous theoretical methods [44]. We 
shall only discuss here a few of them which have proved to be particularly 
useful. 

19.5.1. Preliminaries 

Let us first establish some basic formulae pertaining to electron-hydrogen 
scattering. We shall denote respectively by r 0 and r t the coordinates of the 
“incident” and the “atomic” electron with respect to the (infinitely heavy) 
proton. In what follows we shall also neglect spin-dependent interactions 
(which are very small). Thus the spins of the two electrons will only influence 
the scattering through the Pauli principle and the spin of the proton will be 
neglected. We assume that in the initial state the hydrogen atom is in the 
ground state, described (in atomic units [45]) by the wave function 


1 



THREE-BODY PROBLEMS 


537 


The free electron in the initial state, having a wave vector k i and a spin 
orientation v 0 is described by the wave function 

<£*i,vo = (2ji)“ 3/2 exp(i* r f 0 )xvo(%) (19.124) 

where s 0 is the spin variable of the incident electron. We shall also use the 
notation 


Xm(so) = a(0) = 


X-liiiso) = P( 0 ) = 


(19.125) 


If we denote by the spin eigenvector of the atomic electron, cor¬ 

responding to the spin orientation v b we see that the complete unsym¬ 
metrized free wave describing the initial state is given by 

<P a = (27r) _3/2 exp(i*- i -i- 0 )^ 0 (/- 1 )/vo(.s'o)Xv 1 (5 1 ) (19.126) 

while the corresponding energy is given by 

E & = h 2 k?/2m + w 0 , w 0 = - e 2 /2a 0 


or, in atomic units 


E a = + w 0 , W 0 = - i. (19.127) 

For example, if both electrons have initially “spin up”, we have 
<*>a = (2n)~ 3/2 exp(iAr r r o )^ o (/-i)a(0)a(l). 

We note that the free wave 3> a is an eigenvector of the initial arrangement 


channel Hamiltonian 

= - iv 2 - iV, 2 , -1. 

r 1 

The complete Hamiltonian of the system is given by 

H=- |V 2 o - *V ri — 

0 1 r 0 r t r 0I 


(19.128) 


(19.129) 


with r 01 = |r 0 - r t \. Thus the interaction potential in the initial channel is 


V t = H - -- + — . 

r 0 r 0i 


(19.130) 


Let us now consider some possible (unsymmetrized) final free states of the 
system. For elastic scattering we have 

4> b = (2 tt) _ 3/2 exp(iVr 0 )^o(ri)Xv^o)Xv;C*i) (19.131) 

and conservation of energy requires that 

E b = W + w 0 ; k { = w 0 = ~i- 

For direct excitation to the state |«>, one has 

& b = (27r)~ 3/2 exp(ik r r 0 )ip„(r 1 )x vi (s 0 )x vi (s 1 ) (19.132) 
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and conservation of energy yields 

E b = ik? + w„ = + w 0 . 

We note that both free states (19.131) or (19.132) are eigenstates of the 
arrangement channel Hamiltonian (19.128). For direct scattering we thus have 

H f d> b = E b <P b (19.133a) 

with 

H t = Hi = H d (19.133b) 

and 


1 1 

V t = ^ = V d -+ — . 

r 0 'oi 


(19.133c) 


We now examine exchange scattering, for which the incident electron takes 
the place of the atomic one. We then have in the final channel 


H t = -iV* -iV* -i 

r 0 

V { = H — H { = - — + — s V P . 

r i '’oi 


(19.134a) 


(19.134b) 

If the hydrogen atom is left in the ground state, the final free state is given 
4> Pb = (27t) _3/2 expOkfi-i) v K(r 0 ) X*b(s t )x,i(s 0 ) (19.135) 


w 0 = — i 


by 
with 

= ^b^Pb- 

Conservation of energy then gives 

E b = ikf + w 0 , = K 

For the excitation to the state |«>, we have 

<P Pb = (27r)" 3/2 exp(i* r r 1 )i/'„(» , o)x v '(5 1 )x v ' 1 (5o) (19.136) 

with the energy-conserving relation 

E b = W + w n = Wx + 

According to the general equation (16.160), the correctly symmetrized 
transition matrix element which we need in this case is 

f ba = r b d a - T&. (19.137) 

Here the direct transition matrix element (on-the-energy-shell E = E a = E h ) 
is given by 

TL = ( <P b \v d + v d -— l -—r VM 


E — H + is 


= <^bi^i^ +) > 
= <n _) |K.l^a> 


(19.138a) 

(19.138b) 

(19.138c) 
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with 

K +) = *. + r - TFITT V &- (19.138d) 

lL — il T 18 

On the other hand, the exchange transition matrix element (on-the-energy- 
shell) is such that 

Til = (** V? (or V d ) + V P - _ L- , e V d 0^ (19.139a) 

= <#rbUW' ) > (19.139b) 

= <'Tk ) IV d \$ a > (19.139c) 

where 

nV = <Pp b + - V P 0 Pb (19.139d) 

n, — /z — ie 

and [see eq. (14.159)] 

<^Pb|F P |^ a > = <<Z> Pb |F d |<Z> a >. (19.139e) 

Let us analyze eq. (19.137) in more detail. We assume for the moment 
that the incident electron has spin “up”. If the incident and atomic electrons 
have parallel spins before and after, the collision while the hydrogen atom is 
left in the state |«> (with |«> = |0> for elastic scattering), we have 

T„a(TT - tt) = TbaCfT - Tt) - 7ba X (Tt - tt) (19.140) 

where, according to eqs. (19.138) 

TbaCtt -*• TT) = <(2 tt) _ 3/2 exp(i*: r p o )W» , i)a(0)a(l)|F d |^ + Vo, r I )a(0)a(l)> 

= <(2 n)~ 3 ' 2 exp(i*: r p 0 )'/'„(» , 1 )|F d |^ +) (Po, r t )> = f b d a . (19.141) 

Here we have separated the full wave function *F< +) into its space and spin 
parts as 

n +) = !Ai + W riMO)a(l) 

and denoted by f b d a the direct matrix element from which the spin dependence 
has been removed. Similarly, we find from eqs. (19.139) that 

*S?(TT - TT) = <(2 n)- 3/2 exp(i* f V P \ ^ +) (r 0 , r,)) ee (19.142) 

where f b e a x is the exchange matrix element from which we have eliminated the 
spin dependence. 

Next, let us consider the case where the two electrons have antiparallel 
spins. We then find that 

7 &(U - U) = <( 27 t)- 3 / 2 exp(i* f .p o ) l /r„(p 1 )a( 0 )i?(l)|F d |^+>(p o ,p 1 )«( 0 )j 8 (l)> 
= <^n)- 3 l 2 exp(ik r r 0 )^„(r l )\V d \il/i + \r 0 ,r 1 )} = f b d a 
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while 

TbaCfl -*• tl) = <(2tt) _3/2 exp(iA- f •f I )iA n (fo)a(l)/?(0)| K P |^ +) (f 0 , r,)«(0)/?(l)> 
= 0 . 

Thus 

ran -*> u) = (19.143) 

Finally, for spin-flip scattering, we have 

n a (U - IT) = <(2tt)- 3/2 exp(iAr f •i , o)^„(i , 1 )/i(0)a(l)| V A \^\r 0 , r^a^l)) 
= 0 

and 

7?;(U -*■ it) = <(2jr) -3/2 exp(i*- f .r 1 )^„(r o ))S(l)a(0)|Fp|^ +) (i-o,ri)a(0)^(l)> 
= <(2rt)“ 3/2 exp(i* r i- 1 )^„(»- 0 )|Fp|^ +) (i- 0 ,r 1 )> = f b ” 

so that 

T b a(U - it) = tK. (19.144) 


To obtain the differential cross section associated with each of these (non- 
relativistic) processes, we insert the properly symmetrized transition matrix 
element T ba in eq. (15.48). Using atomic units, we then have 


£-<w*nu*. 

(19.145a) 

Thus, from eqs. (19.140)—(19.142) we find that 


^(tr - tt) = (2«> 4 £i Tt - fgi ! 

(19.145b) 

while eq. (19.143) yields 



(19.145c) 

and eq. (19.144) gives 


Sm-w-iwiJfBi*. 

(19.145d) 


Finally, let us consider the important case where the beam and target are 
unpolarized and no attempt is made to distinguish between the various 
final spin states. The differential cross section corresponding to such a situa¬ 
tion is given by 
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In terms of the direct and exchange scattering amplitudes which are given 
respectively by 

Aa = - (2n) 2 tt (in a.u.) 
and 

0ba = - (2rc) 2 ?ba (in a.u.) 
we may also write eq. (19.146) as 

% = “ D/bal 2 + Itfbal 2 + l/ba ~ ffj 2 ]. (19.147) 

This formula may be easily interpreted by recalling that particles with 
different spin components are distinguishable. Thus in half the collisions, the 
two electrons have different spin orientations, so that the differential cross 
section is simply the sum (k { /k{)\f ha \ 2 + (k f /kj\g ha \ 2 of the direct and exchange 
cross sections. In the other half the two electrons are truly indistinguishable, so 
that an antisymmetric space function must be used, leading to the scattering 
amplitude / ba — g bfx . It is also worth noting that eq. (19.147) may be written 
as 

[ilA. + aJ 2 + ilAa - g b fl (19.148) 

Thus we verify that for a random mixture of initial spin states and all final 
spin states the cross section must be computed with a symmetric spatial 
wave function in one quarter of the cases and with an antisymmetric spatial 
wave function in the remaining three quarters. This is clearly a direct con¬ 
sequence of the Pauli principle , which requires that the wave function of a 
system of identical fermions must be completely antisymmetric. Indeed the 
only antisymmetric spin function corresponding to the singlet (S = 0) state 
of the two-electron system considered here is given by 

-^O(0)/!(l) - «(l)/?(0)]. 

This spin function must multiply a symmetric spatial wave function 
i// s=0 (r 09 #*i) such that ^ s=0 (i* 0 , i*i) = *A s=0 (**i> **o)- On the other hand, the 
three symmetric spin functions corresponding to the triplet (S = 1) state, 
namely 

a(0) a(l) 

m m 

-l[«(0)i?(l) + a(l)j$(0)] 

must multiply an antisymmetric spatial wave function i j/ s= ^fo, r x ) [such that 
<A s=1 (»o, 'i) = -^ s=1 (r t , r 0 )]. 
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19.5.2. The scattering of fast electrons by atomic hydrogen . 

First order calculations . 

We shall now compute a few typical electron-atomic hydrogen cross sections 
in the case that the incident electrons have a large kinetic energy with respect 
to the binding energy of the target. Expressed in atomic units, this condition 
means that 

k\ > 1. (19.149) 

For example, when k { = 3, the kinetic energy of the incident electron is 
given by kf/2 = 4.5 a.u. which is about 120 eV. 

We shall show below that when the condition (19.149) is satisfied, exchange 
effects are relatively small so that - as one would expect on physical grounds - 
direct collisions dominate at high energies. For this reason we shall first 
calculate various high-energy electron-hydrogen cross sections by neglecting 
exchange effects. 

Let us now consider in more detail the direct transition matrix element 
% b a corresponding to a collision in which the hydrogen atom, initially in the 
state |0>, is left in the state |«>. It is given by eq. (19.141), namely 

tL = <(2tt)- 3/2 exp(i* f .r 0 )^(r 1 )|F d |iA< + >(i- 0 , r,)) (19.150) 

with 

K = 1/roi ~ llr 0 . 

Since we are considering the high-energy region such that the condition 
(19.149) applies, it is reasonable, as a plausible starting point, to evaluate the 
direct T- matrix element (19.150) in first Born approximation [see Chapter 8 
where high-energy (non-relativistic) potential scattering is discussed]. This 
procedure is justified in many, but not all circumstances [46]. Thus we write 

i) - <Z>a(»o, »-i) = (27r) _3/2 exp(iA- r f- 0 )^ 0 (r,) 

so that 

ft a (Born) = (2 tt) _ 3 f exp(id • i , o)^*(r 1 )TL - 1 j ^ 0 (r,) dr 0 dr, 

J L r 01 r 0J 

(19.151) 


where the momentum transfer A (expressed in atomic units) is such that 

A = k x - k { . (19.152) 

Defining the objects 


A„o(r 0 ) = ( n 


1 1 


(19.153) 


we may also write 


^ba(Born) = (2n) 3 Jexp(id-r 0 )/l„o(ro)dro. 


(19.154) 



THREE-BODY PROBLEMS 


543 


Hence, after evaluating the quantities A n0 we have just to perform a simple 
Fourier integral (as in the case of potential scattering, see Chapter 8) in 
order to obtain the direct Born transition matrix. 

An alternative method consists in first evaluating the integral on r 0 appear¬ 
ing in eq. (19.151) by using the fact that 


f exp(iJ • r 0 ) 4n 
I dr 0 — —- 

J r oi d 


dr 0 = exp(iJ * i*i). 


(19.155) 


The integral on the variable r u involving the bound state wave functions, is 
then performed afterwards. 

Let us illustrate these formulae on a few typical processes, 
i) Elastic scattering 
In this case the quantity 


^ooO'o) 



VM 


is just the average (static) potential felt by the incident electron in the field of 
the hydrogen atom. This quantity is easily evaluated in the following way. 
We first write, using the explicit form of ^ 0 (a*i), 

n,(r 0 ) = - fexp(-2r 1 /L _ i) dr,. (19.156) 

n J V r oi r 0 J 


Next, we develop the quantity /fo 1 in spherical harmonics as 


1 

r ot 


00 


z 



4n (r<y 

21 + l ( r> ) l+1 


YMYfJP,) 


(19.157) 


where r> is the greater of r 0 and r u and r< the lesser of them. Because the 
function exp(—2r t ) appearing in eq. (19.156) does not depend on the angular 
variables of r u we may easily perform the angular integrations. Only the 
first term on the right of eq. (19.157) - corresponding to / = m = 0 - 
contributes to the integral and 


Fst(r 0 ) = 4 J o dr ! r i ex P(- 2r i)|jr- - “J 

where we have used the fact that 7 00 = (4n)~ 1/2 . Breaking the integration 
in two parts as 


we then have 


Poo pro poo 

Jo JO J r 0 


dr, r\ exp( 




This last integral is easily performed with the result 

r st (r„) = - (1 + 1 lr 0 ) exp(-2r 0 ). 


(19.158) 
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We note that the static potential (19.158) which is real and of short range 
does not include several important features of the collision. For example, it 
does not take into account the polarization of the atom due to the presence 
of the incident electron. Moreover, at energies above the first excitation 
threshold of the target the static potential (19.158), which has no imaginary 
part does not account for the removal of incident particles from the initial 
(elastic) channel. Finally, exchange effects are not present in the static 
potential. We shall return to these questions in Section 20.4. 

It is worth noting, however, that for small values of r 0 the static potential 

(19.158) correctly reduces to the bare Coulomb interaction — l/r 0 acting 
between the incident electron and the proton. We therefore expect that the 
static interaction (19.158) will govern the elastic (direct) collisions involving 
small distances r 0 . Hence, when k { > 1 and if exchange effects can be 
neglected, the static interaction (19.158) will give an adequate description of 
large angle elastic scattering which precisely involves small impact parameters. 

Let us now calculate the transition matrix element. Using eqs. (19.154) and 

(19.158) , we have 

f^(Born) = - (2 tt) - 3 J*exp(id • r 0 ) exp(-2r 0 )^l + ^ dr 0 . (19.159) 

The angular integrals are easily performed by expanding the plane wave 
exp(i A r 0 ) in Legendre polynomials or in spherical harmonics as 

exp(id • r 0 ) = £ (21 + l)i ‘j,(4r 0 )P, (19.160a) 


exp(iJ • i- 0 ) = 4n £ £ i‘j,(Jr 0 )Y lm (^)Yf m (P 0 ). (19.160b) 

1 = 0 m = —l 

Since the rest of the integrand in eq. (19.159) is spherically symmetric, only 
the first term of the expansions (19.160) has to be taken into account, so that 

f^Born) = - (2n)~ 3 4n J* dr 0 r%j 0 (Ar 0 ) exp(-2r 0 )^l + ^ (19.161) 

with j 0 (x) = sinx/x. The integral (19.161) is now easily performed, and 
yields 

t e.(Born) = - (2n 2 )~ • (19-162) 

For elastic scattering we have l/ql = |& f | = k and the length A of the vector 
A is given from eq. (19.152) by 

A = 2k sin 

where 0 is the scattering angle between the vectors k { and k f . 


(19.163) 
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Using eq. (19.146) we may then write the differential cross section for elastic 
scattering without exchange in first Born approximation as 


= (27t) 4 |t‘,(Born)| 2 = 4 


(. A 2 + 8) 2 
(A 2 + 4) 4 


/d<r\ _ (fc 2 sin 2 ±0 + 2) 2 
^d£lj el = 4(fe 2 sin 2 id + l) 4 ‘ 

The corresponding (Born) total cross section <rgj t is given by 

s k 2 sin0 d6 


or, since AdA = k 2 sin 6 d 9 


d 6 sin 9 


This last integral is easily performed, with the result 
el _ 7/c 4 + 18/c 2 + 12 
<T,ot _ n 3(1 + k 2 ? • 

We note that as k becomes large we have 

e. 1 * 1 

<T ei ^_ 

tot ~ 3 k 2 


(19.164) 


(19.165) 


(19.166) 


(19.167) 


so that, as in the case of potential scattering (see Section 8.2) 

<J, ~ ae; 1 (19.168) 

E-+ao 

where A is a constant and E e = \k 2 is the kinetic energy of the incident 
electron (in atomic units). 

The differential and total first Born elastic cross sections (19.164) and 
(19.166) are illustrated respectively in Figs. 19.2 and 19.3. 

ii) ls-2s excitation 
We now evaluate the quantity 

iW'o) = As — - - Is) (19.169) 

\ r oi r 0 / 

where 

'I'isiri) = ^ q=(2 - r 1 )exp(-ir 1 ). 

Because of the orthogonality of the functions t/'isO'i) and <j/is(ri) the term 
<2s|l/r 0 |ls> vanishes. Thus 

' 4^yj|«lK-}'-iX2 - r,)i dr,. 
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Fig. 19.2. The first Bom differential cross section for elastic scattering of electrons by 
atomic hydrogen (without exchange) as a function of the scattering angle 0, for 100 eV, 
200 eV and 300 eV incident electrons. 



100 200 300 400 E(eV) 


Fig. 19.3. The first Bom total cross sections for elastic, Is ^ 2s and Is -► 2p electron- 
atomic hydrogen collisions (without exchange) as a function of the incident electron energy. 
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This expression is easily evaluated by expanding in spherical harmonics, 
with the result 


4 

^is.isOo) = ^-^exp(-|r 0 )(r 0 + f). 


Hence 


^ 2 s,i s (Born) = ( 2n) 3 j*exp(id • r 0 ) exp(-|r 0 )(r 0 + f) dr, 
\ — 3 1671^2 


= (2 n)~ 


V 2 + I ) 3 


(19.170) 


so that 


dcr\ _ k ( 128 
dOy 2s, l s " fci + I) 6 * 


(19.171) 


Here k\ and k f are related by 


or 

so that 


\k\ + w ls = \k] + w 2s 
} 

fef = (fcf - f) 1/2 - 


Furthermore, if 6 is the scattering angle between the vectors and A: f , we 
have 

A = (kf + kf — 2k { k { cos 0) 1/2 . 

The first Born differential cross section (19.171) is illustrated in Fig. 19.4 for 
several incident electron energies. 

It is worth noting that the first Born transition matrix element (19.170) 
falls off like A~ 6 for large momentum transfers, i.e. much faster than the 
first Born elastic transition matrix element (19.162), which behaves like A~ 2 
for large A. However, it may be shown that the imaginary part of the second 
Born term corresponding to the transition Is -► 2s behaves like k _1 A~ 2 for 
large k and large A , so that the second Born term dominates the scattering at 
high energies and large momentum transfers. This is in accordance with the 
remark made in [46]. 

Let us now return to the first Born differential cross section (19.171). The 
corresponding total first Born cross section is given by 

128 C kl+kt 1 

= (19172) 

where we have used the fact that A dA = k { k { sin 9 d 9. Although this 
integral is readily evaluated analytically, we shall only be interested here in its 
leading term at high energies. 
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We first note that most of the contribution to this integral arises from the 
region near the lower limit of integration (i.e the region of low momentum 
transfers) where the first Born approximation precisely governs the scattering 
at high (non-relativistic) energies Moreover, since kf > 1 , we may write 

*r = (*? - *) ,/2 - *.(1 - gp + • • •) 


so that 


and 



k { + k { ~ 2k { . 



Fig. 19.4. The first Born differential cross section for excitation of the 2s state of hydrogen 
by electron impact (without exchange) as a function of the scattering angle 0, for 100, 200 

and 300 eV incident electrons. 

Since most of the integral arises from the region of low momentum transfers 
and because 


(*■ - ><f) 2 - 


64 kf 


< t 
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we may obtain the leading term of the total cross section at high energies by 
taking the limits of integration to be 0 and oo. Then 


or 


2s, Is 
“'tot 


„ 128 r x 


dA A 


(A 2 + If 


a 


2s, Is 
tot 



(19.173) 


Again we observe that this cross section falls off like E ~ 1 for large E e . Further¬ 
more, by comparing eqs. (19.167) and (19.173) we see that the asymptotic 
total cross section for ls-2s excitation is about five times smaller than the 
corresponding asymptotic elastic cross section. The total first Born cross 
section for ls-2s excitation is shown in Fig. 19.3. 


iii) ls-2p excitation 

Although the calculation of the ls-2p excitation cross section may be 
performed as above by first evaluating Ai Vt u and then f^ p>ls (Born), we shall 
apply here another method, in which the integration on the variable r 0 is 
performed first. We return therefore to eq. (19.151) which yields in this case 

f^ p , ls (Born) = (2n)~ 3 f exp(izl • roWfptr,)-^ ( r ) dr 0 dr,. 

J r 0l 


We note that the term r q 1 in the integrand of eq. (19.151) does not contribute 
because of the orthogonality of ^ 2p and ^is. Then, using eq. (19.155), we 
find that 

? 2 p,i s (Born) = 2^2 J '/'ipOi) exp(iJ • r,>Mr,) diV (19.174) 

More generally, for any inelastic transition leading from the initial state |0> 
to the final state | n) of our hydrogen atom target we have [47] 

f^o(Born) = J exp(y Tj^o^i) dr,. (19.175) 

The integral (19.174) is readily performed by choosing the quantization 
axis to lie along the momentum transfer A. Then the factors exp (±i<M that 
appear in the wave functions for the magnetic substates m = ± 1 of the state 
|2p> prevent those substates from being excited (by integration over the angle 
{). The only final substate which is excited (within the framework of the 
first Born approximation) is then the state 2p (m = 0) [which is also called 
2p 0 or 2pJ. Its wave function is given by 

2p I ( r i) = 2 3 / y 3 r, exp(-ir,)y 1>0 (? 1 ) 
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y i,o(*i) “ /4^ C0S 01 * 


Hence the transition matrix element (19.174) is given by 
t\ p , ls (Bom) = (2 n)~ 3 


(19.176) 


Note that this expression is purely imaginary. The corresponding first Born 
differential cross section is then 


d<r\ _ k { 288 
d^Ap.is " k { A 2 (A 2 +|) 6 


(19.177) 


fef = (kf - f) 1 / 2 . 

Because of the presence of the factor A~ 2 , this cross section exhibits at 
small angles a stronger peak than the one corresponding to the elastic or the 



Fig. 19.5. The first Born differential cross section for excitation of the 2p state of hydrogen 
by electron impact (without exchange) as a function of the scattering angle 8 , for 100, 
200 and 300 eV incident electrons. 
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ls-2s differential cross sections. For large momentum transfers we note that 
the first Born transition matrix element (19.176) falls off like A “ 7 , i.e. much 
faster than the elastic first Born transition matrix element (19.162). 

However, it may be proved that the second Born term corresponding to the 
transition Is -* 2p governs the scattering at high energies and large momen¬ 
tum transfers. This dominance of the second Born term, which we already 
encountered above in the case of the Is -* 2s transition, is a general feature 
of high-energy inelastic electron-atom collisions occurring at large momen¬ 
tum transfers. 

Returning to the first Born differential cross section (19.177), we see that 
the total cross section for Is -» 2p excitation is given in the first Born approx¬ 
imation by 


= 2 n 


288 

kf 


i+k t 


L dA w 2 


+ !) 


(19.178) 


The above integral is easily evaluated analytically. However, as for the 
Is —► 2s transition, we shall only be interested in obtaining the leading term 
of the cross section at high energies. As in the case of the ls-2s excitation, we 
note that most of the contribution to this integral arises precisely from the 
region of small momentum transfers, where the first Born approximation 
dominates the scattering at high energies. 

It is clear from eq. (19.178) that the leading term of this expression at high 
energies cannot be obtained by simply setting the lower limit of the integral 
to be zero, since the integrand is singular at A =0. Instead, let us introduce 
a fixed wave number k and break the integral (19.178) in two parts as 

rki+kt rk pfci + fc f 

+ • 

J ki kt J ki ki J k 


Taking the upper limit to be +oo, we may then write the right-hand side of 
eq. (19.178) as the sum of two terms, namely 

<r t 2 0 P- ls = I + II (19.179a) 


where 


_ 576tt f s d A 1 

~~kf ] kl . k ^A~(A 2 + if 

and 

_ 51671 f°° dA 1 

J, A (A 2 + W ' 
The leading term of I is easily evaluated to give 


(19.179b) 


(19.179c) 


I — -p%) 12 [log k - log(k| - fc f )]. 
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Furthermore, since k { — k f ~ 3/(8/:!), we have for large k { 

I ~ ^)‘Mog 

On the other hand, since the integral appearing in eq. (19.179c) is just a 
constant C, we have 

II = 5 ^c 
11 kf c • 

Hence, for large k { the term I dominates the total cross section and we have 




(19.180) 


a result which in terms of the (large) incident electron energy E t = \k\ may 
also be written as 

°u>t’ ls — 14471(f) 12 —fr—■* • (19.181) 

E e 

The above quantity is often referred to as the Bethe-Born cross section 
[48-49]. We note that, unlike the elastic and ls-2s cross sections which 
decrease like E~ l at high energies, the high-energy total cross section for 
ls-2p excitation (which is an “optically allowed” transition) behaves like 
(log E e )/E e , i.e. decreases less rapidly with increasing energies than the 
“forbidden” transitions Is—Is or ls-2s (see Fig. 19.3). This result is in fact 
more general: “optically allowed” transitions dominate the total cross 
section for electron-atom collisions at high energies. 

Having studied in some detail several direct processes, we now consider 
briefly exchange effects in high-energy electron-hydrogen scattering. The 
transition matrix to be evaluated is now 

T%1 = <(2tt) — 3/2 exp(i* f •r 1 )^„(r 0 )l Fpltf r i +) (»‘o>»‘i)> (19.182) 

where 

v f = 1/roi - 1 lr t . 

Since the matrix element (19.182) corresponds to a rearrangement process, 
it is more difficult to find a suitable approximation for it, even at high 
energies. We first observe that T%1 = 0 if the electron-electron interaction 
ro! 1 is neglected. Indeed, in that case the full wave function would simply 
be the product of a Coulomb wave ^i +) (r 0 ) in the variable r 0 times a bound 
state hydrogenic wave function i/'oO'i)- The orthogonality of the functions 
\j/ c (r 0 ) and ^„(r 0 ) would then yield the result fll = 0. Therefore, if we return 
to eq. (19.139a) and neglect multiple scattering terms we tentatively write, 
to first order in the interaction l/r 01 . 


'fex ^ 7^( i) _ 
1 ba — 1 ba “ 


(2 tc) 3/2 exp(ifc f • 0 )|— (2 tc) 3/2 exp(ifcj • i^o( r i) ) • 


(19.183) 
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As an example of such knock-out (exchange) amplitudes, let us evaluate 
the following first order elastic exchange amplitude 


= ( 2 n) 3 f exp(—iVr t )iMr 0 )— exp(iV i , o)<M' , 1 ) di- 0 div 

J r oi 

Writing [see eqs. (5.27) and (5.30)] 

exp{iK-(i-! - iy,)} 


(19.184) 


— =~2 f • 

'•oi 2* J 


(19.185) 


and performing the Fourier integrals over the variables r 0 and r l9 we have 


f(i) _ 

1 el,ex — 



1 1 1 


(19.186) 


This integral can be evaluated exactly by using the Feynman parametriza- 
tion method (see Appendix D) which we used in Chapter 8 to compute the 
second Born approximation for the Yukawa potential. Note however that 
if k = \k { \ = |/r f | is large (as we assume here), we may obtain the leading term 
of as follows. We first change the variable of integration in eq. (19.186) 
to q = k — k { . Thus 


-if 


dq 


1 


1 


1 


(q + kd 2 (l + q 2 ) 2 (l + \q+A\ 2 ) 2 


(19.187) 


where A = k-, — k ( is the momentum transfer. The leading term of this 
expression for large k is usually called the Ochkur approximation [50] for 
elastic exchange scattering. Denoting this term by T£ ch , we have 


T Och __ 

el — 


n 3 k 2 A 


Och _ ^ f 

el -n*k 2 ) 
egr 

Poo 

J 0 


dq 


1 


1 


(1 + q 2 ) 2 (1 + |q + A\ 2 ) 2 ■ 

The angular integrations can now be directly performed, with the result 


(19.188) 


(1 + q 2 ) 


or 

t: 


J (*+ 00 

Och _ Z I 

e ' n 3 k 2 A}-„ 


dq 


q 


[l +{q-A) 2 l+(q + A) 2 ] 

[l +(q- A) 2 ~ 1 +Jq + A) 2 ] ‘ (19 * 189) 


(i + q 2 ) 2 

This last integral is readily computed by contour integration and yields 

8 1 


T>Och _ 

^ el — 


7t 2 k 2 (A 2 + 4) 


2 • 


(19.190) 


We may also express the above results in terms of exchange scattering 
amplitudes . Thus the first order elastic exchange scattering amplitude is 
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given by = —(2n) 2 f^\l x and the corresponding Ochkur approximation 
g°! ch reads 

lj- 

We remark that for fixed A these Ochkur expressions fall off like k~ 2 for 
large k. In particular, we see that for small angle scattering the Ochkur term 
(19.190) is of order k~ 2 with respect to the direct elastic quantity given 
by eq. (19.162). A detailed study of higher order terms shows that the Ochkur 
expression (19.190) actually provides the leading exchange correction arising 
in elastic scattering at small angles [51]. We also note from eqs. (19.145d) 
and (19.190) that a pure “elastic” spin-flip differential cross section falls off 
like k~ 4 (or E~ 2 ) when A is not too large. The corresponding pure “elastic” 
spin-flip total cross section decreases like k~ 6 (or E~ 3 ) at high energies. Since 
the total cross section for direct elastic scattering behaves like E~ 1 for large 
E e [see eq. (19.168)] we see that exchange effects are indeed relatively small 
at high energies. 

Let us now return to the Ochkur expression 7^ ch . Using eq. (19.188) and 
denoting by \j/u the Fourier transform of the function i^i s , we may write 

7 ’e. ch = 2^2 J tUMn (9 + A) d q. (19.192) 

More generally, for a transition leading from the target state |0> to the state 
|n>, we have 

T ° C ° h = 2^fc? j+ A) dq (19.193) 

and we recall that k l ~ k t since we are dealing with the high-energy region. 
Returning to configuration space, we may also write eq. (19.193) in the form 

T% h = exp(id • iWftiWoOO dr. (19.194) 

Since the first Born inelastic ( n # 0) direct transition matrix element is given 
by eq. (19.175), one has 

A 2 

T ?,0 = ^rt d o(Bom) (n # 0) (19.195a) 

or, in terms of the corresponding scattering amplitudes, 

A 2 

9n,o = ^/„.o(Born) (n * 0) (19.195b) 

with 

/„,0 = -(2n) 2 f d n ,o and = -(2 n) 2 T™. 
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We remark that if the scattering angle 6 is of the order of (w n — w 0 )/E t or 
less (i.e. of order k f 2 ) then A is of order fcj -1 and r°§ h («# 0) becomes very 
small at small angles. For example, using eq. (19.170) we see that at small angles 
r£$ s behaves like &j" 4 . This “accidental” smallness of the expression Tffi 
at small angles suggests that higher terms of the Born series (for exchange) 
should play here an important role [52] so that the Ochkur approximation 
(or any first order approximation in the interaction r^ 1 ) is in fact inadequate 
to treat inelastic exchange scattering at small momentum transfers. Moreover, 
it may be shown that for large k { and large A the Ochkur term T ° { § h is negligible 
with respect to the second Born term of the Born series for exchange scattering. 


19.5.3. Multiple scattering treatment of electron collisions with hydrogen 
atoms 


We now examine how the first order calculations described above may be 
improved, particularly at intermediate energies (corresponding roughly to 
incident electron wave numbers k i such that 1 < k { < 10). We begin by 
considering elastic collisions and compare the Born and Glauber series [53]. 
Neglecting first exchange effects (to which we shall return shortly), we recall 
that the Born series for the elastic direct scattering amplitude may be written 
as 

ft = 1 /b„ (19.196) 

n= 1 

where (in a.u.) 

hn = ~{2n)\k { , 0|F d G< + >K d . .. G<f%\k h 0>. (19.197) 


In this expression the potential V d which appears n times is given by eq. 
(19.133c), while the Green’s operator G^ +) is such that 


G< + > = 


E - Ha + is 


(19.198) 


where H d is the direct Hamiltonian [see eqs. (19.128) and (19.133b)]. We 
have also written the asymptotic initial and final free states (which are 
eigenstates of H d ) respectively as 1^,0) and |/r f ,0>. A general eigenstate of 
H d will be denoted by |k,«> and our normalization is such that [54] 

<k', n' |k, h> = <5„„'<5(k - k'). (19.199) 

With these normalization conventions, and recalling that E = $k 2 + w 0 
(in a.u.), the second order term of the Born series may be written as 


Ib2 — 



<fe f , 0\V d \K 9 fl)<K, n\V d \k- 19 0) 
k 2 — k 2 + 2(w„ — w 0 ) — is 


(19.200) 


where the summation over the index n evidently implies an integration when 
states belonging to the continuum are concerned. A useful approximation 
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for the expression (19.200) may be obtained by replacing the energy differ¬ 
ences ( w n — w 0 ) by an average excitation energy w. The sum on intermediate 
states can then be done by closure. Thus one obtains in this way the simplified 
second Born approximation (SB2) 

fsB2 = 8rc 2 f dK -3 ---<0|{<fc f |F d |K><K|F d |fc i >}|0> (19.201) 

I rC K IS 

with k' 2 = k 2 — 2vv. After performing the integration on the plane wave 
part of the matrix elements one obtains 

fsB2 = -2 j dK _ i£ ^fKf 

x <0|[exp( — iKf * t*) - l][exp(iJ5Ti * r) - 1]|0> (19.202) 


with K { = Aj — k and K f = k { — k. The matrix elements in eq. (19.202) may 
now be readily evaluated and the remaining integration on k can be carried 
out by means of the Feynman parametrization technique used in Section 
8.6 and described in detail in Appendix D. As a refinement of the above 
procedure one may also include exactly a certain number of low-lying states 
in the sum on n appearing in eq. (19.200), and then perform the sum on the 
remaining states by using closure. Since the ground state |0> lies well below 
the cluster of other bound states near the continuum, it is reasonable to 
include this state exactly. In what follows we shall call / B2 the approximate 
second Born term obtained in this way. Thus we have 


Ib2 ~ n 2 ] dK K 2 - k' 2 -is KfKf 

<0|[exp(—iAf-r) - l][exp(ijs:,• r) - 1]|0> 

2 f 1 1 

+ n 2 ) K 2 - k 2 -is KfKf 

x <0|[exp(—iJSTf -r) - l]|0><0|[exp(iJSTi • r) - 1]|0> 

^ 2_(\ 1 1 

n 2 J K k 2 — k' 2 — ie K?Kf 

x<0|[exp( —i/r f -r) - ljlOXO^expO^-r) - 1]|0>. (19.203) 


Of particular interest is the limit of the expression f B2 for large values of k. 
It may be shown [53] that at small scattering angles (9 < 2 vv/fc 2 ), Re/ B2 
varies like k~ l while Im/ B2 behaves like k~ l log k. We note that this be¬ 
haviour of/ B2 is quite different from that found in Section 8.6 for the case of 
potential scattering. In particular, we remark that Re/ B2 , when combined 
with / B1 , now gives the dominant correction to the first Born differential cross 
section at small momentum transfers. For intermediate momentum transfers 
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(such that k~ x < A ~ 1 ) one has Re f B2 ~ k~ 2 and Im/ B2 ~ k~ x . Finally, 
at large momentum transfers (such that A ;> k) one has Re J B1 ~ k~ 2 A~ 2 
and Im/ B2 ~ k~ l A~ 2 log A, a behaviour characteristic of the scattering by 
the static potential (19.158). 

Let us now consider the Glauber elastic scattering amplitude (19.118), 
together with the associated multiple scattering series defined by eqs. (19.120)- 
(19.121). We recall that if the Glauber phase shift function (19.119) is evalu¬ 
ated with the z-axis perpendicular to the momentum transfer A , we have 
exactly / G1 = / B1 for all scattering angles. 

In order to compare the higher terms of the Born series (19.196) and the 
Glauber series (19.120), we first note that for the interaction potential 
(19.133c) the Glauber phase shift function (19.119) is given by 

zSM>, M = ~ log[l - 2^ cosC^j - 4> 0 ) + (19.204) 

where {p t (i = 0, 1) is the azimuthal angle of b t in the (x, y) plane. Similarly, 
for a target atom with Z electrons, 

x? ol (b 0 , b u \ ■ b z )= l - £ logTl - 2^ cos ifij - <t> 0 ) + . (19.205) 

Since Xu>t only depends on the differences (<£,■ — (j ) 0 ) it is obvious that we may 
choose the x- and y -axis so that no cj) 0 dependence appears in x?ov Hence 
eq. (19.118) yields 

/S = ~r dfe ° b 0 J 0 (Ab 0 KQ\[_txp(i X fJ - 1]|0> (19.206) 

1 J o 

and similarly, we see from eq. (19.121) that 

fan = ~ f ” db 0 b 0 J 0 (dh 0 )<0|[xSt]"|0>. (19.207) 

1 n - J 0 

It is apparent from eq. (19.207) that, as in the case of potential scattering (see 
Section 9.1) the terms of the Glauber multiple scattering series (19.120) are 
alternatively purely real and purely imaginary. This, again, is in contrast 
to the Born series (19.196), where already the term / B2 contains a real and 
an imaginary part. A careful analysis of f G2 shows that this term, which is 
purely imaginary, diverges logarithmically as a function of A (the length of 
the momentum transfer) when A tends to zero [55]. However, although the 
quantities Im/ B2 and Im/ G2 differ substantially at very small momentum 
transfers because of the divergence of Im/ G2 at A = 0, a detailed study of 
these two quantities [53] shows that otherwise they agree very well, even in the 
backward direction and for rather low values of k. As an example, we show in 
Fig. 19.6 the values of Im/ B2 and Im f G2 as a function of A for elastic 
electron-hydrogen scattering at an energy of 100 eV. The agreement between 
the two quantities is seen to be excellent. 
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For n > 3, the terms f Gn of the Glauber multiple scattering series (19.120) 
are finite, even at A = 0. It is therefore very plausible that these terms will 
agree with the corresponding ones of the Born series (i.e. / G3 with Re/ B3 , 
/g 4 with i Im /b 4 , etc. . ..) when k is sufficiently large. Since it is extremely 
difficult to evaluate the quantity Re/ B3 (which yields contributions of 
order k~ 2 to the differential cross section) it is therefore reasonable to use 
f G3 in place of Re/ B3 . Thus we write the direct elastic scattering amplitude 
(through terms of order k~ 2 ) as 

fcl = /b1 + R C /b2 + /g3 + i I m /B2- (19.208) 

In what follows we shall call this expression the eikonal-Born series (EBS) 
approximation for 



Fig. 19.6. Comparison of the quantities Im / B 2 (solid curve) and Im /g 2 (dots), as a function 
of the magnitude A of the momentum transfer, for elastic scattering of lOOeV electrons 
from the ground state of atomic hydrogen. The average excitation energy w used in 
obtaining Im / B 2 is w = 0.5 a.u. (taken from ref. [53]). 

Before we compute the elastic differential cross section we recall that the 
leading term of the elastic exchange amplitude (i.e. the Ochkur term ^ ch ) is 
of order k~ 2 for large k and fixed A [see eq. (19.191)]. A consistent 
calculation of the small angle elastic differential cross section through order 
k~ 2 therefore requires the inclusion of this term. Hence, for an unpolarized 
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electron beam and hydrogen atom target, and if no attempt is made to 
distinguish between the various final spin states, we find with the help of 
eq. (19.148) that the eikonal Born series small angle differential cross section 
is given through order k~ 2 by 

^ = il/ei + qT\ 2 + ll/e, - gT\ 2 (19.209) 

where is given by eq. (19.208) and g^ ch by eq. (19.191). 

The situation at large momentum transfers and large k (i.e. when A ;> k) 
is different. In this limit, the scattering amplitude is dominated by processes 
in which the atom remains in its ground state in all intermediate states 
[56, 57]. For example, it is straightforward to verify that the terms Re/ B2 and 
Im/ B2 are dominated at large momentum transfers by the contribution 
arising from the ground state |0> acting as an intermediate state. A detailed 
study of higher terms of the Born and Glauber series [56, 57], using asymptotic 
techniques [58], yields similar conclusions. The central role of the ground 
state in large angle multiple scattering confirms the expectation that high 
energy, large angle elastic electron-atom scattering is mainly governed by the 
static potential V st = <0|F d |0> [see the discussion following eq. (19.158)]. 

It is important to remark that for a given (large) value of k, the convergence 
of the Born series for the scattering amplitude at large momentum transfers 
is slower than at small momentum transfers. Indeed, it is adversely affected rel¬ 
ative to the convergence at small momentum transfers by the presence of powers 
of log A [57]. It is also worth noting that the Ochkur term which behaves 
like k~ 2 A~ 4 for large A , drops off like k~ 6 when A > k. 

In order to illustrate the above discussion, we show in Figs. 19.7 and 19.8 
the differential cross sections corresponding to the elastic scattering of elec¬ 
trons by the ground state of atomic hydrogen, at incident electron energies of 
50 eV and 100 eV. We display in Fig. 19.7 the curve obtained from the EBS 
expression (19.209), together with the results obtained by solving numerically 
the partial wave radial equations corresponding to the static potential 
(19.158). Also shown on Fig. 19.7 are the first Born values and the Glauber 
differential cross section 

d<T°ldQ = |/S | 2 (19.210) 

where the Glauber (direct) elastic amplitude fl J is obtained from eq. (19.206). 
We note from this figure that the EBS results agree reasonably well with the 
experimental data [59] in spite of the fact that an incident electron energy of 
50 eV (corresponding to a wave number k ~ 2) is rather low for the applic¬ 
ability of the EBS method. As we expect, the static results are faily accurate 
at large angles, but fail to account for the scattering at small angles, where 
absorption and polarization effects are important [60]. The first Born results 
are quite poor, especially at small angles. This is not surprising since the 
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first Born approximation corresponds precisely to a first order treatment of 
the static potential V st [61]. Finally, the Glauber results are seen to be 
inaccurate over the whole angular range. We recall in this connection that 
the Glauber differential cross section diverges at 6 = 0° (because of the term 
Im/ G2 ) and lacks the exchange term together with the important term 
Re/ B2 (which, as we have seen above, yields the dominant correction to/ B1 
at small angles). 



Fig. 19.7. Differential cross section for elastic scattering of electrons by atomic hydrogen 
at an energy of 50 eV. The solid curve is obtained by using the eikonal-Bom series (EBS) 
method [53, 57]. The dashed curve represents the first Bom approximation and the dash-dot 
curve corresponds to the Glauber approximation. The dotted curve represents the results 
obtained from a partial wave analysis of the static potential <0| F d |0> corresponding 
to the hydrogen ground state. The dots are the experimental points of ref. [59]. 

A similar comparison is made in Fig. 19.8 for the elastic scattering of 
electrons having an energy of 100 eV, at angles 6 < 50°. Here we have shown 
the EBS results [obtained from eq. (19.209)] together with the first Born and 
the Glauber values. We also display in Fig. 19.8 the EBS results correspond¬ 
ing to positron-hydrogen elastic scattering. Whereas the eikonal-Born series 
method predicts significant differences between small angle electron and 
positron scattering, the Born and Glauber approximation do not distinguish 
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between the two cases. Also shown in Fig. 19.8 are relative (electron) experi¬ 
mental data [62], normalized to the EBS curve at 6 = 30°. 

We now consider briefly some inelastic transitions induced in atomic 
hydrogen by the impact of fast electrons. Although the eikonal-Born series 
method discussed above may be generalized to deal with such transitions (at 
least in simple cases), no calculations of this kind have yet been reported. 
Instead, one may use for example the less accurate, but simpler distorted 
wave Born approximation (DWBA) of Section 17.4. The basic expression to be 
evaluated is then the DWBA transition matrix element (17.54), in which the 
distorted waves xi +) and xi~ ) describe respectively the elastic scattering in the 
initial and final channels. Eikonal DWBA calculations for the Is -+ 2s and 
Is -* 2p transitions, in which the distorted waves xi +) and xi^ are obtained 
in the eikonal approximation, have been performed recently [63,64]. 
Glauber-type calculations using eq. (19.103) [65] or the more general ex¬ 
pression (19.117) [66] have also been carried out for several inelastic tran¬ 
sitions induced in atomic hydrogen by fast electrons. 



Fig. 19.8. Differential cross section for elastic scattering of electrons and positrons by 
atomic hydrogen at an energy of 100 eV. The solid curve is obtained for electrons by using 
the eikonal-Born series (EBS) method of ref. [53]. The dash-double dot curve is the corres¬ 
ponding EBS curve for incident positrons. The dashed curve represents the first Bom 
approximation, and the dash-dot curve corresponds to the Glauber approximation. The 
experimental points are those of Ref. [62]. 

19.5.4. Low-energy electron-atomic hydrogen scattering 

Among the various methods which have been proposed to analyze low- 
energy electron-hydrogen scattering [67], a particularly useful one is the 
Hulthen-Kohn variational method which we have described in Section 10.1 
for the case of potential scattering. 
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We begin by recalling the Schrodinger equation for the spatial part of the 
full wave function. That is, 

(H - EW(r 0 , r t ) = 0 (19.211a) 

or 

(~iK - iV r 2 , - - - - + — - eW 0 , r t ) = 0. (19.211b) 

\ r o r i r ot J 

Here the subscript S refers to singlet (S = 0) or triplet (S = 1) states, and 

r(ro,r t ) = (-l) s r(rt,r 0 ). (19.212) 

Let us consider the simple case of elastic collisions occurring below the 
first excitation threshold of the hydrogen atom (i.e. for incident electron 
energies lower than 10.2 eV). Then the phase shifts 5f are real and the dis- 
.cussion of Section 10.1.1 can be extended in a straightforward way. For 
example, in the case of s-wave (/ = 0) scattering one finds that 

= + 2 J^ r °’ r ^ E ~ H Wo( r O’ r i ) dr o dr i (19.213) 

where the s-wave trial wave function has the asymptotic form 

{1 + (- 1 ) S/> oi}|^o('-i)^2^ t 

ri~*oo 

x(kr 0 )~\sln kr 0 + tan <5 q cos kr 0 )|. (19.214) 

Here ^ o 0*i) = rc _1/2 exp(—r ± ) is the ground state wave function of the hydro¬ 
gen atom and P 0l is an operator which interchanges the coordinates r 0 and 
r t of the two electrons. 

Schwartz [68] has made a detailed analysis of this problem. He used trial 
functions of the form [see eqs. (10.39)—(10.40)] 

= 4> S + £ eaS (19.215) 

i=i 

where the function 4> s ensures the correct asymptotic behaviour of ithe 
coefficients c { are (linear) variational parameters and /f are basis functions. 
The explicit choice made by Schwartz is 

<t> S — {1 + ( — l) S F 0 i}|^o( r i)^ -j=={kr 0 ) 

x(sin kr 0 + tan <5 q cos fcr 0 [ 1 — exp(—^cr 0 )])j (19.216) 

and 

7& = X S j, m ,n = exp {-Mr 0 + r i)} r oi( r o r i + (-1JV 0 i?). (19.217) 
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The additional (non linear) parameter k is a scale factor to be varied at 
the end of the calculations. The choice (19.217) of functions Xfm, n is based 
on the experience gained in performing variational calculations for bound 
states of two-electron systems. The basis functions xj,m, n are ordered in such 
a way that one always uses all functions with j + m + n < N and then 
increases N. 

For a given value of the scale factor k, the problem reduces to a simple 
one of matrix inversion. By using the method described in Section 10.1 to 
extract the “average” value of tan between the singularities (see 
Fig. 10.1), Schwartz has obtained accurate value of the singlet and triplet 
s-wave phase shifts <5$ =0 and £§ =1 . Table 19.1 summarizes some of his 
results, obtained for various values of the wave number k. At zero energy he 
found very accurate values of the singlet and triplet scattering lengths , 
namely ol(S = 0) = 5.965 ± 0.003 anda(S = 1) = 1.7686 ± 0.0002 (in a.u.). 

Table 19.1 

Singlet (S = 0) and triplet (5—1) s-wave phase 
shifts for elastic electron-hydrogen scattering, 
obtained by Schwartz [68] from the Hulthen- 
Kohn variational method 


k 

(a.u.) 

sr° 

(radians) 

3g =1 

(radians) 

0.1 

2.553 

2.939 


2.067 

2.717 

0.3 

1.696 

2.500 

0.4 

1.415 

2.294 

0.5 

1.202 

2.105 


The Hulthen-Kohn variational principle (10.53) for the scattering ampli¬ 
tude , obtained in Section 10.1 for potential scattering, can also be generalized 
to deal with the present case. It may be used to derive various approximation 
methods for low-energy electron-atom scattering [67]. Of particular import¬ 
ance is the close-coupling method [69] which may be obtained from the 
(generalized) Hulthen-Kohn variational principle by using trial functions of 
the form 


•/'Vo, r t ) = {1 + (-1) S P 01 } t FMMn) (19.218) 

« = 0 

where the hydrogenic wave functions il/ n (r t ) 9 corresponding to the eigen¬ 
values w n9 satisfy the Schrbdinger equation 

i - W t jwr,) = 0. (19.219) 
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In principle the sum on n appearing in eq. (19.218) should include both 
discrete and continuum states of the hydrogen atom, but owing to the 
difficulties in dealing with the continuum the standard close coupling method 
only includes a few discrete hydrogen states in the sum. Even with this 
simplifying assumption the equations (obtained from the generalized 
Hulthen-Kohn variational principle) which determine the unknown functions 
F„(r 0 ) are integro-differential equations [70] whose solution require modern 
computing techniques. The close-coupling method, which can also be used 
above the first inelastic threshold, has been applied successfully to a variety of 
low-energy electron-atom scattering processes. Other useful low-energy 
approximations include the method of “polarized orbitals” and the “non- 
adiabatic” approach developed by Temkin et al. [71]. A detailed discussion of 
these methods is given in reference [67], where a comprehensive account of 
low-energy electron-atom scattering may be found. 


19.6. High-energy hadron-deuteron scattering 

A long-standing problem of great interest, hadron-deuteron scattering at 
high energies has recently attracted considerable interest, both theoretical 
and experimental. Lying on the borderline between elementary particle 
physics and nuclear physics, hadron-deuteron scattering has been a source 
of fruitful interaction between the two fields. In this section we shall give 
an introduction to hadron-deuteron collisions within the framework of the 
Glauber theory discussed in Section 19.4. More complete reviews of high- 
energy hadron-deuteron scattering may be found in the references [32, 41, 72]. 

Let us denote by r n and r p the coordinates of the neutron and the proton in 
the deuteron so that the internal relative vector of the deuteron is r d =r p — r n . 
The scattering amplitude for a collision in which the deuteron is in a final state 
|f> and the incident particle transferred a momentum hq = h(k L — kQ to the 
deuteron is then given in the laboratory system by eq. (19.110), with 

T tot = 1 - exp{i[/ n (A - is) + Xp (b + is)]}. (19.220) 

The quantities Xn and Xp are the phase shifts contributed respectively by the 
neutron and the proton, while the vector s is the projection of the relative 
vector r d of the deuteron in the plane of impact parameters. If we define the 
objects 

r n (b) = 

and 

r B (b) = 

we may write eq. (19.220) as 

r m = r a (b - is) + r p (b + is) - r n (b - i s)r p (b + is) (19.222) 


1 - exp{i/ n (6)} (19.221a) 

1 - exp{i* p (*)} (19.221b) 
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leading to the physical interpretation in terms of single and double scattering, 
as we expect from the discussion following eq. (19.113). To analyze this 
situation in more detail, we note that the functions T n and T p can be expressed 
in terms of hadron-nucleon laboratory scattering amplitudes / n and / p by an 
approximate two-dimensional Fourier inversion. Indeed, if we write eq. 
(19.102) in the laboratory system, multiply by exp (—iq b') and integrate on 
the variable q over a plane perpendicular to the z-direction, we find that 


j* d 2 0 exp(-i q ■ b')f(q) = d 2 q j* d 2 b exp{ig • ( b - b’)}r(b) 


= 2nik L | 


d 2 b S(b - b')r(b) 


so that 


r(b) = (2niki) 1 ^d 2 q exp(-ig- b)f(q). 


(19.223) 


We note that the accuracy of eq. (19.223) depends on the fact that the 
scattering is focused in the forward direction, in which case the difference 
between integrating over a plane or over a sphere (which more accurately 
corresponds to the locus of momentum transfers for fixed energy) is negligible 



Fig. 19.9. The two types of diagrams which contribute to elastic hadron-deuteron 
scattering in the high-energy diffraction theory (I) (a) and (b): single scattering diagrams; 
(II) double scattering diagram. In those diagrams a solid line represents a proton, a dotted 
line a neutron and a dashed line the incident hadron X. 


Returning to eqs. (19.110) and (19.222) and using eq. (19.223) we find that 
/mo = ^ m |jexp(ii« • s)f„(q) + exp(-i \q ■ s)f p (q) 

1dV exp(i<f' • «)/„(«' + iq)f P (~q' + i«)| 0^ (19.224) 


+ 


a formula which clearly justifies the interpretation of the collision in terms 
of single and double scattering processes. The two types of diagrams which 
contribute to the scattering are shown in Fig. 19.9. The first two terms on the 
right of eq. (19.224), corresponding to the two first diagrams 1(a) and 1(b) of 
Fig. 19.9, give the single scattering or impulse approximation contribution to the 
scattering amplitude f£ 0 . The next term is the double scattering correction. 
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As a particular case of eq. (19.224), let us first examine the scattering 
amplitude for elastic hadron-deuteron scattering, namely 

/fi = ^o| jexp(ii 4 • s)f n (q) + exp(-i $q-s)f p (q) 

+ ~J dV e\p(iq' ■ s)f n (q' + iq)f p (-q' + ±fl)jjo^ . (19.225) 

If we denote by i// 0 (r<i) the ground state deuteron wave function, we see 
that we must evaluate integrals of the form 

S(q) = J exp(i?-s)|yV 0 (r d )| 2 dr d . (19.226) 

Since the vector s is the component of the vector r d which lies in the “impact 
parameter” plane, and since the momentum transfer vector q also lies in this 
plane (provided we neglect its longitudinal component q z ) we see that the 
quantity S(q) may be written as 

S(q) = | exp(i?-r d )|^ 0 M 2 dr d . (19.227) 

In general, an expression such as S(q ), which is proportional to the Fourier 
transform of the bound state probability density |^ 0 | 2 is known as the form 
factor of the bound state |0>. The quantity S(q) given by eq. (19.227) is there¬ 
fore the form factor of the deuteron ground state. In terms of this expression 
we may now write eq. (19.225) as 

/?.(«) = Uq)S(h) + / P (9)S(-k) 

+ 2 ^J S(q')fMq + q')fMq ~ «') d 2 q'- (19.228) 

As a first useful application of eq. (19.228), let us calculate the total hadron- 
deuteron cross section by using the optical theorem. We write 

Ajr 

<7? ot = -Im/ e %r = 0) (19.229) 

and we also note that the total hadron-neutron and hadron-proton cross 
sections are given by 

471 

< t = t~ Im ffa = °)> J = n > P- (19.230) 

Moreover, since S(q = 0) = 1, we deduce from eq. (19.228) that 

O'tot = O’tot "h <7fot — 


(19.231) 
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where <5(7, the “cross section defect”, is given by 

s <* = - ^2 Re || s (€)[/n(«)/p(-<f)] d 2 q j. (19.232) 

If the size of the deuteron is much larger than the range of the hadron- 
nucleon interaction, we may write approximately 

5(7 ~~ ^2 Re[/„(0)/ p (0)] | S(q) d 2 q. (19.233) 

Now, using eq. (19.227), we have 

Jsw 2 ? = Jdn#o(id)l 2 Jd 2 tf exp(i?r d ) = 2n <rj 2 > (19.234) 

where, for a spherically symmetric ground state wave function 

<fd" 2 > = <^okd 2 l^o> = 4n J J dr d |^ 0 (r d )| 2 . (19.235) 

Hence, eq. (19.233) becomes 

5a ~ - ~ Re[/ n (0)/ p (0)]<r d 2 >. 
k l 

Furthermore, if we assume that the amplitudes f n (0) and ^(0) are purely 
imaginary - so that the nucleons are “black” - we obtain the very simple 
approximate result 

5a ~ ^-a t >, P ot<'-d _2 > (19.236) 


where we have used again eq. (19.230). 

A variety of other interesting cross sections may be derived from eqs 
(19.224) and (19.225). The elastic differential cross section is given by 



The total scattered intensity is obtained from 



(19.237) 


(19.238) 


and can be evaluated by using the closure relation on the deuteron final 
states. Inelastic processes in which the deuteron is dissociated in two free 
nucleons are calculated from 


(£ 1 -(£).-(& 
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The corresponding total cross sections <7 e i, <r sc and = o’sc — o’ei are 
directly obtained by integrating eqs. (19.237)—(19.239) over the angles. 
Finally, the “absorption” cross section 

tfabs = <C - o-sc (19.240) 

corresponds to all processes where the incident hadron disappears during the 
collision or reappears with one or several produced particles [73]. 



Fig. 19.10. The various processes which contribute to charge-exchange scattering by the 
deuteron in the case of a positively charged (+) incident hadron of isotopic spin The 
dash-dot line (with index 0) denotes the corresponding neutral hadron. 



The generalization of these considerations to include the spin and isospin 
degrees of freedom of the incident particle and the target nucleons has been 
carried out by several authors [42, 74-77]. For example, the single and double 
collision diagrams contributing to charge-exchange scattering by the deuteron 
in the case of an incident hadron of isotopic spin \ are represented in Fig. 19.10 
whereas in Fig. 19.11 the double charge-exchange process leading to no net 
transfer of charge is displayed. In particular, this last effect may be shown to 
yield a small correction to the cross section defect 5a obtained in eq. (19.232). 
The result is [75] 

s*=- ^Re| js(q)i[f p (q)f n (-q) + f a (q)f p (-q) 

-/c(«)/c(-fl)]d 2 #j (19.241) 


where f c (q ) is the charge-exchange amplitude. The three terms of this expres¬ 
sion correspond to the three possibilities of elastic double scattering processes. 
The first two terms describe charge-preserving collisions with both the neutron 
and the proton in the two possible orders. The third term corresponds to the 
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double charge-exchange process. If the hadron-nucleon force range is small 
compared with the size of the deuteron, we may write again 
Ait 

Re{/ n (0)/ p (0) - i[/ n (0) - / p (0)] 2 }<r d “ 2 > (19.242) 

a formula which under the assumption of purely imaginary amplitudes 
/ n (0) andy^O) reduces to [compare with eq. (19.236)] 

<5* ~ - K<C - <) 2 ]<'-d 2 >- (19.243) 

Franco and Glauber [42] have applied the theory described above to 
analyze antiproton-deuteron collisions in the GeV range. They assume that 
at high energies the antiproton-nucleon scattering amplitudes/p N are such that 
(we are using here a more explicit notation for the individual two-body 
amplitudes) 

fMq) = /pp(^) == /pn(#) 
and may be parametrized as 

fp n = i(& L 0p N /4rc) exp(—fiq 2 ) 

where <jp N is the total antiproton-nucleon cross section and /? is a parameter 
determined from the experimental data on (two-body) antiproton-nucleon 
scattering. The total and absorption antiproton-deuteron cross sections 
obtained by Franco and Glauber are shown respectively in Figs. 19.12 and 
19.13. They exhibit an appreciable double scattering effect. 



Antiproton Kinetic Energy(GeV) 

Fig. 19.12. Total cross sections for antiproton-proton and antiproton-deuteron collisions, 
as a function of the antiproton laboratory kinetic energy. Curve 1 is a fit to the experimental 
values of the total antiproton-proton cross section. Curve 2 corresponds to the antiproton- 
deuteron total cross section calculated by Franco and Glauber [42]. Curve 3 represents 
twice the antiproton-proton total cross section. The total cross section defect is the difference 
between the ordinate of curves 3 and 2 (taken from ref. [42]). 
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We now turn to a more detailed analysis of the angular distribution of 
elastic hadron-deuteron scattering, with particular attention to proton- 
deuteron scattering [78]. We first note that the double scattering term appear¬ 
ing in eq. (19.228) tends to counteract the effect of the two single scattering 
terms. In fact, if the amplitudes f pn and f pp (we use again a more explicit 



Antiproton Kinetic Eiwgy(GeV) 

Fig. 19.13. Absorption cross sections for antiproton-proton and antiproton-deuteron 
collisions, as a function of the incident antiproton laboratory kinetic energy. Curve 1 is a 
fit to the experimental values of the antiproton-proton absorption cross section. Curve 2 
represents the deuteron absorption cross section as obtained by Franco and Glauber [42]. 
Curve 3 gives twice the antiproton-proton absorption cross section. The cross section 
defect for absorption is the difference between the ordinates of curves 3 and 2 (taken from 

ref. [42]). 



Fig. 19.14. The contributions to the amplitude ratio / P d(—0 // p n(0) from the single and 
double scattering terms corresponding to the elastic scattering of 20 GeV/c protons by 
deuterons (taken from ref. [41]). 

notation) were purely imaginary, a simple calculation shows that the double 
scattering term would completely cancel the contribution of the single 
scattering amplitudes at —t ~ 0.5 (GeV/c) 2 , where the Mandelstam variable 
t is the square of the four-momentum transfer of the collision (see Section 2.2). 
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The contribution of the single and double scattering terms for such a 
parametrization of the amplitude f pN (where N denotes a nucleon) is shown in 
Fig. 19.14. It is seen that the single scattering terms dominate near the 
forward direction. At larger momentum transfers the double scattering term, 
which decreases more slowly [79] with increasing q , becomes the dominant 
contribution to the scattering amplitude / e ?. 

Let us now consider more closely the intermediate region of momentum 
transfers, where the single and double scattering terms interfere destructively. 



Fig. 19.15. Differential cross sections corresponding to the elastic scattering of (a) 1-GeV 
and (b) 2-GeV protons by unpolarized deuterons. Dashed curve : results obtained by 
including only the S-state of the deuteron. Solid curve : calculations including both S and D 
states of the deuteron. The dots refer to the experimental data. (Taken from Franco and 

Glauber [81].) 

This region is therefore of special interest, since it depends delicately upon 
the phases of the hadron-nucleon amplitudes. Moreover, as shown in Fig. 
19.15, this interference region is very sensitive to the choice of the ground 
state wave function of the deuteron. It is only by including the quadrupole 
deformation of the deuteron, i.e. by taking into account the D-state part of the 
deuteron wave function [80] that Franco and Glauber [81] found good 
agreement with the experimental data on proton-deuteron elastic scattering 
at 1 and 2 GeV [82, 83]. Similar conclusions hold for high-energy pion- 
deuteron scattering [77, 84, 85]. 
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20 


The Optical Potential 


In this chapter we want to study the elastic scattering of a given particle by a 
composite target containing several scatterers. Such processes are conveni¬ 
ently analyzed by replacing the very complicated interactions between the beam 
and target particles by an optical potential - or pseudopotential - in which the 
incident particle moves. Once the optical potential is determined, the original 
many-body elastic scattering problem reduces to a one-body problem, namely 
the scattering of a particle by a potential. However, as we shall see in what 
follows, the price of reducing a many-body problem to a one-body situation 
is that the optical potential will in general be a complicated non-local, com¬ 
plex operator whose determination from first principles is often difficult to 
achieve. Thus for practical applications we shall require approximation 
methods to determine the optical potential. 

As one should expect from the terminology, the earliest application of the 
optical model method was made in the field of optics, in particular to the 
analysis of the propagation of light through a refractive medium. In this case, 
the use of a complex refractive index is in fact equivalent to the introduction 
of an optical potential [1]. An early generalization of the optical model ideas 
was made by Ostrofsky, Breit and Johnson [2] to the study of a-decay of 
nuclei, while Bethe [3] introduced the concept of an optical potential in order 
to describe low-energy nuclear reactions within the “compound nucleus” 
model. The description of high-energy nuclear collisions by means of the 
optical model formalism was initiated by Serber et al. [4], who first tried to 
describe elastic nucleon-nucleus scattering in terms of nucleon-nucleon 
collisions. They argued that at high energies nuclear collisions should proceed 
by way of collisions with individual target nucleons. Using known nucleon- 
nucleon cross sections, this multiple scattering analysis led to the conclusion 
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that particles should move more or less freely through nuclear matter at 
high energies (partial “transparency” of nuclei). This fact was verified 
qualitatively by experiment, and led to a reassessment of the optical model 
for low-energy nuclear scattering [5]. 

Following the work of Serber et al. 9 several attempts were made to explore 
the foundations of the optical model and to obtain it from the many-body 
Schrodinger equation. After showing in Section 20.1 how an optical potential 
may be introduced to describe elastic scattering, we discuss in Section 20.2 
the formal derivations of Watson et al. [6-8], of Glauber [9] and of Feshbach 
[10]. As we shall see, the formal expressions obtained in this way are quite 
complicated, and may only be explicitly evaluated in simple cases. One of 
these is high-energy elastic hadron-nucleus scattering, which we shall discuss 
in detail in Section 20.3. Another case for which useful approximations may 
be devised to obtain the optical potential is the elastic scattering of charged 
particles by atoms. This problem will be treated in Section 20.4 [11]. 


20.1. Elastic scattering and the optical potential 

In this section we first show how the elastic scattering of a particle from a 
composite target may be described in terms of an optical potential. We then 
explore the consequences of the optical theorem in order to extract various 
cross sections from our knowledge of the elastic scattering amplitude in the 
forward direction. 

20.1.1 Introduction of the optical potential 

Let us consider the elastic scattering of an “elementary” incident particle 
by a target made up of N scatterers. We denote by M and S the mass and 
spin of the incident particle, by k and k' its initial and final wave vectors and 
by v and v' its initial and final spin orientations. The wave functions of the 
incident particle, before and after the scattering event, are then given by 

,*,v = (2 n)~ 3,2 exp(i k ■ (20.1a) 

and 

,*>' = (2 n )~ 3/2 exp(ifc' • r{)x s ,A s i> ( 20 . 1 b) 

where and s { are respectively the space and spin coordinates and the 
subscript i refers to the incident particle. If K x denotes the kinetic energy 
operator of the incident particle, we have 

K-A i,*, v = E(k)<P iXv (20.2a) 

and 

Ki = W*(20.2b) 


References and notes on page 618 



578 


APPLICATIONS 


where E(k ) and E(k f y are respectively the initial and final energies of the 
“beam” particle. Thus for a non-relativistic incident particle, we have 

E(k) = h 2 k 2 /2M (20.3) 

while 

E[k) = CyjM 2 c 2 + h 2 k 2 (20.4) 

for a relativistic beam particle. 

We have assumed that the target is composed of N elementary scatterers. 
We call r l9 r 2 ,.. . r N their spatial coordinates and s l9 s 29 .. . s N their spin 
coordinates. The total mass of the target is denoted by M t and its angular 
momentum by S t . We also call K and K ' the initial and final total wave 
vectors of the target while v t and v t ' are its initial and final spin orientations. 
If il/o, Vt (r u s l9 ... r N9 s N ) and \//oy t denote the internal bound state wave 
function of the target before and after the collision, we may write the complete 
target wave function, before and after elastic scattering [12] as 

= (271)- 3/2 exp(iJST-JO^o.v.O'i, Si. • • • r N , s N ) (20.5a) 

and 

= (2ti)“ 3/2 exp(i«'' • s u . . . r N , s N ). (20.5b) 

Here the subscript t indicates that we are dealing with the target system, whose 
center of mass coordinate is called R. The Hamiltonian for the target is given 
by 

K = Z Kj + U (20.6) 

j=i 

where Kj is the kinetic energy operator for particle j and U is the interaction 
between the N particles of the target. In what follows we shall assume that 
the target may be described by a non-relativistic Hamiltonian h t . We shall 
then write 

ht = ^t.c.M. + h (20.7) 

where the center of mass kinetic energy operator of the target is given in the 
coordinate representation by 

K,.c.u. - ~ (20.8) 

and h is the internal target Hamiltonian, with eigenvalues w n (the internal 
target energies) and eigenvectors i// n such that 

Hn = Wn'I'n- (20.9) 

The wave function i j/ 0 which describes the internal state of the target, before 
and after the elastic scattering, evidently belongs to the set {i //„} and is such 
that h\j/ 0 = w 0 \l/ 0 . In what follows we shall assume that the wave function 
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\j/ 0 is known, if only approximately. In many important applications, where 
the elastic scattering proceeds from the ground state of the target, powerful 
methods are indeed available to determine [13] the wave function ^ 0 - 
Returning to the target Hamiltonian (20.6) and using eq. (20.7) we may now 
write 


and 

where 

and 


W 0 = W 0 + h 2 K 2 /2M t 
W(, = w 0 + h 2 K' 2 /2M t . 


(20.10a) 

(20.10b) 

(20.11a) 

(20.11b) 


Consider now the system made up of the incident particle and the target. 
The motion of the system in the asymptotic region before the collision (i.e. 
without interaction between the incident particle and the target) is governed 
by the Hamiltonian 

H d = K { + h v (20.12) 


In accordance with the definitions adopted in Chapter 14 we have used the 
subscript d to indicate that the arrangement channel Hamiltonian H d 
corresponds to direct scattering. We note that since the target is a bound 
state of N scatterers the Hamiltonian H d differs from the Hamiltonian H 0 
corresponding to (N + 1) free particles. We also have 



H d 0 a = E,<P,, 

(20.13a) 


H a <P b = E b <P b . 

(20.13b) 

Here 



(20.14a) 

and 


— ^i,k' ,0,Vi 

(20.14b) 


are the initial and final asymptotic states of the target plus incident particle 
and 

£ a = E (k) + W 0 = E(k ) + w 0 + h 2 K 2 /2M t9 (20.15a) 

E b = E(k') + W6 = E(k ') + w 0 + h 2 K' 2 /2M t (20.15b) 


where we have used eqs. (20.11). Conservation of energy yields the relation 
E a = E b , or 

E(k) + h 2 K 2 /2M t = E(Jc') + h 2 K' 2 /2M t . (20.16) 

The Hamiltonian for the entire system, including the interaction V d 
between the incident particle and the target, is given by 

H=H d + V d (20.17) 
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where 


N 

= z 

j =1 


(20.18) 


is the sum of all the interactions Vj between the beam particle and the jth 
target scatterer. 

Because no internal degrees of freedom are excited during an elastic 
scattering process, we may consider it as formally equivalent to the potential 
scattering of two particles having no structure. Following Watson et al [8,11] 
we shall call the corresponding transition operator. The index c refers 
to coherent (or elastic) scattering. A typical matrix element of is there¬ 
fore given by 

<*', v', K\ v[\^r c \k 9 v, K, v t > ee <*', v', K', 0, v{| <T\k 9 v, K 9 0, v t > (20.19a) 
where 2T is the complete transition operator. The submatrix of ZT c defined on 
the momentum shell {k + K = k! + K ') will be denoted by T c . Hence [14] 
< k' 9 v', K' 9 v[\F c \k 9 v, K 9 v t > 

= 5(k' + K' - k- K)(k’ 9 v', JT, v' t \T c \k 9 v, K 9 v t >. (20.19b) 
According to the discussion of Section 15.2 the differential cross section 
for a particular elastic scattering process (k 9 v, K 9 v t ) (k' 9 v', K\ v$ is 
given by 

d Q hv, J [ 2M t 2M t J 

x |<*', v', K\ v;|T c |A, v, K , v t >| 2 (20.20) 

where is the initial relative velocity. For a random distribution of the 
initial spin orientations of the incident particle and the target, and if we 
do not detect the final spin orientations, the corresponding differential 
elastic cross section d<j e i/d£2 must be summed over the final spin orientations 
and averaged over the initial ones, in which case we obtain 


dffel 

d Q 


1 


dov 


(2 S + l)(2S t + 1) ft d Q 

v t »v( 


( 20 . 21 ) 


Since the elastic scattering is formally identical to a simple two-body 
scattering problem, it is reasonable to introduce an optical potential or 
pseudopotential ^ 0 pt such that [compare with eqs. (16.21)] 

1 


Jr “ r ° pt + r ° vt E(k) + h 2 K 2 /2M t - E(p) 


-3T C . (20.22a) 


h 2 P 2 /2M t + ie 

Here p and P are intermediate (virtual) momenta of the incident particle 
and of the center of mass of the target. We may also write eq. (20.22a) in the 
alternative form 

^c(£a) = r opt + r opt - —( 20 . 22 b) 

— + ie 
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if we agree to extend the definition of ZT c by including a projection operator 
onto the states Thus the optical potential ^ 0 pt is defined as an operator 
which, through the Lippmann-Schwinger equations (20.22) leads to the 
exact transition matrix 2T C corresponding to the elastic scattering of the 
incident particle by the target. It is clear from eqs. (20.22) that 'V' op t is also 
a (2 S + l)(2S t + 1) x (25 + l)(25 t + 1) matrix in spin space, having 
matrix elements of the form 

<*>', K\ v[\r op t |A:, v, K, v t > 

= 5(k' + K' — k — K)(k\ v', K\ v;|F oP t|A:, v, K 9 v t > (20.23) 

where V oP t is the sub-matrix of i r , 0 pt defined on the momentum shell. 

It is important to note that until now we have made no particular choice 
of a coordinate system. If we elect to work in the center of mass system , we 
may eliminate from the preceding formulae the variables related to the 
(overall) center of mass of the entire system. In this case the total Hamiltonian 
is still given by 

H = H d + V d 

where the interaction V d is always obtained from eq. (20.18). However, the 
“unperturbed” Hamiltonian H d is now such that 

H d = K+ h (20.24) 

where h is the internal target Hamiltonian and K is the relative kinetic energy 
operator. For example, if this relative motion is non-relativistic, we have in 
the coordinate representation 

K = - (20.25) 

2m 

where m = MM t /(M + M t ) is the reduced mass of the colliding particles 
and where r = r L — R is the relative vector joining the position of the 



Fig. 20.1. Illustration of the vectors n, R and r of the text. 

center of mass of the target to that of the incident particle (see Fig. 20.1). The 
initial and final free states satisfying eqs. (20.13) are then given by 

= (2rc)“ 3/2 exp(ifcj • r)* s >o,v t (20.26a) 

and 

$ b = (2n )~ 3/2 exp(ifc f • t*)Zs.v l Ao,v; (20.26b) 
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where k { and k { are respectively the relative initial and final wave vectors. 
We note that since the coordinate of the (overall) center of mass has been 
eliminated, the free states and & b9 expressed in the position representation, 
will depend only on N relative spatial coordinates, namely the vector r 
together with (N — 1) relative vectors appearing in ^o,v t (or ij/oy). If we 
denote by E(k j) and E(k { ) the relative kinetic energies in the initial and final 
states, the total energy available in the C.M. system before the collision is 
given by 

£ a = E(k t ) + w 0 , ki = \k\ (20.27a) 

while after the elastic scattering we have 

E b = E(k { ) + w 0 , k f = \kf\. (20.27b) 

For a non-relativistic relative motion we have 

E(ki) = h 2 k\\2m 9 E(k f ) = h 2 kf/2m (20.28) 


where m is the reduced mass introduced in eq. (20.25). For a relativistic 
relative motion we have instead 


E(k { ) = c[JM 2 c 2 + h 2 kf + JM?c 2 + h 2 kf\, 

_ _ (20 29) 

E(k { ) = c[y/M 2 c 2 + h 2 k} + yjMfc 2 + h 2 kf]. 

Conservation of energy in the C.M. system implies from eqs. (20.27) that 
E(ki ) = E(k f ) 9 so that l&il = |/r f | = k. 

The matrices T c and V oP t 9 defined on the momentum shell, are also con¬ 
veniently expressed in the C.M. system. We then have to consider matrix 
elements of the form 

<k f , v', v[\T c \k h v, v t > 


or 


<Jk u v', v[\V opt \k i9 v 9 v t > 


and eq. (20.22a) becomes 


T = V + V —T 

1 c r opt * r opt^ x c* 


(20.30) 


Here we have set 


A 


= E(k { ) + 


h 2 kf 

2M t 


- E(k ) - 


h 2 K 2 

2M t 


+ is 


(20.31) 


and k is an intermediate wave vector in the C.M. system. If the incident 
particle motion is non-relativistic we have E(k t ) = h 2 k\j2m in which case 
we may write the quantity A as 


A = 


h 2 k; H 2 k 2 


2m 


2m 


+ is 


where m is the reduced mass introduced in eq. (20.25). 


(20.32) 
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As in Section 15.2 we may perform the integration appearing in eq. (20.20) 
to obtain the C.M. differential cross section for an elastic scattering process 
of the type (k i9 v, v t ) -> (k {9 v', v[). The result is 

Zg = ^T Pb ^ < - k( ’ v ’’ v ' l \ Tc \ ki ’ v ’ Vt ^ 2 (20.33) 


where E = E a = E b and [see eq. (15.46)] 

p b (E ) = km/h 2 (20.34) 

for a non-relativistic collision. In the relativistic case one has [see eq. (15.39)] 


Pb(£) ft 2 c 2 (l/£j + l/£ t ) 


(20.35) 


where E t and E t are respectively the (relativistic) energies of the “incident” 
and “target” particles in the C.M. system. For a random distribution of 
initial spins and if the final spin orientations are undetected the averaged C.M. 
differential cross section da c \/dQ is of course obtained by substituting in 
eq. (20.21) the value of dcr e i/d Q evaluated from eq. (20.33). 

We now turn to an important question, namely: “How is the optical 
potential Y^opt related to the many-body problem?” In order to investigate 
this point, we first consider the many-body scattering wave function !P£ +) , 
solution of the Lippmann-Schwinger equation 

K +) = *> + =- 7f~ZT v (20-36) 

Jb a — n d + le 

The wave function evidently describes both the elastic and non-elastic 
scattering. Since we are particularly interested in the description of elastic 
collisions we call that part of W { a +) corresponding to coherent (elastic) 
scattering, and write 

KV = n 0 ^ +) (20.37) 

where 

n 0 = z KkKk = I IfovjXM (20.38) 

vi V( 

is a projection operator onto the states From eqs. (16.15) and (20.19) 
we also deduce that 


^L +> = <*>„ + 


1 


-<y $ 


E a - H d + ie 

or, using eqs. (20.22), we find that * satisfies the integral equations 
1 


(20.39) 


3 / L +) = + 

= <*>,+ 


Uf( + ) 

E a — H d + is optca 
1 


£(fc) + h 2 K 2 l2M t - E(p ) - h 2 P 2 /2M t + ie 


(20.40) 
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These are precisely Lippmann-Schwinger equations involving the optical 
potential 'f'ovt- From eqs. (20.39) and (20.40) we also see that 

= nA +) . (20.41) 

Since we want to reduce the original many-body situation to a two-body 
problem, it is natural to eliminate the target bound state wave functions from 
eqs. (20.40). To this end we write eqs. (20.37)-(20.38) as 

l^a +> ) =Il^0,v;><^0,vdn +) > 


or 

= oA (20.42) 

where we have retained only the relevant initial channel labels to define 

<pj&K,v t = <^0v'in +) >. 

We note that q>kV,K,v t is an object having (2S + l)(25 t + 1) components in 
spin space. From eqs. (20.40) and (20.42) we then deduce that the function 
(PkV,K,v t satisfies the Lippmann-Schwinger equation 


t — ^ft,v,K,v t - 


" E(k) + h 2 K 2 /2M t - E(p ) 




(20.43) 


with 


&k,v,K,v t = O) 3 ex P(i fe * 'i) exp(itf • R)x ViVt (20.44) 

where ^v,v t is the appropriate spin function for the two spins S and S t , having 
respectively the orientations v and v t . Eq. (20.43) may be further simplified in 
the C.M. system, where it becomes 

= ^„v,v t + jKMtU (20.45) 


where A is given by eq. (20.31) and 

4* kl .v,v t = (2 n)~ 3/2 exp(ifcj • r)x w (20.46) 

From eqs. (20.30) and (20.45) we also deduce that 

T c <*>*,, v ,v t = K P t<Pkt,v,v t - (20.47) 


20.1.2. The role of the optical theorem 

We have defined above the optical potential ^ 0 pt as the potential leading 
to the elastic scattering transition matrix by means of the Lippmann- 
Schwinger equations (20.22). This definition does not imply that the optical 
potential is an Hermitian operator. In fact, as we shall now see, the optical 
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potential is in general non-Hermitian. To show how this comes about, let us 
examine some of the implications of the unitarity relations, and in particular 
of the optical theorem . Using eqs. (15.175) and (15.176), we write 

471 T /0 
*tot = Im /el 

= -2^- Im<fc|, V, v t |T c |fc„ V, v t >. (20.48) 

nv j 

Here <r t ot is the total (complete) cross section for all scattering processes 
originating from the initial state # a of eq. (20.26a) and all the quantities 
appearing on the right-hand side of eq. (20.48) are written in the C.M. 
system. 

Let us now write 

<r.ot = tffot + (20.49) 

where <r£j t is the total cross section for all elastic scattering processes, while 
o[ ot is the total “reaction” cross section for all non-elastic collisions. 

Let us first consider the total elastic cross section. By summing over all 
final states in eq. (20.33) we obtain 

<£ = ^<*.1 r:<5(B)m> (20.50) 

where B = A — ie, A is defined by eq. (20.31) and we have set a = (&i, v, v t ). 
We may transform the right-hand side of eq. (20.50) as follows. We first 
use eq. (11.167) to write 

j\ - j = 2ni8(B ^ 

Hence 

■ i) T -h) - <m5i) 

Furthermore, using eqs. (20.45) and (20.47), we find that 

= ( ^‘[< # «l T c l^ +) > “ <^ +) |TJ*-> + <#.l T c ~ TJI#.)]. (20.52) 
We now return to the optical theorem [eq. (20.48)] which we write as 

<ho* = (20.53) 

Thus, after comparison of eqs. (20.49), (20.52) and (20.53), we deduce that 
<t = - - w ( a +) \r c \^y] 
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or, using again eq. (20.47) 


<1 = - <<P« +) IK P M +) >] 

so that 

<t = -2 ( ~- Im<<j»<, + >|F 0 >< + >>. (20.54) 


We note immediately that the right-hand side of eq. (20.54) would vanish 
if F 0 pt were an Hermitian operator. Conversely, if non-elastic collisions can 
occur so that o- t r ot # 0, the optical potential must be non-Hermitian. This is 
a natural consequence of the fact that the colliding system can leave the 
incident (elastic) channel so that no conservation of probability is required 
within the elastic channel [15]. 

As an illustration of the considerations developed so far, let us consider 
a target which is nearly uniform on the scale of the de Broglie wavelength 
of the incident particle. If the target were very large and completely uniform, 
giving rise to a constant complex value V 0 of V opt , we would write (in the 
C.M. system) 

<PktL = (2 n)- 3/2 exp(iK • r) XvyH (20.55) 

where k = |k| is the wave number in the target medium such that 

E(k { ) = E(k) + V 0 . (20.56) 

But 

E(k) = E(ki ) -I- —(k — k { ) + • • • 
or 

E(k) = E{k j) + hv { (K - + . . . (20.57) 

where we have used the fact that 


is the incident velocity. Upon comparison of eqs. (20.56) and (20.57) we see 
that for a large uniform medium 

K~k x - V 0 /fttv (20.58) 

We note that the ratio 

n = K/ki (20.59) 

plays a role which is similar to the refractive index of optics. For this reason 
it is called the refractive index of the target. From eqs. (20.58) and (20.59) 
we see that in a uniform target medium 


(20.60) 
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so that the introduction of a complex potential V 0 corresponds to that of a 
complex index of refraction n. 

Let us now consider the case of a target which is nearly uniform on the 
scale of the incident wavelength. In this case we may interpret eq. (20.58) as 

K(r) ~k t - (20.61) 

where K oP t(r) and K(r) are slowly varying functions of r. We then write 
eq. (20.55) as 

(Pktl,v t - (2t0~ 3/2 expjjfci r - ~ j" V opt (b, z ') dz'J / v>Vt (20.62) 

which is precisely the eikonal form [16] of (pkt,l,v t - Here we have set 
r = b + z fc j and we have integrated along a straight line parallel to k % . 

As an example, let us consider the elastic scattering of a spinless particle 
by a spinless target simulated by a complex square well. Writing 



(20.63) 

with 


V 0 = V R + iV h (Fr, Vi > 0) 

(20.64) 

we see from eq. (20.62) that 



(20.65) 


where d is the distance travelled by the particle through the well in order to 
arrive at the point r (see Fig. 20.2). We note from eq. (20.65) that the wave 
(pi^ is exponentially attenuated as it proceeds through the target, this 



Fig. 20.2. The distances a and d and the vector r of the text. 


attenuation arising from non-elastic collisions which “depopulate” the 
initial elastic channel. Using eq. (20.54) we may in fact calculate the total 
“reaction” cross section corresponding to those non-elastic processes. It is 
given by 




dr 


or 


7 f exp(-d/d)dr 
A 


( 20 . 66 ) 
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where the domain of integration 2 is a sphere of radius a and A = hvJ2V l 
is the mean free path of the incident particle in the target medium. This 
integral is readily performed and yields 

<r[ot = na 2 {\ — \{A/a) 2 \\ — (1 + 2a/A) exp(— 2a/A)]}. (20.67) 

We verify that for very small mean free paths such that A/a < 1 (corre¬ 
sponding to a “black” target) one finds that crf ot reduces to na 2 , which, as 
expected, is precisely the geometrical cross section of the target. 


20.2 . The optical potential and the many-body problem 

We now turn to the problem of deriving the optical potential in terms of the 
many-body interactions. We shall examine here the formal derivations of 
Watson et at. [6-8], of Glauber [9] and of Feshbach [10]. 

20.2.1. Multiple scattering and the optical potential 

Let us assume for the moment that the incident particle is distinct from 
each of the scatterers in the target. The scattering matrix for elastic scattering 
may then be written as 

= <* b IWi +) > (20.68) 

where the many-body scattering wave function *F< +) , describing both elastic 
and inelastic scattering satisfies eq. (20.36), the final free state <2> b is obtained 
from eq. (20.14b) - or eq. (20.26b) in the C.M. system - and F d , as given by 
eq. (20.18) is the full interaction between the incident particle and the target. 

Following the method of Watson et al. , we introduce an operator F such 
that 

!P< +) = f^\ (20.69) 

Thus, in contrast with the projection operator 17 0 , the new operator F 
“reconstructs” the full many-body wave function from its elastic scattering 
part. Now, let us operate on both sides of eq. (20.36) with the operator 77 0 . 
Using eq. (20.37), and setting [17] G^ +) = (F a — H d + is) -1 , we obtain 

v[V = <*>a + G< +) -r op ,^ a +) (20.70) 

with 

r op XcV = (20.71) 

The optical potential 'F'opt (which does not act on the internal coordinates of 
the target) is then given by 

^o P t= <0|F d F|0> (20.72) 

where we have written 77 0 = |0><0| without explicit spin indices. In order to 
determine 'F'opt we must therefore find the operator F. To this end, we start 
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from eq. (20.36) and write 

Wi +) = <*> a + G< + >F d y< + ) 
or 

FWiP = <*> a + (20.73) 

where we have used eq. (20.69) which defines F. Now, extracting 3> a from 
eq. (20.70) and substituting in eq. (20.73), we have 

FViV = S*. +) - + G?>V d FT i +\ (20.74) 

The second term on the right-hand side of eq. (20.74) may be modified by 
using eq. (20.71), so that 

FViV = - G < d +) FI 0 V i F'Fca ) + G ( i +) V i F'F±: ) 

= {1 + G< +) ( 1 - n 0 )v d F}r c :\ 

Hence 

F= 1 + G< +) ( 1 - n 0 )V d F. (20.75) 

This is an exact Lippmann-Schwinger equation for F\ which we now proceed 
to solve approximately. A first, obvious method is to solve eq. (20.75) by 
successive iterations, starting from F = 1 as our lowest order approximation. 
In this way we generate for F a Born series in powers of the interaction V* 
namely 

f = i + g< + >(i - n 0 )v d + G < + >(1 - n 0 )v d Gi + \i - n 0 )v d +... 

(20.76) 

so that the optical potential Von is given by 
^opt = <0|F d |0> + <0|F d G( + >(l - i7 o )F d |0> 

+ < 0 |F d G( + >(l - i7 0 )F d G< + >(l - i7 o )r d |0> + . . .. (20.77) 

The two first terms of eq. (20.77) will be analyzed in detail in Section 20.4 
for the case of the elastic scattering of a charged particle by an atom. We 
already note here that the first term < 0 |K d | 0 > is simply the static potential of 
the target (i.e. the full interaction V d between the incident particle and the 
target averaged over the target internal state | 0 ». 

A second way of solving eq. (20.75) is to try to express the operator F in 
terms of (known) two-body scattering matrices. To this end we first define 
the objects 

tj = Vj + VjG^Xl - n 0 )tj (20.78) 

so that the operator F is given by the Watson equations 

F = 1 + t G<, +) ( 1 - n 0 )tjFj (20.79a) 

j= 1 

with 

Fj = 1 + G< +) £ (1 - n 0 )t k F k . (20.79b) 

H*j)= 1 
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Indeed, substituting eq. (20.79a) into the right-hand side of eq. (20.75), we 
find that 

F = 1 + G<i +) (1 - n 0 )V d + G‘ +) (l - 77 0 )F d Gi +) (l - Z7 0 ) £ tjFj. (20.80) 

j=i 

Now, using eqs. (20.18), (20.78) and (20.79b), we have 
t *J F J = V*+ t (fj - Vj)Fj + £ Vj(Fj - 1) 

j=i j =i i=i 

= K d + £ t>,G< + >(l - n 0 )tjFj + £ £ */?i +) (l - /7o)^F* 

i=i j = ik{*j)=i 

= V* + £ t? jGj +) (l - 77 0 ) £ t k F k 

j =i fc=i 

so that 

I tjFj = F d F (20.81) 

J= 1 

and eq. (20.80) reduces to 

F = 1 + G^ + >(1 - i7„)K d {l + G< + >(1 - n 0 )F d F} 

= 1 + Gjj +) (1 - n 0 )V d F ( 20 . 82 ) 

which is precisely eq. (20.75). Furthermore, because of eq. (20.81), we also 
see from eq. (20.72) that the optical potential is given by 

N 


r opl = (oi 


(20.83) 


I W 

j= i 

This last expression of P t is an exact one. However, the coupled equa¬ 
tions (20.79) are in general very difficult to solve. Indeed, since the Green’s 
operator G d involves the target Hamiltonian, the operators t j9 as defined by 
eq. (20.78), are still many-body objects. 

Let us now assume that the incident particle has high energy with respect 
to the (absolute value) of any target particle binding energy. In this case the 
impulse approximation may be used to show that the target particles act 
mostly as if they were free, so that one may write approximately [18] 

tj - <r 9 (20.84) 

where the objects are two-body transition operators for free particles. 
The Watson equations (20.79) then become 


N 


F = l + C< + >(1 - n 0 ) X J-jFj 


with 


j= i 

N 


Fj = 1 + G< + >(1 - 1T 0 ) £ 2T k F k 
and the optical potential is given by 

II fjFjl 

u=i 


r opt = (o| 


(20.85a) 

(20.85b) 

( 20 . 86 ) 
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Expanding F as a succession of scatterings, we therefore obtain for TT op t the 
multiple scattering series 

*"op. = <0| £ ^,|0> + <0| £ £ «^G< + >(1 - n 0 )r k |0> + • • •. (20.87) 

J=1 J=1 *(*./)= 1 

Until now we have supposed that the incident particle is distinct from 
each of the target particles. Formal treatments of the scattering of a particle 
identical with target scatterers have been given by Takeda and Watson [19], 
Bell and Squires [20] and Feshbach [10]. In particular, Takeda and Watson 
show that at high energies and when the incident particle is identical with a 
target particle j it is only necessary to use the correctly symmetrized (or 
antisymmetrized) two-body FT j in eqs. (20.85)-(20.87). 

20.2.2 The optical model in the eikonal approximation 
The multiple scattering approach to the elastic scattering of a particle by 
a composite target may also be formulated [9] within the framework of the 
eikonal approximation. Let 

r = b + zt 

be the relative coordinate and 

rj = bj + zfi (J = 1, 2,AO 

be the coordinates of the target particles (with respect to the target center of 
mass). According to the discussion of Section 9.1 we shall choose the unit 
vector 2 along the bisector of the scattering angle. If the target is initially in 
the state | 0 > and we “freeze” the target scatterers during the passage of the 
beam particle, we may write the C.M. elastic scattering amplitude in the 
Glauber eikonal approximation [see eq. (19.118)] as 

fS = 2 ~jj* d 2 h exp(i A • h)<0|[exp{ix° (h, b u ... b N )}~ 1]|0> (20.88) 

where A = ki — k { is the wave vector transfer in the C.M. system and the 
Glauber phase shift function /£ t is given by 

7&i (*, bu • • • b N ) = i Xj(b - bj\ (20.89) 

j= i 

the quantities Xj being the phase shift functions describing the scattering 
of the incident particle by each of the target scatterers. Since we want to 
reduce the original many-body problem to a two-body problem in which the 
target coordinates have disappeared, it is natural to return to the two-body 
eikonal amplitude (9.37) [or (19.100)] and to define an optical phase shift 
function /opt by the relation 

/e? = L-J d2fi ex P(i A • *0[exp{iXopt(*)} - !]• (20.90) 

Provided that recoil effects are neglected, we may also write a similar equation 
in the laboratory system [see eq. (20.141) below]. 
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Upon comparison of eqs. (20.88) and (20.90), we see that 

exp{iXop,0)} = <0|exp{i/S t (fc, b u .. . b N )} |0>. (20.91) 

We note immediately that, except when /£ t is independent of the target 
configuration, we have 

I exp (ixopt)l # 1 

so that the optical phase shift function / op t is in general a complex quantity. 
Moreover, if the elementary interactions between the incident particle and the 
target scatterers are genuine two-body interactions [ 21 ] such that the two-body 
phase shift functions Xj and hence / tot are real , we see that exp (i/° t ) is a 
unitary operator when acting on the target states \ri>. We then have 

X K»|exp(i X S t )| 0>| 2 = 1 

n 

or, using eq. (20.91) 

|exp(ix „ pt )| 2 + £ l<n|exp(ix£ t )|0 >| 2 = 1. (20.92) 

n# 0 

Thus 

lexp (iXopt)l < 1 (20.93) 

and Xopt is real only when /St is diagonal in the initial target state, i.e. when 
there is only elastic scattering. As soon as non-elastic transitions occur, the 
optical phase shift function / opt acquires a positive imaginary part which 
corresponds to the fact that particles disappear from the elastic scattering 
channel. 

If the “elementary” interactions between the incident particle and the 
target scatterers must themselves be described in terms of complex phase 
shift functions Xj having a positive imaginary part [22], then eq. (20.92) becomes 

|exp(ix „ P ,)| 2 + £ l<n|exp(ixg,)|0 >| 2 < 1 (20.94) 

n± 0 

which again implies the fact that / opt has a positive imaginary part. 

Further insight into the optical model may be gained by calculating the 
optical phase shift function / op t as a power series in /St. Following the 
method of Glauber [9], we write 

Xop.(*) = -i log < 0 |exp{ix£ t (A, b u .. . * N )}| 0 > 
or 

Xopt (b) -i log(l + i< 0 |x£t| 0 > - i<0|(xSt) 2 |0> + ...) 

so that 

XoptW = < 0 |xS,| 0 > + ii{< 0 |(x£,) 2 | 0 > - < 0 |x? ot | 0 > 2 } + .... (20.95) 

We see from eq. (20.95) that in first order the optical phase shift function 
Xopt is simply the average of x£t over the target wave function. If the “elemen¬ 
tary” interactions between the incident and target particles are described by 
ordinary real potentials (i.e. by real phase shift functions) and correspond 
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therefore to genuine two-body problems, we note that the first order term of 
Xopt is real. In this case an imaginary part of Xovt only appears in second order, 
and is clearly positive since the quantity in brackets appearing in eq. (20.95) 
is just the mean variance of the phase shift function. 

Let us assume that we have evaluated the optical phase shift function /opt by 
means of eq. (20.91) or by using the series (20.95). We may now, within the 
framework of the eikonal approximation, define an optical potential F OP t 
which corresponds to the phase shift function /opt- It is a local operator Fopt(r) 
such that 


XoptO) = - “J V opl (b, z) dz. 

(20.96) 

If we assume that V opt depends only on r — |r|, we have 


Xopt(6) - J V opt Qb 2 + z 2 ) dz 

(20.97) 

or 

/1A 2 f°°F opt (r)rdr 

(20.98) 

This last equation is an Abel integral equation which may be solved to yield 

the optical potential in terms of / oP t. The result is 


t/ f \ hv jld f°° Xo P t(b) uau 

V opl (r) = , : bdb 

n r dr J r yjb 2 — r 2 

(20.99a) 

or 


T/ / N ^ f" Xopt W 

«J, 

(20.99b) 

Having obtained the optical phase shift function ^opt we may compute the 
elastic scattering amplitude and therefore the corresponding elastic 

differential cross section. Moreover, since we have reduced the original 
problem to a two-body problem described by a complex phase shift function 
Xovu we may use the formulae (9.54), (9.58) and (9.59) to write respectively 
the total (complete), total elastic and total non-elastic (“reaction”) cross 

sections as 


tftot = 2 1 d 2 b [1 - exp(—Im x„ pl ) cos (Re x„ pt )]> 

(20.100a) 

<ot = j d 2 b lexpO^p,) - 1| 2 

(20.100b) 

and 


<t = j d 2 b [1 - exp(—2 Im * opt )] 

(20.100c) 

with 


Zopt = Re /opt + i Im * oP t, Im / opt ^ 0. 

(20.100d) 
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20.2.3. The Feshbach projection operator formalism 

We shall now examine an alternative way of relating the optical potential to 
the many-body problem, which is due to Feshbach [10]. Originally devised to 
study nuclear collision processes, the Feshbach method has also been applied 
to atomic collisions. The Feshbach formalism is able to take into account 
the Pauli principle between the incident and target particles and provides 
a particularly elegant description of resonance scattering. Although the 
Feshbach method may be applied to a variety of collision processes, we shall 
concentrate our attention here on resonance scattering, assuming that the 
incident particle is not energetic enough to excite the target so that only 
elastic scattering is allowed. This study of low-energy resonance scattering 
therefore supplements our previous analysis of the optical model at high 
energies. 

Let us begin by defining a projection operator P which, acting on the full 
scattering wave function !F a [23] is such that 

PV a V m 

r -* oo 

r x oo (20.101) 

• 

o -*■ 00 

where r is the incident particle coordinate and r„ r 2 ,. .. rj are the coordin¬ 
ates of target particles which are identical to the incident one. For example, 
in the case of a nucleon incident on a nucleus which contains N nucleons and 
is described by the wave function r 2 ,... r N ), we may write 

PP a (r, r u r 2 ,. .. r N ) = si<p(r)il/ 0 (r u r 2 ,.. . r N ) (20.102) 

where si is the antisymmetrization operator and we have only displayed the 
space coordinates of the particles. From eq. (20.102) we deduce that if !F a 
is the antisymmetrized wave function of the system, the function (p(r) yields 
asymptotically both the direct and exchange scattering amplitudes. Let us 
now introduce a second operator Q defined by the relation 

Q = 1 — P. (20.103) 

Since P is a projection operator, it is such that 

P 2 = P. (20.104a) 

Hence Q is also a projection operator, since 

Q 2 = (1 - P) 2 = I - 2P + P 2 = I - P = Q. (20.104b) 

From eqs. (20.103) and (20.104) we also deduce that the operators P and Q 
are orthogonal, so that 

PQ = QP = 0. (20.105) 

The total wave function !P a satisfies the Schrodinger equation 
(H - E a )P a = 0 


( 20 . 106 ) 
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where H is the full Hamiltonian of the many-body system. Let us break the 
total wave function !F a into two parts as 

<F a = PV, + QV & . (20.107) 

We note that because of eqs. (20.101) and (20.103) the component Q^F a 
vanishes asymptotically. Using eq. (20.107), we may write the Schrbdinger 
equation (20.106) as 

(H - E a )(P + Q)W a = 0. 

Acting on this equation with P and Q , and using eqs. (20.104) and (20.105), 
we get 

(H PP - EJPV m + HpqQV a = 0 (20.108a) 

(Hqq - E A )QW a + HqpPV a = 0 (20.108b) 

where 

Hp P = PHP, H qq = QHQ , H pq = PHQ , Hq P = QHP. (20.109) 

The two equations (20.108) mav be formallv decoupled bv solving first 
eq. (20.108b) for Q^ a , 

Q'P, = (£ a - H QQ )- l H QP PV a (20.110) 

and inserting this result into eq. (20.108a), so that 

{H PP -E a + H PQ (E a - H QQ )- l H QP }P'P a = 0. (20.111) 

We note from eq. (20.101), that even though PP a may differ from !P a over 
all finite regions of configuration space, the solution of eq. (20.111) for P'F. d 
will lead to the exact elastic scattering amplitude. We may therefore rewrite 
eq. (20.111) as 

(jr M - EJP¥ t = 0 (20.112) 

where 

= H PP + r (20.113) 

is the effective Hamiltonian for elastic scattering (i.e. the “equivalent” 
Hamiltonian for the wave function i > ¥' a ) and 

r = H PQ (E a - Hqq )- 1 H qp . (20.114) 

is a complicated, non-local operator, which, as we shall see, is closely related 
to the optical potential. 

A simple illustration of the above formulae may be illuminating at this 
point. Let us consider a case for which the incident particle is distinct from 
the target scatterers (e.g. positron-atom scattering). We may then choose P 
as the operator projecting on the target ground state |0>, namely 

P = |0><0|. (20.115) 

Writing the total Hamiltonian H as 

H = K + h + V d 
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where K is the relative kinetic energy, h is the target Hamiltonian such that 


h\oy = w 0 |o> 

and V d is the full interaction between the incident and target particles, we 
find that eq. (20.112) becomes 

[K + <0|F d |0> + r — E]PV a = 0 (20.116) 

with 


E = E a - Wq. 

Thus, introducing the optical potential 

^opt = <0|K d |0> + r 


or 

^op. = <01 F d |0> + H PQ (E a - Hqq)- 1 H qp (20.117) 

we may write eq. (20.116) as 

[K + - E]P¥ a = 0. (20.118) 

Let us now return to the general case, described by eq. (20.112), and 
analyze in more detail the operator if given by eq. (20.114). Following 
Feshbach, we shall show that resonances arise from the presence of zeros in 
the denominator of the operator V. To see how this comes about, let us 
imagine that we have solved the eigenvalue problem 

HqqX» = 6v/v (20.119) 

for all e v , x v . We note that while the operators H and H PP have a continuous 
spectrum in the scattering region, it follows from eqs. (20.101) and (20.103) 
that the eigenvalues e v are discrete below the excitation threshold. We also 
see from eq. (20.119) that the wave functions x v are bound state solutions of 
an equation obtained from eq. (20.108b) by omitting the term H QP P } F a which 
permits the decay of QW a into P*F r Now a resonance state of the compound 
system (incident particle plus target) has a very long lifetime with respect to 
typical collision times, and its probability of re-entering an open channel 
(here the elastic channel) is small. We may therefore, in first approximation, 
interpret the wave function Xv (corresponding to a state of infinite lifetime) 
as a resonance state , while the resonance energy is given approximately by 
e v . Such resonances are often called Feshbach resonances. It is worth 
noting that other resonances, called shape resonances may also arise when 
the potential in the single channel Schrodinger equation (20.118) has the 
right shape and strength to induce a resonant state. Since we have discussed 
such shape resonances at length in Chapter 4 we shall consider here only the 
Feshbach resonances. Using eqs. (20.119) and (20.104b), we have 

Hqq(QXv) = e v (0Zv) 


( 20 . 120 ) 
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so that, assuming e v to be non-degenerate, we obtain 

Qx v = hv 

Moreover, since Q 2 = Q , we have X = 1, or 

QXv = Xv(allv). (20.121) 

Thus, from eqs. (20.119) and (20.121) we see that the Xv are simultaneous 
eigenstates of the operators H QQ and Q with respective eigenvalues e v and 1. 
Furthermore, we deduce from eq. (20.121) that 

PQXv = Px* 

or, using eq. (20.105), 

PX* = 0 . ( 20 . 122 ) 

Finally, the completeness of the set / v in the Q subspace allows us to write 

Q = Z IXvXXvl- (20.123) 

V 

We are now prepared to examine the operator 'V' given by eq. (20.114). 
We first write 

r = H PQ (E a - Hqq)- 1 QH qp 

where we have used the fact that QH qp = Q 2 HP = QHP = H QP . Using 
eq. (20.123), we also have 

r = Yh pq (e a - h qq )- 1 \ Xv 'KiAh qp . 

V 

But, from eq. (20.119), 

(£ a - tf ee r 1 |Xv> = (E a - £ v )~ 1 IXv> (20.124) 

and therefore 

r = X tfpQ p^— HQP (20.125) 

v ^a e v 

so that eq. (20.112) becomes 

[tfrr + I - E^PV a = 0. (20.126) 

If the resonances may be considered as isolated, so that the e v are well 
separated, it is clear from eq. (20.126) that when E a gets very close to some e v , 
then one term in the sum on v will become very large. Let us isolate that 
particular term, say v = s by writing eq. (20.126) as 

\H' - E a ~\PP a = - HpJ^^HqpPP, (20.127) 

e s 

where 

H' = H PP +Y J H p J^~^H qp (20.128) 

v^s ^a £v 
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is that part of the effective Hamiltonian which varies slowly with energy and 
therefore gives rise to the non-resonant part of the scattering. 

To solve eq. (20.127), we first consider the solution of the correspond¬ 
ing homogeneous equation, namely 

(H' - E a )PV a = 0 (20.129) 

which describes non-resonant scattering. Let us assume that we have been able 
to find outgoing spherical wave solutions of eq. (20.129), which we denote by 
PW ( a + \ Then, defining the Green’s operator 


G^\E.) = --L-j- = U -H PP -Y H p J^^H qp + is! * (20.130) 

£ a - H + le l v * s £ a - e v J 

we find that the full wave function P*Fi +) which exhibits an outgoing spherical 
wave behaviour satisfies the equation 

|p<p(+)> = | p£< + >> + c ^+l ffpQ\X.><X l ,\H v \PVi + ) > (20.131) 

- e s 

The matrix element </ s |// GP |P^ +) ) may be obtained as follows. We have 

ixs\n QP \ pk +) > = <x s \n QP \pn +) y + <Xs[H % G<p+)HpQ[Xs} <xs\H QP \pn +) > 


1 QP 

so that 


^ ^ ■ > ” 1 - (xiHa'GV'HrJME. - O 

Substituting this expression into eq. (20.131), we obtain 

' P ‘ > _ ' P ■ > + ' E. - s, - 


or 


with 


p «p(+) = p£(+) + A 


1 


A. = 


£ a - H'+ie 
<X s |/f eP |F^ +) > 


ttjHfqXs 


E& E s — (Xs\HQpG P + ^H P Q\x s y 


(20.132) 


(20.133) 


(20.134) 


(20.135) 


The transition matrix element <b|^|a> leading to a final state # 5 may be 
readily obtained by applying to eq. (20.134) the two-potential formulae of 
Section 17.3. Defining as a solution of eq. (20.129) which exhibits 

an incoming spherical wave behaviour, we have 


<b|^|a> = <bma> N .R. + <b|^|a> R (20.136) 
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(20.137) 


where <b|^|a>N.R. is the transition matrix element arising from the asymp¬ 
totic behaviour of P*Pi +) and giving the non-resonant part of the scattering and 

<bma> R = A s (Pf ( ^\H PQ \ Xs y 

= <fgngp<2 IxXxjH^p^y 
E a -e s - </ s \H QP G^H PQ \ Xs } ' 

This last expression clearly exhibits a resonance behaviour. If we write 

A s = R^Xs\H QP G^>H PQ \ Xs y (20.138) 

and 

ir s = -Im <x s \H QP G< P +>H PQ \x s y (20.139) 

then the “resonant” part <b|^"|a> R of the transition matrix element becomes 
<P^” ) |/fp Q IX s ></ s |/f Q p|P^i +) > 


<b|^|a> R = 


— ( e s + ^s) + iiP S 


(20.140) 


We see that the term A s gives rise to a shift in the position of the resonance 
from e s9 while the quantity T s controls the width of the resonance: if T s is 
small, then the resonance is narrow. We also note that if % s is a state of 
definite angular momentum the resonance will occur in a given partial wave. 

We may now briefly summarize the Feshbach method. By applying the 
projection operators P and Q one divides the total wave function into an 
open channel part PW a and a closed channel fraction QW a . A Schrodinger 
equation for the open channel part is then obtained [eq. (20.112)] which 
involves an effective Hamiltonian. The analysis of the structure of this 
effective Hamiltonian may be reduced to the solution of the eigenvalue 
problem (20.119). The transition matrix element is then given by eqs. (20.136)- 
(20.140). We see that important steps in the Feshbach method are the con¬ 
struction of the appropriate projection operators and the solution of the 
eigenvalue equation (20.119). We shall return to these questions in Section 
20.4.2 where we shall apply the Feshbach method to the study of low-energy 
electron-atomic hydrogen resonance scattering. 

Before leaving the subject of formal resonance theory we list in reference 
[24] a few important papers dealing with the theory of resonant scattering. 


20.3. High-energy elastic hadron-nucleus scattering 

Consider a hadron X of initial laboratory energy E L and wave vector A: L 
incident on a nucleus of mass number A. Assuming that the high-energy 
small angle conditions are satisfied, we may use the Glauber eikonal version 
of the optical model developed in Section 20.2.2 to write the elastic scattering 
amplitude in the laboratory system as 

/e? = d 2 b exp(i q ■ 6)[exp{i*„ pt (6)} - 1] (20.141) 
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where q = fc L — ki is the wave vector transfer in the laboratory system. The 
optical phase shift function Xopt appearing in eq. (20.141) is such that 

exp {iW»} = <0|exp (ixg,(i, b u ... ^)}|0> (20.142) 

where 

X?ot(b, b l9 ... b A ) = t Xj(b - bj ) (20.143) 

j= i 

is the sum of the phase shifts contributed by each of the target nucleons. 
Here we have written the coordinate of the incoming hadron as 

r = b + z£ 

while 

r i = b i + z A 

are the coordinates of the target nucleons and the z-axis is chosen along the 
bisector of the scattering angle. We assume that the individual phase shift 
functions Xj describing the scattering of the incident particle by the individual 
target nucleons are known and we neglect for the moment their possible spin 
or isospin dependence. We may also introduce the functions 

rj(b) = 1 - exp {ixjib)} (20.144) 

which vanish for b outside the nuclear force range. From eq. (19.102), we 
note that 


/j 


r = ifc L f 

J 2nj 


d 2 b exp(i q ■ b)f j(b) 


(20.145) 


is precisely the eikonal two-body scattering amplitude of the incident particle 
by the ,/th nucleon (in the laboratory system). Then, using the fact that 

exp(ixSt) = expji ~ ft ;)j = J] t 1 ~ r A b ~ ft ;)] (20.146) 

we may write the elastic scattering amplitude as 




d 2 b exp(i q ■ 6)<0|r tot (h, b u ... Aj|0> 


(20.147) 


where r, ot is given by eq. (19.112), namely 

a o. = i - n [i - nb - bj)} 

j =i 


(20.148) 

and may be written in the form of a multiple scattering expansion, namely 

(20.149) 


Act - z Jy - I F,.r, + • • • + (-l)^- 1 n fj. 

j=1 j*l j= 1 

Let us analyze more closely the contribution to /<£ arising from the first 
term (or “single scattering” term) on the right-hand side of eq. (20.149). 
Using eq. (20.145) we immediately deduce that this “single scattering” or 
impulse approximation (I.A.) leads to the elastic scattering amplitude 

/e'l A = Z /j<°l eX P( i 9 *j)|0>. 


(20.150) 
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Furthermore, if we assume that all the /} are identical (/ t = / 2 = .. .= /), 
and use the fact that they only depend on the (laboratory) wave vector 
transfer q = (k L — kf), we may write the differential cross section for elastic 
scattering in the impulse approximation as 


H/T IA 

= A 2 (d<7/dQ) t \S(q)\ 2 


(20.151) 


where 

(d<r/d!2) f = |/| 2 

is the elastic differential cross section for the scattering of the incident particle 
by a free nucleon, and 

S(q) = A' 1 £ <0|exp(i^ • r y )|0> (20.152) 

j= i 

is the elastic form factor [25] of the target bound state. Since 5(0) = 1, the 
formula (20.151) predicts that in the impulse approximation the coherent 
(elastic) differential cross section for hadron-nucleus scattering is enhanced 
by a factor A 2 in the forward direction with respect to the hadron-nucleon 
cross section. In practice, since hadrons and nucleons interact strongly, 
multiple scattering effects are important in nuclei. They lead to an A- 
dependence of the forward differential cross section which increases less 
rapidly than A 2 although the general tendency of the angular distribution 
to be concentrated in the forward direction remains. This strong forward 
peaking is the main characteristic of high energy coherent hadron-nucleus 
scattering. 

In order to improve on the impulse approximation we follow the treatment 
of Glauber [9] and return to the general formulae (20.141) and (20.147) for 
the elastic scattering amplitude. We then have, from eqs. (20.142) and 
(20.146) 


exp{ix„ pt (*)} = 


FI [1 - fjib - ft,)] 


(20.153) 


\ 0=i I / 

It is convenient at this point to use an independent particle model for the 
nucleus. Then the nuclear ground state wave function factorizes and we have 
(neglecting exchange effects in the target) 


Woi'u » 2 > • • • r A )| 2 = n p£?i ) (20.154) 

j= 1 

where p/fj) is the density for the yth particle, normalized to unity. We may 
then write eq. (20.153) as 

exp{ix„p,(ft)} = ril 1 - f Pj( r j) r j( b ~ b j) dr j } (20.155) 

j= 1 

from which we deduce that 

Xopi(A) = - i I l°g{l - J p{ r j)i j(b - ft,) dr,}. (20.156) 
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Let us now consider the expression 

Bjib) = J Pj(rj)rj(b - bj ) d rj . (20.157) 

This quantity vanishes when b is appreciably larger than the nuclear radius, 
and its order of magnitude when b is inside the nucleus is easily obtained. 
Indeed, we know that 

Bjib - bj) = 1 - exp [i Xj(b - bj )] 

is zero outside of a small pencil, centered about a line b = constant, and of 
radius a 9 where a is the interaction range between the incident particle and a 
target nucleon. In the interior of this pencil, the quantity 7^ is at most of order 
unity. Since pj is inversely proportional to R 3 - where R is the radius of the 
nucleus - while the volume of the pencil is proportional to a 2 R 9 we deduce 
that Bj(b) is of order a 2 /R 2 and is therefore quite small compared to unity, 
even in the case of a nucleus of moderate size. We may therefore expand the 
arguments of the logarithms in eq. (20.156) and write 

Xopl (b) ~ ifj PjirjVjib - bj) dr j. (20.158) 

Since we are presently neglecting all isospin effects, all the functions r j 
are the same and we may also introduce the average particle density 

P = \ £ Pj (20.159) 

A j=1 

to write the optical phase shift as 

Xoptib) = iA\p(r')r(b - b') dr' (20.160) 

where we have used the variable r' = V + z'£ instead of r r 
At the expense of a further approximation, we may still simplify eq. (20.160) 
as follows. Writing 

p(r') = p(b',z') 

and changing variables to b" = b — b\ we have 

Xoptib) = p(b - b", z') Tib") d 2 b" dz'. (20.161) 

Now the nuclear density is practically constant over a large fraction of the 
nucleus, while T is non-vanishing only over a small region of the b” plane. 
We may therefore expand the nuclear density in a Taylor series about b 9 
and neglect terms of order a 2 /R 2 to obtain (with z' -* z) 

x opt ib) = iA J*” pib, z) dz | d 2 b" rib”). 

But from eq. (20.145) we see that the quantity 

ife L 


( 20 . 162 ) 
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is precisely the forward scattering amplitude for hadron-nucleon elastic 
scattering (in the lab. system). Thus we may write 

2nA f +0 ° 

Xopt (b) = — / L (0) p(b, z) dz (20.164) 

J -00 

which is a very simple expression for the optical phase shift function. We see 
that it involves only the de Broglie wavelength X — 2n/k L of the incident 
particle, the density and mass number of the target nucleus, and the hadron- 
nucleon elastic scattering amplitude in the forward direction. Using eq. 
(20.96) we may also deduce from (20.164) the corresponding optical potential 


V opt (r) = - —— -Af L (0)p(r) 


(20.165) 


where is the relative initial velocity. Since 

v { = hc 2 kjE L 

we have 

K P ,(»•) = - —^—Af L (0)p(r ). (20.166) 

We may also use the optical theorem to write 

V opl (r) = ~ 2 ~Ap(r)^Rc / L (0) + i^ XN J (20.167) 

where Gxn is the total hadron-nucleon cross section. Finally, we note that 
the complex refractive index introduced in Section 20.1.2 is given by 


n(r) = 1 + -^f L (0)p(r). (20.168) 

Let us briefly review the approximations which lead to our final results 
(20.164) and (20.166). Apart from the conditions of validity of the eikonal 
approximation (high incident wave number and small angle scattering), we 
have also used an independent particle model for the nucleus and neglected 
terms of order a 2 /R 2 . 

It is instructive to compare the expressions which we have just obtained 
for /opt with those following from the impulse approximation r tot — EyF,.. 
In the latter case one has 

exp{iXopt(*)} - <0|1 - t rj(b - bj)\ 0 }. (20.169) 

j= 1 

Using again an independent particle nuclear model, we have then 

Xopt (b) ~ -i logjl - t x | pfrjW - bj ) dr y | (20.170) 

and the approximations which we used to obtain eq. (20.164) now give [261 
Xopt (b) ~ -i logjl + J p(b, z) dzj . (20.171) 
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We note the presence of the summation inside the argument of the 
logarithm in eq. (20.170) - or the factor A inside this argument in eq. (20.171) 
-so that we may only obtain the results (20.158) and (20.164) from eqs. 
(20.170) and (20.171) when A is relatively small. This is in accordance with 
the fact that multiple scattering terms in eq. (20.149), responsible for absorp¬ 
tion, shadow, interference effects, etc., are more likely to influence the small 
angle elastic scattering in a large nucleus than in a small one. 

Let us now return to the basic formulae (20.164) and (20.166) which we 
have obtained for % op t and V oP f We first recall that these expressions have 
been established in the laboratory system . It is a simple matter, however, to 
obtain formulae which involve the C.M. quantities k and /(0). Since the 
ratio of the forward amplitude divided by the momentum is a relativistic 
invariant, we may write 

2nA r + 00 

Xop,(*) = ^/(O) I p(b, z) dz (20.172) 

and 

K P M = - ~Af(0)p(r). (20.173) 

It is important to note that the equations (20.166) or (20.173) for the optical 
potential, which we have derived within the framework of the Glauber eikonal 
theory, may also be obtained from an analysis of the first term of the Watson 
multiple scattering series (20.87) for the optical potential [27]. Hence the 
“single scattering” approximation of Watson (keeping only the first term 
on the right-hand side of eq. (20.87) for the optical potential) should not be 
confused with the single scattering (impulse) approximation of Glauber, 
which amounts to keeping only the first term on the right-hand side of eq. 
(20.149) and leads to the impulse approximation results (20.151), (20.170) 
and (20.171). 

Let us now discuss some corrections to the formulae (20.164) and (20.166) 

(i) Spin effects. To order A" 1 , where A is the mass number, there are as 
many nucleons with spin up as with spin down at any point of a nucleus in its 
ground state [28]. Therefore the quantities f L ( 0) or /(0) which appear in the 
above formulae must be averaged over the target nucleon spin. This spin 
averaging makes the nuclear scattering sensitive to a different amplitude from 
that which describes forward scattering on a free target nucleon. Hence, the 
comparison of results with nucleons and nuclei as targets may permit the 
isolation of spin-dependent effects. 

As an illustration of the role of spin effects in high-energy hadron-nucleus 
scattering, let us assume that the scattering of the incident particle by a target 
nucleon contains a spin-orbit term. Then the laboratory two-body hadron- 
nucleon scattering amplitude may be written in the form (see Section 18.3) 
M = f(k' u k L ) + <F a g(ki , k L ) (20.174) 
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where / and g are spin independent amplitudes, <r is the Pauli spin matrix 
and 

= At l x k j 
I^L X ^Ll 

is a unit vector perpendicular to the plane of scattering. Furthermore, the 
scattering amplitude g vanishes in the forward direction, so that no spin- 
orbit term is obtained in the approximation which led us to eq. (20.166). 
However, if we return to eq. (20.161) and keep the next term in the expansion 
of the average density it may be shown [9] that 

Kptto = - 2J ~ La [/l(0)pM + ±g'd0 )—/(>•)<* • i] (20.175) 

where the average density is assumed to be spherically symmetric and 

gm = l4fcW/dfl|#-o. 

For nuclei of small mass number A which cannot be considered as saturated 
spin systems and for which the concept of an average density has little 
meaning, the spin effects must be studied by other methods. An important 
case is hadron-deuteron scattering, for which spin effects have been investi¬ 
gated by several authors [29, 30] and found to be small at high energies. 

(ii) Isospin effects. As in the case of spin effects, the amplitudes / L (0) or 
/(0) must be averaged over the target nucleon isospin (to order A' 1 ). We 
may thus rewrite eqs. (20.164) and (20.166) as 

2nA f + 0 ° 

X„p,W = -tt/iXO) P(b, z) dz (20.176) 

K L J -00 

and 

K pt (r) = - —4f l(O)p(»0 (20.177) 

where 

/l(0) = l[Z/ Xp (0) + Nf Xa ( 0)] (20.178) 

is the mean forward scattering amplitude, Z being the number of protons 
and N the number of neutrons in the target nucleus, while 7x P (0) and /x n (0) 
are respectively the forward scattering amplitudes for hadron-proton and 
hadron-neutron scattering. 

(iii) Correlation effects. We have described so far the nucleus by an 
independent particle model. In fact, various types of correlations in the 
position or spin variables may arise between the target nucleons. For example, 
attractive or repulsive interactions between the nucleons may lead to devia¬ 
tions from the independent particle model. Even in the absence of such 
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interactions, the Pauli exclusion principle already introduces a correlation 
between the nucleons, since two similar fermions are not allowed to have 
the same spatial and spin coordinates. In general these correlation effects 
are complicated to analyze. We refer the reader to the references [8, 9, 11, 31] 
for a discussion of this subject. 

(iv) Coulomb effects. If the incident hadron is a charged particle, it is of 
course necessary to take into account the long-range Coulomb forces [32] as 
well as the short-range strong forces. This is a typical “two-potential” 
problem which is particularly easy to solve in the eikonal approximation 
where the relations between the phase shift functions and the interaction 
potentials are linear. There is however an additional subtlety, since the 



Fig. 20.3. Laboratory differential cross section for proton scattering on copper at 
19.3 GeV/c, in units of 10 ~ 23 cm 2 /sr. The experimental points are from Belletini et al. [34]. 
The theoretical curve uses a Woods-Saxon nuclear density with R = 4.3 fm, a = 0.55 fm 
(taken from Goldhaber and Joachain [31]). 

actual Coulomb potential inside the nucleus is that of an extended charge 
distribution [33]. For high energy scattering of protons from nuclei of large 
Z (such as lead) the Coulomb amplitude turns out to be comparable to the 
nuclear amplitude, so that a precise calculation of Coulomb effects is im¬ 
portant. 

As an example of high-energy hadron-nucleus elastic scattering, we show 
in Figs. 20.3 and 20.4 the angular distributions corresponding to proton 
scattering on copper and lead nuclei at 19.3 GeV/c incident laboratory 
momentum. The theoretical curves have been obtained by using eq. (20.164), 
corrected for spin, isospin, correlation and Coulomb effects [31]. The experi¬ 
mental points are those of Belletini et al [34]. 
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Fig. 20.4. Laboratory differential cross section for proton scattering on lead at 19.3 GeV/c, 
in units of 10 -23 cm 2 /sr. The experimental points are those of Belletini et al. [34]. The 
theoretical curve uses a Woods-Saxon nuclear density with R — 6.5 fm, a = 0.7 fm (taken 
from Goldhaber and Joachain [31]). 


20 A. Elastic scattering of charged particles by atoms 

Let us consider the elastic scattering of a particle A of mass m A and charge 
Qe by a neutral atom B having Z electrons. We suppose that the collision 
is non-relativistic, and assume that the center of mass of the atom co¬ 
incides with its nucleus. We shall treat the collision in the C.M. system, 
using the relative coordinates r which joins the position of the nucleus to 
that of the particle A and rj (j = 1, 2, ... Z) which determine the positions 
of the atomic electrons with respect to the nucleus (see Fig. 20.5). The 
center of mass wave vectors in the initial and final state are and k u 
with |£i| = |& f | = k . 



Fig. 20.5. Illustration of the coordinates r and rj of the text. 

The complete Hamiltonian of the system (A + B) may be written as 

H = H d + V d (20.179) 
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where H d9 the “unperturbed” Hamiltonian describing the free motion of the 
two particles A and B in the elastic channel (i.e. the motion of A and B when 
they are far apart) is given by the sum of the relative kinetic energy K and of 
the internal target Hamiltonian h. Therefore 



H d = 

K+h 

(20.180) 

where the operator K is given in the position representation by 



K - - 2 S5 V ' 


(20.181) 

and 

h=f j K i +U 

i= 1 


(20.182) 

with 





K t = - iV r 2 , 


(20.183) 

and 

i, / Z\ 

z i 



u- X —M 

■ £ r- 

(20.184) 


i= 1 \ r i) 

i>j= 1 r U 



In the above formulae and in the remaining part of this section we use 
atomic units (a.u.), defined in footnote [45] of Chapter 19. We have also 
set r 0 - — | r t — rj\ and introduced the reduced mass 

M = m A m B /(m A + m B ) (20.185) 

where m B is the mass of the target atom B. Furthermore, we have 

h\n > = w» (20.186) 

and we shall assume that the atom is initially in the ground state | 0 >, with an 
internal energy w 0 . 

The interaction V d is the sum of the individual interactions of the incident 
particle A with the (Z + 1) particles of the target. We shall neglect all but the 
Coulomb interactions and write (in a.u.) 

ZO z 

v d = — + I Vj (20.187) 

r j= i 

with 

v, = - , 6 , . (20.188) 

7 \r - rj\ 

20.4.1. The multiple scattering approach 

Following Mittleman and Watson [35-38], let us first analyze this elastic 
scattering problem by determining the optical potential approximately from 
eq. (20.77). We shall neglect for the moment the possible effects of the Pauli 
principle between the incident particle and the target particles. Thus, if the 
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particle A is an electron we presently ignore exchange effects. As we have 
already noted above, the first term on the right-hand side of eq. (20.77) is 
simply the static potential V st = <0|F d |0>. Our first approximation to the 
optical potential may therefore be written as 

^ (1) W = Vjjt) = — - Q £ /oy-2— o\ . (20.189) 

r j=l \ \r — rj\ / 


This expression may be readily evaluated for simple atoms [39] or when 
an independent particle model (such as the Hartree-Fock method) is used to 
describe the state |0> of the target. The static potential (20.189) has been used 
frequently to describe the elastic scattering of charged particles by atoms. 
We already pointed out in our discussion of electron-atomic hydrogen elastic 
scattering (see Section 19.5) that the static interaction does not take in¬ 
to account several important features of the collision. For example, 
polarization effects (which we shall analyze below) are missing from F st . 
Moreover, at C.M. energies above the excitation threshold of the target 
the static interaction (20.189), which is real does not take into account 
absorption effects due to the possibility of the removal of incident particles 
from the initial (elastic) channel [40]. Furthermore, if the incident particle 
is identical to one of the target scatterers, exchange effects must be taken into 
account. Such effects are obviously not present in V st . 

However, as we already remarked in Section 19.5, the static interaction 
(20.189) correctly reduces for small values of the relative distance r to the 
Coulomb interaction ZQ/r acting between the incident particle and the 
nucleus of the target atom. We therefore expect that the potential V st will 
account for elastic (direct) collisions involving small relative distances. 
Therefore, if exchange effects between the incident particle and the target 
scatterers are not present or may be neglected, and when semi-classical 
conditions apply (i.e. when k > 1), the static interaction (20.189) will 
describe correctly the large angle elastic scattering, which corresponds to 
small impact parameters. That this is the case for the elastic scattering of 
fast electrons by atomic hydrogen has already been shown in Section 19.5. 
We shall also illustrate this point in Section 21.1 while discussing elastic 
electron-helium scattering. 

Let us now consider the second term on the right-hand side of eq. (20.77), 
namely 


v m = y <0\V d \nXn\V d \0y 

„% k 2 /2M — K — (w„ — w 0 ) + ie 


(20.190) 


where the summation runs over all the intermediate states of the target. 
Here k 2 /2M is the relative kinetic energy, K is the kinetic energy 
operator (20.181), w 0 and w n represent the internal target energies res¬ 
pectively in the initial state |0> and in the intermediate state |«>, and 
e 0 + . 
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The expression (20.190) is in general very difficult to evaluate, so that 
approximation methods must be used. We shall examine here two of these 
approximations. 

(i) If we assume that the change ( k 2 /2M — K) in kinetic energy in the 
propagator [k 2 /2M — K — (w„ — w 0 ) + is] -1 may be neglected, we may 
rewrite eq. (20.190) as 


yt 2 ) = y <0\V*\nXn\V d \0> 

n *0 VV 0 ~ W„ 


(20.191) 


where we have now omitted the prescription s -* 0 + since the denominator 
appearing in eq. (20.191) is no more singular. The approximation leading to 
eq. (20.191) is called the adiabatic approximation . We note that since the 
interaction V d is local, the adiabatic expression (20.191) yields a local second 
order potential Vffi(r) 9 and therefore a local optical potential 

V opi (r) = V«\r) + VH\r) (20.192) 

since V {1 \r) is evidently local. Furthermore, because is obviously 

real , the optical potential V Q Pt (f) computed from eq. (20.192) suffers from 
the same defect as V (1) (r) at energies lying above the first excitation threshold 
(i.e. it does not account for the removal of particles from the elastic channel). 

In order to obtain a simple expression for V (2) in the adiabatic approxima¬ 
tion, let us examine what happens when the coordinate r of the incoming 
particle is large compared to the size of the target atom. Returning to the 
expression (20.188) of the Coulomb interaction between the incident particle 
and an atomic electron, we first write 


Vj = -Q 




where r< is the lesser and r> the greater of r and rj. For r > rj we therefore 
have 


Vj - -Q - + Vo + ••• 

r r 


where P is the unit vector along r. Thus, neglecting higher order terms in 
r -1 , we have 


L (20-193) 

j= i r r ]= i 

and the interaction V d given by eq. (20.187) becomes for large r 

VJLr)~ - r- rj . (20.194) 

V j= 1 

The adiabatic approximation (20.191) to the second order optical potential 
then becomes 


V£Xr) ~ - 


a.Q 2 

2i A 


(20.195) 
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where 

l<0|*-£ i»| 2 

a = 2 y - J — - (20.196) 

n*0 W n - W 0 

is the atomic dipole polarizability , a quantity which is rather tractable to 
evaluate [41], or may also be obtained directly from experiment. Thus we see 
from eq. (20.195) that intermediate excited states of the target give rise to a 
long range potential which behaves like r“ 4 for large values of r . 

The approximate expression (20.195) which we have obtained for V$ is 
of course invalid for values of r which are not large with respect to typical 
atomic dimensions. For example at r = 0 we see that the expression (20.195) 
exhibits an r" 4 singularity. A simple, phenomenological way of trying to 
extend the validity of (20.195) down to r = 0 is to introduce a “cut-off” 
parameter d so that Vffl becomes 

Vil\r) ~ F p (r) = - ^JTd ^ j 2 ■ (2 ° m 

This form is called the Buckingham polarization potential [42] and has been 
widely used in the description of elastic scattering of charged particles by 
atoms. The cut-off parameter d is a length related to the size of the atom. An 
estimate of d, based on the Thomas-Fermi model and the Schwinger varia¬ 
tional principle yields [35] 

d ~ QaZ“ 1/3 ) 1/4 . (20.198) 

Mittleman and Watson [35-38] have investigated in detail the accuracy 
of the adiabatic approximation. They find that it is expected to improve with 
decreasing energies and large values of Z, and is always good at large distances 
from the atom. The error associated with the use of the Buckingham polariza¬ 
tion potential is more difficult to evaluate, since the scattering at low energies 
is quite sensitive to the cut-off parameter d. 

The extension of this method to include the effect of the Pauli principle 
when the incident particle is an electron has been given by Lippmann, 
Mittleman and Watson [43]. This analysis may be carried out in a simple 
way when Hartree-Fock wave functions are used to describe the internal 
state of the atom. In this case the optical model potential becomes the non¬ 
local operator 

<r|Fo pt I^> = <5(.-' - rX^Kr) + V P (r)] + <r|K„|r'> + <f|K orth |r'> 

(20.199) 

where V (1 \r) and V p (r) are respectively the static and Buckingham polariza¬ 
tion potentials defined above, while 

<r\V e y> = - £ (20.200a) 

j -1 l r — n 
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and 

<r\V orth \r'} = - t cpj(r)tf(r')V p (r'). (20.200b) 

j= i 

Here the functions cpj are the Hartree-Fock orbitals of the target atom. With 
the non-local potential (20.199), the Schrodinger equation for the scattering 
wave function (p ( k +l tVt then becomes an integro-differential equation, namely 

[-iV r 2 - i/c 2 >i;j, Vt (r) + J dr\r\V opt \r'}<p£l t (r') = 0. (20.201) 


It is a simple matter to verify that the presence of the term <#iF or thk'> m 
eq. (20.199) implies that (pi+,l tVt is orthogonal to each of the Hartree-Fock 
orbitals <p j9 as it should be. 

(ii) Another way of obtaining an approximate expression for the second 
order term F (2) given by eq. (20.190) may be obtained as follows [44-45]. 
Let us introduce a complete set of plane waves to write a matrix element 
<r| F< 2) |F> of F (2 > as 


<r|F (2 V> = X f 

n*0 J 


dic<r|K>- 


<0|F»<n|F d |0> 


k 2 \2M — k 2 /2M — (w„ — w 0 ) + ie 


r-<K|F> 


or 


<#*|F (2) |#*'> 


-(2 n) 


3 Yj I die exp{iic-(r - r')} 

n±0 j 

, <Q| F d |n><n| F d |0> 

k 2 /2M — k 2 \2M — (w 0 — w n ) — is * 


(20.202) 


At sufficiently high colliding energies it is reasonable to replace the 
differences w n — w 0 by an average excitation energy w [46]. In this case we 
may perform the sum on n by closure so that 

X [<0|r 2 |0> - <0|F d |0><0|F d |0>] (20.203a) 

with 

k = (k 2 - 2 Mvv) 1 / 2 . (20.203b) 

The first bracket in eq. (20.203a) is easily recognized as the free Green’s 
function G ( 0 +) (k 9 #%#•') corresponding to the wave number k. Furthermore, 
if we define the object 

4(r, r') = 2M[<0|F d |0> - <0|F d |0><0|F d |0>] 


or explicitly 


A(r, r') = 2M{\\MX)\ 2 V A (r, X)V d (r', X)dX 

- [$\MX)\ 2 V d (r, X)dx] [$\UX)\ 2 V d (r\ X)dx]} 
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where the symbol X denotes the target coordinates, we may write the 
Schrbdinger equation for (p ( k + t l tVl as 

[ K + K (1 V) - 

+ J dr' Go +) (fc, r, r')A(r, r')<p ( k +J pVt (r') = 0. (20.204) 

Detailed studies of eq. (20.204) have been made, first within the framework 
of the eikonal approximation [44, 45, 47] and more recently by using the 
partial-wave method to perform a full-wave treatment [48]. We shall give 
here an outline of the results obtained for the particular case of the elastic 
scattering of fast electrons by atoms (so that M = 1 and Q — — 1). As we 
have already shown above [see the discussion following eq. (20.189)] the 
static potential V (1 \ which is real and of short range, is dominant at short 
distances, where it reduces to the Coulomb interaction — Z/r acting between 
the projectile electron and the nucleus of the target atom. Therefore, at 
intermediate and high energies, we should expect the static potential to 
govern the large angle (direct) scattering. 

Although the expression (20.203a) for the second order part of the potential 
is non-local, a careful analysis shows that V (2) can be approximated by a 
complex, local potential containing two terms, namely 

v (2) = Vpoi + i F abs . (20.205) 


Here the first term Vpol (which is real) accounts for the polarization of the 
target by the incident particle while the second term (which is imaginary) 
arises from the absorption effects induced by unitaritv because of the open 
channels (i.e. due to the fact that at the energies considered here non-elastic 
processes can occur). The term V pol is dominant at large distances where it is 
given by [47] 


V P oi(r) = - 





(20.206) 


where a is the dipole polarizability of the atom (obtained in the closure 
approximation) and a = k/2w. It is worth noting that at large distances v pol 
lies below the asymptotic form — a/2r 4 . This is in contrast with the result 
which would be obtained from a Buckingham potential of the form given by 
eq. (20.197). 

The absorption potential F abs appearing in eq. (20.205) may be obtained 
by using the Glauber method, together with the work of Joachain and 
Mittleman [44, 45]. It should be stressed that both polarization and ab¬ 
sorption effects are important at small angles. This is easy to understand 
since 


(0 r pol is a long-range interaction. 
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(ii) At high energies non-elastic processes dominate the total (complete) 
cross section and hence the imaginary part of the forward elastic scattering 
amplitude. 

Finally, exchange effects may be accounted for by using a pseudopotential 
VS$t [36]. The full (second order) optical potential then reads 

V opt = V <l) + V pol + i K abs + F*p t . (20.207) 

With the optical potential determined in this way, it is now a simple 
matter to perform a partial wave analysis of the corresponding SchrOdinger 
equation. We show in Fig. 20.6 the results obtained for the elastic scattering 



Fig. 20.6. Differential cross section (in atomic units al/sr) for elastic electron-neon 
scattering at an incident electron energy of 500 eV. Solid line: Optical model calculation, 
using an average excitation energy of w — 1.5 a.u. [48] ; Dotted line: static potential only; 
Dashed line: first Bom approximation. The dots are the experimental results of Bromberg 
[50]; the squares correspond to the experimental data of Jansen et al. [51]. 

of electrons by neon, at an incident electron energy of 500 eV. The wave 
function describing the ground state of the neon atom was chosen to be a 
Hartree-Fock wave function [49]. The solid curve represents the optical 
model curve, obtained by using an average excitation energy w = 1.5 a.u. [48]. 
This value is determined by requiring that the quantity a appearing in eq. 
(20.206) should be the experimental dipole polarizability of the target atom. 
The dotted curve shows the results obtained by using only the static potential 
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V (1) and the dashed curve represents the values obtained from the first Born 
approximation. The dots and squares refer to the experimental data [50, 51]. 

It is clear from the examination of Fig. 20.6 that the static potential - 
treated “exactly” by means of the partial-wave method - gives a good 
description of the scattering outside the small angle region. At small 
momentum transfers the second order terms in the optical potential yield an 
important contribution to the scattering, while exchange effects are relatively 
small at the energy and angles considered in Fig. 20.6. It is also interesting 
to note the large difference between the first Born and optical model results, 
even at this rather high (atomic) energy. The optical model curve, which 
includes the static potential and the polarization, absorption and exchange 
effects is seen to be in excellent agreement with the experimental values. 
Finally, it is worth remarking that the small angle region over which the 
polarization and absorption effects are important becomes more and more 
narrow as the incident electron energy increases. At very large (non- 
relativistic) energies the first Born amplitude (which is proportional to the 
Fourier transform of the static potential) eventually describes correctly the 
elastic scattering for all angles. 

20.4.2. Low energy electron-atomic hydrogen resonance scattering 

We shall now apply the Feshbach projection operator formalism of 
Section 20.2.3 to analyze the low energy resonance scattering of electrons by 
hydrogen atoms. Before we do so, however, let us look at the physics of the 
situation. Suppose for a moment that the electron-electron interaction of the 
(e“ + H) system has been turned off*. The spectrum of the system p + e” + e” 
is then given by Fig. 20.7, where we have denoted by (a, a') the quantum 
numbers of the two electrons. We see that apart from the ground state 
(Is, Is), there are an infinite number of bound states between the level 
(Is, 2s) and the first ionization limit (Is, k') where one of the electrons be¬ 
comes free and the remaining hydrogen atom is left in its ground state 
(principal quantum number n — 1). Higher up in energy, there are again 
an infinite number of bound states, embedded in the (Is, k') continuum and 
extending to the second ionization limit (2s, k'), where the remaining hydro¬ 
gen atom is left in the excited state with principal quantum number n — 2. 
If we still increase the energy, we find similar sequences of bound states 
embedded in the continuum, and extending to the third, fourth, etc. ionization 
limits (with the remaining hydrogen atom left in excited states with n = 3, 
4,. . .). Finally, the “pure” continuum region begins when the total energy 
E of the (e“ + H) system vanishes, corresponding to the fact that the two 
electrons are free. 

We now switch on the electron-electron interaction. Then among the 
infinite number of bound states lying between the levels (Is, Is) and the first 
ionization threshold (Is, k') it is known that only one survives, namely the 
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! S 0 ground state of the hydrogen negative ion H“. Given that there is one 
bound state remaining below (Is, k') when the electron-electron interaction 
is taken into account, it is interesting to ask if any “bound states” remain 
in the continuum between (Is, k') and (2s, k') when the electron-electron 
interaction is turned on. This region of energy, lying above the first ionization 
threshold but below the second one is precisely the elastic scattering region . 
Evidently, any “bound state” here would actually be unstable against the 
ejection of an electron, with the other electron falling back to the ground 


E(a.u.) 

0 - 

1 

8 

1 

4 


//////// 


(k, k') -— last ionization limit 

(''pure" continuum starts here) 

(2s, k')—second ionization limit 


(2s, 2s) 


(Is, k') —first ionization limit 
(Is, 2s) 


(Is, Is) 


Fig. 20.7. The spectrum of the (e _ -f H) system in the absence of electron-electron 

interaction. 


state (Is) of the remaining hydrogen atom. For this reason such “bound 
states” are called auto-ionizing states . Thus, just as the interaction of the 
electromagnetic field with matter produces unstable excited bound states 
with a width in energy, so will the electron-electron interaction give a width 
to any “bound state” embedded in the (Is, k') continuum. We should there¬ 
fore expect that any incident electron having an energy falling within the 
width of such auto-ionizing states will spend a long time in the vicinity of the 
atom, thus giving rise to a resonance in the scattering cross section [52]. 

We are now prepared to apply the Feshbach projection operator formalism 
in order to investigate electron-atomic hydrogen resonance scattering below 
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the first inelastic threshold. We first write the Schrodinger equation for the 
(e~, H) system as 

(H - E)T(r u r 2 ) = 0 (20.208) 

where the Hamiltonian operator of the system is given by 

H = - |V 2 - iV 2 - — - — + — (20.209) 

r l r 2 r l2 

and the wave function *P is also an eigenfunction of the total operators L 2 , 
L z and parity of the two-electron system. Since we have only displayed the 
spatial coordinates r t and r 2 of the two electrons in the wave function *P 9 
we require to be symmetric for singlet states and antisymmetric for triplet 
states in order to satisfy the Pauli principle. The asymptotic form of for 
the case of scattering below the inelastic threshold and for (say) r 2 -» oo 
may be chosen (using an angular momentum representation) to be 

SVi, r 2 ) -* [sin {kr 2 - $Ln + 5 ,)/fcr 2 ] Y LM {P 2 )il/ u (ri) (20.210) 

T 2~*00 

where i/ti s is the hydrogen atom ground state wave function. 

We now construct the two projection operators P and Q of the Feshbach 
method which permit one to separate the scattering problem into a ground 
state sector and an excited state sector. Following Hahn, O’Malley and Spruch 
[53], we first write the 0-operator as 

Q= Gi02 (20.211) 

with 

Qi = 1 - Pi 0= 1,2). (20.212) 

Here 

Pi = \MdXMd\ (20.213) 

is the operator which projects out the hydrogenic ground state in the /th 
electron coordinate. The P operator is then given by 

P = 1 - Q. (20.214) 

It is a simple matter to verify that the P and Q operators defined above 
(which are symmetric in r x and r 2 ), satisfy the requirements of the Feshbach 
method, namely 

P + Q = 1, P 2 = P, Q 2 = Q (20.215) 

and 

PW -* V. (20.216) 


The second important step in the Feshbach method is to solve eq. (20.119), 
namely 

HqqXv = £vZv 

Since Q% v = / v , we can write 


<Xv\QHQ\x*> _ <QXv|fl|QXv> . 
<XvlXv> <Qx v \QXv> 


(20.217) 
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Table 20.1. 

Calculated positions of some resonances occurring 
in the compound system (e “ + H) below the energy 
of the 2s state of H (at 10.204 eV). All energies are 
measured up from the ground state of H (taken 
from ref. [54]). 


Type of resonance 

Energy (eV) 

J S 

9.559 

3 P 

9.727 

3 S 

10.149 

*s 

10.178 

J p 

10.178 

3 P 

10.198 

3 S 

10.202 

*p 

10.203 


Therefore, if we construct trial functions of the form Qf, we have a varia¬ 
tional principle for the discrete eigenvalues e v , with a minimum principle for 
the lowest value. The variational calculation of the spectrum of the operator 
QHQ has been carried out by O’Malley and Geltman [54], using the Rayleigh- 
Ritz variational method. 

We now return to eq. (20.140) which describes resonant scattering in the 
Feshbach formalism. Careful investigation shows that the quantities A s 
and r s are very small compared to the spacing between low-lying resonances. 
The values of e v obtained from eq. (20.217) therefore give a good approxima¬ 
tion of the resonance energies. For example, we list in Table 20.1 the positions 
of resonances (i.e. the values of e v ) found by O’Malley and Geltman [54] who 
investigated the states 1 S, 3 S, *P and 3 P. Similar calculations done by these 
authors for the system (e~— He + ) also yield a variety of resonances, some 
of which have been observed experimentally [55]. 
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Topics in Multiparticle Collisions 


In this chapter we shall analyze a few typical multiparticle collision processes. 
We begin in Section 21.1 by considering electron-helium scattering. Nuclear 
stripping and pick-up reactions are studied in Section 21.2. Section 21.3 is 
devoted to the theory of final state interactions, which we illustrate by analyz¬ 
ing the photoelectric effect in atoms. 

27 . 7 . Electron-helium collisions 

The scattering of electrons by atoms is one of the most important problems 
in atomic collision theory. The case of electron collisions with atomic 
hydrogen was studied in some detail in Section 19.5, and we have shown in 
Section 20.4 how to construct an optical potential describing the elastic 
scattering of charged particles by atoms. In this section we shall focus our 
attention on electron-helium collisions, for which “a priori” calculations can 
still be done with a reasonable amount of computational effort, and good 
experimental data are available. In particular, we shall analyze in some detail 
elastic electron-helium scattering at intermediate and high (atomic) energies, 

21.1.1. Preliminaries 

Let us denote respectively by r 0 , and r 2 the coordinates of the “incident” 
and of the two “atomic” electrons (in the initial channel) with respect to the 
alpha particle (which we assume to be infinitely heavy). We neglect all but 
the Coulomb interactions between the particles and assume that the helium 
atom is initially in the ground state 1*S, described by the wave function 

'J'oOi, r 2 , s 2 ) = \l/ 0 (r u r 2 )x s =o,v=o(^i» s z) (21.1) 
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where \l/ 0 (r u r 2 ), the spatial part of the wave function, is symmetric under 
the interchange of r t and r 2 , while 


Xs= o,v=o( s i> S 2) 


^Wl)«2) - a(2)/?(l)]. 


( 21 . 2 ) 


The incident free electron, having a wave vector k { and a spin orientation 
v 0 is described by the wave function (19.124), namely 

<K.vo = (2 je)“ 3/2 exp(i*i • i‘ 0 )xvoCy 0 ) (21.3) 

so that the complete unsymmetrized free wave describing the initial state is 
given by 

= (2n)~ 3 / 2 exp(ik r r 0 )ij/ 0 (r u r 2 ) *v 0 (*o)Xs=o,v=oOi> s 2 ). (21.4) 

For example, if the incident electron has initially “spin up”, we have 




(2n) 3/2 exp(ifcj • r 0 )i// 0 (r t , r 2 )a(0)-^[a(l)/?(2) - oe(2)/?(l)]. 


(21.5) 


The free wave is evidently an eigenvector of the initial arrangement 
channel Hamiltonian 

H, = - iV 2 0 - iV 2 , - iV 2 2 - - - - + — , (21.6) 

r i r 2 ^12 

where we have used atomic units (a.u.) [1]. The complete Hamiltonian of the 
system is given by 


h - - - iv;. - iv* - i - i - f + 2- + ± +1 (2i,7) 

r 0 r l r 2 r 01 r 02 ' 12 

so that the interaction potential in the initial arrangement channel is 



'•oi r oi r o 


( 21 . 8 ) 


As in the case of electron scattering by atomic hydrogen (see Section 19.5) 
we must consider both direct and exchange collisions. For direct scattering 
the interaction V d = V t = V { is the same in the initial and final arrangement 
channels. On the contrary, for an exchange collision in which, say, the 
electrons “0” and “1” exchange their role, the interaction potential in the 
final arrangement channel is given by 


lp(oi) — 


J_ J_ _ 1 

>01 >*12 >*i 


(21.9) 


where P (0 i) means that we interchange the electrons “0” and “1”. 

According to the general equation (16.160) the correctly symmetrized 
transition matrix element describing a process a -► b reads in this case 

T ta = Tt - 2 Til (21.10) 
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where the direct transition matrix element is such that 

Tt = <^> b |F d |^ +) > = <n _) im> (21-11) 

while the exchange matrix element is given by 

m = <<*wiv 1) in +) > = <nio\ )b w^> (21.12) 

[see eqs. (19.138)—(19.139)]. The -reduction of the spin parts of the matrix 
elements (21.11) and (21.12) can be done as in Section 19.5. Calling and 
fgj the corresponding reduced transition matrix elements one finds that for 
transitions leading to final singlet helium states, the differential cross section 
is given by 

^ (singlet) = (2nf ^\tt - t “| 2 (21.13a) 

or, in terms of the direct scattering amplitude / ba = — (2ri) 2 fia and the 
exchange scattering amplitude # ba = — (2n) 2 f ll, one has 

^ (singlet) = ^|/ ba - 0 J 2 . (21.13b) 

For transitions leading to triplet states, one obtains instead 

^ (triplet) = {2nf ^|f£| 2 (21.14a) 

or 

A Q 7 

^ (triplet) = — f |fif b al 2 - (21.14b) 

We note that if we neglect very small spin-dependent interactions, the 
excitation of a triplet state of helium by electron bombardment can only 
occur through exchange between the projectile electron and one of the 
initially bound electrons. This process is therefore one of the simplest 
examples of a “pure” rearrangement collision (of the “knock-out” type) in 
atomic physics. 

21.1.2. Elastic scattering of fast electrons by helium 

Let us now consider in more detail the elastic scattering of “fast” electrons 
(having an energy somewhat larger than 100 eV) by helium atoms. We shall 
use for il/ 0 (r 1 ,r 2 ) a simple analytical fit to the Hartree-Fock ground state 
wave function, namely [2] 

r 2 ) = $<)(/• i)<t>o(. r 2 ) (21.15a) 

with 

4> 0 (x) = (4n)~ l/2 (Ae~' xx + (21.15b) 

and A = 2.60505, B = 2.08144, a = 1.41 and j? = 2.61. With this wave 
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function the reduction of the second Born direct amplitude is analogous to 
that discussed above in the case of atomic hydrogen (see Section 19.5.3). 
Similarly, the Glauber expression /g 3 [see eq. (19.121)] can also be evaluated 
in this case, so that the direct elastic amplitude may be written (through 
terms of order k~ 2 ) as [see eq. (19.208)] 


/el — /bi + Rc/b 2 "h /03 + i Im/ B2 . (21.16) 

The leading term g°\ h of the exchange amplitude (which is of order k ~ 2 ) 
may also be evaluated as in the case of electron-hydrogen collisions by using 
a straightforward generalization of the Ochkur expression (19.191), namely 

g° ch = -(27i) 2 T° ch (21.17) 


where 


'jp Och _ 


ln 2 k 2 


I 


exp(uTr 1 )|i/'o( ,, i> r 2 )\ 2 dr t d r 2 


( 21 . 18 ) 



Fig. 21.1. The differential cross section (in atomic units tfo/sr) for elastic scattering of 
electrons by helium at 500 eV. The solid curve refers to the eikonal-Born series results 
obtained by using eq. (21.20) of the text (ref. [4]). The dashed curve corresponds to the first 
Bom approximation, and the dashed-dotted curve refers to the Glauber approximation. 
The circles are the absolute experimental results of ref. [5]. 
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Using the Hartree-Fock wave function (21.15), one finds 

.Oeh = H (« + P) AB , PB 2 1 m lg ^ 

el fc 2 [_(4a 2 + A 2 ) 2 ((a + (l) 2 + A 2 ) 2 + (4/9 2 + J 2 ) 2 J { ) 

where A is the magnitude of the momentum transfer. Using eq. (21.13b), we 
may therefore write the eikonal-Bom series (EBS) elastic differential cross 
section (through terms of order k~ 2 ) as 

™ = l/?i - 0?i ch | 2 (21.20) 


where the quantities/ e 1 and g°\ h are given respectively bv eqs. (21.16) and 
(21.19). 

As in the case of the elastic scattering of electrons by atomic hydrogen [3], 
we expect that the EBS expression (21.20) should be very accurate for large k 
and small momentum transfers, in which case the Born series for is con¬ 
verging rapidly and the term g° ch provides the leading exchange correction. 
This is illustrated in Fig. 21.1, where we show the EBS results [4] obtained 
from eq. (21.20), together with small angle absolute experimental data [5], at an 
incident electron energy of 500 eV. Also shown on Fig. 21.1 are the results 



Fig. 21.2. The differential cross section (in atomic units all sr) for elastic scattering of 
electrons by helium at 500 eV. The solid curve refers to the eikonal Bom-series results of 
ref. [6]. The dotted curve corresponds to an exact (partial wave) treatment of the static 
potential K s t- The circles show the absolute experimental data of ref. [5]. 
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given by the first Born approximation and those corresponding to the 
Glauber approximation (i.e. d<7?i/d£2 = \f?i\ 2 > with obtained from eq. 
19.118). It may be seen from Fig. 21.1 that the eikonal-Born series results 
are in excellent agreement with experiment. The Glauber differential cross 
section which diverges in the forward direction and lacks the terms Re/ B2 
and g°i h is seen to be deficient. We also remark that even at 500 eV the first 
Born differential cross section is still very inaccurate at small angles, although 
at sufficiently high (non-relativistic) energies it eventually describes correctly 
this elastic scattering process. 

At high energies and large momentum transfers we expect that the static 
potential V s t = <0|F d |0> will govern the scattering. This is confirmed by a 
careful analysis of higher terms of the Born and Glauber series [6]. As an 
illustration, we display in Fig. 21.2 the results obtained by solving numerically 
the partial wave radial equations corresponding to the static potential V s u 
together with absolute experimental data [5]. Also shown for comparison 
are the EBS values obtained from eq. (21.20). We note from Fig. 21.2 that 
the static and EBS results agree very well with each other and with the 
experimental results outside the small angle region [7]. At small angles the 
EBS results are seen to be more accurate, as we expect from the above discussion. 


21.1.3. Forward dispersion relations 

We have shown in Chapter 11 that for a large class of central potentials the 
forward scattering amplitude is analytic as a function of the energy, except 
for poles occurring at the bound state energies and a cut extending along the 
real energy axis [see eq. (11.228)]. It is then possible to write a forward 
dispersion relation of the form (11.229), namely 


Re/(E) = / B i+ Z 


Ri 


P f 00 Im /(£') 
n] 0 E' - E 


E-E, 


dE' 


( 21 . 21 ) 


where f(E ) = f(6 = 0, E ) denotes the scattering amplitude in the forward 
direction, f B1 is the first Born amplitude and R t are the “residues” of the 
poles at E — E t . 

Let us now assume that such forward dispersion relations still hold for 
elastic electron-atom scattering [8]. Using this assumption, Lawson et al. [9] 
have analyzed elastic electron-helium collisions. In this case no bound state 
of He"" exist and the assumed generalization of eq. (21.21) (taking into 
account exchange effects) reads 


Re / el (0 = 0, E e ) = / B1 (0 = 0) - g B1 (0 = 0, £ e ) 



>0 ° Im / el (fl = 0, E') 
o E' - E e 


( 21 . 22 ) 


where E t is the incident electron energy, / el (0 = 0, E e ) is the forward elastic 
scattering amplitude (including exchange effects), f B1 is the first Born 
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approximation for the direct amplitude (which is independent of E e ) and 
g m is the first Born approximation for the exchange amplitude, namely 

9bi = -(2n) -1 | expC-ifcf-r^oCro.i-j) — + — - - 
J L r 01 r 02 r 0 

x exp(ifcj • r 0 )\l/ 0 (r u r 2 ) dr 0 d r t dr 2 . (21.23) 

The point 0 = 0 is of course not directly accessible to experiments, since 
elastic differential cross sections cannot be measured in the forward direction. 
However, if we combine the dispersion relation (21.22) with the generalized 
optical theorem (15.176), namely 

Im f tl (0 = 0, E e ) = ^ a m (E e ) (21.24) 

we find that 


Re / el (0 = 0, k) = / B1 (0 = 0) - g B1 (0 = 0, k) 


+ 



100 k'\Jk') 

o k! 2 — k 2 


d k! 


(21.25) 


where we have used the fact that E e = \k 2 (in atomic units). Therefore, if 
values of the total (complete) cross section cr t0 t are known for all energies 
(or wave numbers), then Re / e i(0 = 0, E c ) can be obtained for any energy. 
Since Im/ e i(0 = 0, E e ) is known from the optical theorem (21.24), the forward 
elastic differential cross section dcr e i(0 = 0)/d£2 can then be evaluated and 
compared with the “experimental” values obtained by extrapolating small 
angle elastic scattering differential cross sections down to 0 = 0. 

Detailed calculations of this kind have been carried out for helium 
by Bransden and McDowell [10]. At low energies (k < 1.2 a.u.) they used 
the total cross section measurements of Golden and Bandel [11]. At high 
energies (k ^ 4.5 a.u.) they obtained the total (complete) cross section by 
writing 

0\ot - <Tt e ot(Born) + n^Born) (21.26) 

and using the first Bom values of Kennedy [12] for nfot (Born) and the 
Bethe-Born values of Inokuti, Kim and Platzman [13] for <r\o t el (Born). At 
intermediate energies (i.e. between the values k = 1.2 and k = 4.5) they used a 
three-term interpolation formula. For energies between 100 eV and 500 eV the 
results for Re/(0 = 0, E e ) do not depend too sensitively on the region of 
interpolation, so that the values of Re/(0 = 0, E e ) were estimated by Bransden 
and McDowell to be accurate to about 15%. The corresponding forward 
elastic differential cross section was found to be in good agreement at 500 eV 
with the absolute small angle data of Bromberg [5], extrapolated down to 
0 = 0 . 

It is interesting to compare the dispersion relation values of Re^i(0 = 0, E t ) 
[obtained from eq. (21.25)] with various theoretical calculations. As an 
example, we show in Table 21.1 the dispersion relation results of Bransden 
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and McDowell [10], together with the corresponding eikonal-Born series [4] 
quantities Re/ el (0 = 0, E e ) = Re[/3(0 = 0, E e ) — g? { ch (0 = 0, E t )] for electron 
energies ranging from 100 eV to 500 eV. We see that at all energies the EBS 
and the dispersion relation results agree within the 15 % uncertainty quoted 
above [14]. 

Table 21.1 

The real part of the forward elastic scattering amplitude for electron-helium collisions, as 
obtained from dispersion relations [10] and from the eikonal-Born series method [4] at 
various incident electron energies 


E 

(eV) 

Re/ el (0 = 0, E e ) 
(dispersion relations) 

Re/ el (0 = 0, E e ) = Re[/ e <J(0 = 0, E e ) - * e °, ch (0 = 0, E e )] 
(EBS method) 

100 

1.91 

1.91 

150 

1.81 

1.67 

200 

1.71 

1.54 

300 

1.48 

1.39 

400 

1.36 

1.30 

500 

1.29 

1.24 


21.2. Nuclear stripping and pick-up reactions 


21.2.1. Preliminaries 


Let us consider a deuteron incident on a nucleus C of mass number A , con¬ 
taining Z protons and N neutrons. In a stripping reaction the deuteron loses 
either its neutron or its proton to the nucleus, so that 



(p, n) + C ->■ (C, n) + p 

(21.27) 

or 

d X 

(p, n) + C ->■ (C, p) + n. 

(21.28) 


d X' 

The first reaction (21.27), called the (d, p) stripping process, leads to a final 
nucleus X containing the core C plus a neutron. The second reaction, denoted 
as the (d, n) process, yields a final nucleus X' containing the core C plus a 
proton. 

The pick-up reactions are the inverses of the stripping reactions. Thus a 
(p, d) pick-up process is such that 


p + (C, n) —► (p, n) + C 


(21.29) 


while a (n, d) pick-up process is written as 

n + (C, p) -► (p, n) + C. 

X' d 


(21.30) 
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It is apparent that the stripping and pick-up reactions (21.27)—(21.30) are 
binary rearrangement collisions, which we may consider approximately as 
“three-body problems”, provided the many-body structure of the core C is 
not taken into account. It is also clear that the reactions (21.27)—(21.28) are 
related to (21.29)—(21.30) by time-reversal. Furthermore, since the two 
stripping reactions (21.27)—(21.28) or pick-up reactions (21.29)—(21.30) are 
very similar, we shall only study one of these processes, for example the 
pick-up reaction (21.29). Hence, working in the C.M. system, we consider a 
non-relativisitic proton of incident wave vector k { incident on a nucleus X 
(having a wave vector —k^ made of a core C and an “optical” neutron n. 
Two particles emerge in the final state: a deuteron of wave vector k f and the 
core C having a wave vector — k f . 

It will be convenient in what follows to treat the neutrons and the protons 
separately so that the transition matrix element for the collision will be 
antisymmetrized separately in the neutron and proton coordinates. For the 
moment, however, we neglect the effects of the Pauli principle on the collision. 
The initial arrangement channel Hamiltonian describing the proton and the 
nucleus X = (C, n) when they are far apart is given by 

Hi = Ki + ^ (21.31) 


where the relative initial kinetic energy operator K x is given by 


with 


K = -—V 2 
Ki 2Mi Vri 


Mi = MM X /(M + M x ). 


(21.32) 

(21.33) 


Here M is the mass of the nucleon (we neglect the mass difference between 
the neutron and the proton) and M x the mass of the nucleus X. The 
vector r { is the relative initial vector joining the C.M. of the target to the 
position of the incident proton (see Fig. 21.3). Furthermore, the Hamiltonian 
/*; describes the internal state of the target nucleus, with 

h$i{L r 0 , s 0 ) = r o< s 0 ) (21.34) 

where w x is the bound state energy of the target nucleus and i fa its wave 
function. The symbol ^ summarizes all the spatial and spin coordinates of 
the Z protons and N neutrons of the core, while r 0 and are the spatial and 



Fig. 21.3. Illustration of the vectors used in the description of the pick-up reaction (21.29). 
The center of mass of (C, n) is denoted by O, that of the deuteron (p, n) is called O'. 
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spin coordinates of the “optical” neutron (see Fig. 21.3). We shall assume 
that the wave function ^ has already been antisymmetrized in the coordinates 
of its Z protons and (N + 1) neutrons [15]. 

If we take into account the fact that the target nucleus X is made of a core 
C and an “optical” neutron n, we may write the internal Hamiltonian h { as 

h i = h c + h Q (21.35) 

where h c is the internal Hamiltonian of the core, such that [16] 

hcMO = WctciO (21.36) 

and h n is the Hamiltonian of the neutron in the target. Hence, if K n and V nC 
are respectively the kinetic and potential energies of the optical neutron with 
respect to the core, we may write 

Kty „(»* 0 . ■So) = (Kn + V nC ) fi n (r 0 , s 0 ) = w n ip n (r 0 , s 0 ). (21.37) 

Thus, returning to eq. (21.34), we have 

<Ai(£> * 0 , s 0 ) = 'rf'l'c(0'l'n(r 09 s 0 ) (21.38) 

where $4 is an operator which antisymmetrizes the neutron coordinates. 
Furthermore, 

Wi = w c + vt; n . (21.39) 

The initial unsymmetrized free state <P a (corresponding to an incident 
proton distinct from those of the nucleus) such that 

H& a = (21.40) 

may therefore be written (neglecting long range Coulomb effects between the 
incident proton and the target nucleus) as 

<P a = (2n)~ 3/2 exp(iA,• r Q , s 0 )x 1/2 , Vp (21.41) 

where Xi/2, Vp * s the spin function of the proton, corresponding to a spin 
orientation v p . Furthermore, the total energy in the intial channel is given by 

E a = tfkf/lMi + H>i = h 2 ki/2Mi + w c + w n . (21.42) 

If we denote by V*c the interaction of the incoming proton with the core 
C and by F pn its interaction with the optical neutron, we may write the full 
interaction in the initial channel as 


Vi = F pC + F pn . 


(21.43) 


Let us now consider the situation in the final channel, consisting of a 
deuteron and the core C. The final arrangement channel Hamiltonian is 


H t = K ( + h, 


where K t is the relative final kinetic energy, given by 


K { =- 



(21.44) 

(21.45) 
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17 being the relative vector in the final channel - joining the position of the 
core C to that of the center of mass of the deuteron (see Fig. 21.3) - and 

= M d M c /(M d + M c ) (21.46) 

where M d and' M c are respectively the masses of the deuteron and of the 
core. The internal Hamiltonian h { of the final channel is such that 

h f = A c + K (21.47) 

where h c and h d are respectively the internal Hamiltonians of the core and 
of the deuteron. Thus 

^•AdOd, s d ) = w d \l/ d (r d , s d ). (21.48) 

Here r d is the internal space coordinate of the deuteron (see Fig. 21.3), 
s d its spin coordinate and its internal energy is w d ~ — 2.23 MeV. Thus, 
taking into account eq. (21.36), we have 

»d, s d ) = W f ^ f (£, r A , s d ) (21.49) 

with 

h(Z,r a ,s d ) = M®Mr d ,s d ) (21.50) 

and 

w t = w c + w d . (21.51) 

The final unsymmetrized [17] free state <P b satisfying the equation 

H t $ b = E b 4> b (21.52) 

is then given by [18] 

<2> b = (2n)~ 3/2 exp(i* f . r s )4i c (^ d (r d , s d ) (21.53) 

while the total energy E b available in the C.M. system is simply 

E h = h 2 k}/2M f + w t = h 2 k}\2M t + w c + w d . (21.54) 

Upon comparison of eqs. (21.42) and (21.54) we find that conservation of 
energy implies that 

h 2 ki/2Mi + wj = h 2 kf/2M { + w f (21.55) 

or 

h 2 kf/2M { = ft 2 A:?/2Mi + Q lf (21.56) 

with 

Q if = Wj - w f = w n - w d . (21.57) 

From this last relation we conclude (cf. Section 2.1) that the pick-up reaction 
(21.29) is endothermic ( Q i{ < 0) as soon as the binding energy |w n | of the 
optical neutron in the nucleus X exceeds the value 2.23 MeV of the (weak) 
binding energy |w d | of the deuteron. 

Finally, the interaction between the deuteron and the core in the final 
channel is given by 

Vf = V pC + V nc (21.58) 

and the complete Hamiltonian for the entire system is 


H = Hi + Vi = Hf + V f . 


( 21 . 59 ) 
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21.2.2. The calculation of the transition matrix 

After these preparations we are now ready to look at the dynamics of the 
pick-up reaction (21.29). The unsymmetrized transition matrix element on 
the energy-momentum shell is given by [see eqs. (14.157), (14.158) and 
(14.174)] 



Tt = <<M F f |!P< +) > = <<£ b | F pC + F nC |^ + )> 

(21.60a) 

or 

TL = <n _) l^a> = <n~W,c + F pn |d> a > 

(21.60b) 

where [see eqs. (14.66)] 



«*’ - *■ + £ - H + 

(21.61a) 

and 

- *• + £ - H - 

(21.61b) 


are unsymmetrized scattering wave functions and E = E a = E h . 

We may use the methods of Section 16.6 to carry out the antisymmetriza- 
tion of the scattering matrix with respect to the proton and neutron 
coordinates. The interchange of the incident proton with the /th proton in the 
target leads to the exchange transition matrix element 

Til = <* b(i) \V piC + F nC m +) > (21.62a) 

where '/Vo corresponds to a new final state in which the incident proton 
has taken the place of the /th proton in the core. Similarly, we also have 
from eq. (21.60b) 

m = <n-Kc + nj*a(i)> (21.62b) 

where # a (j) is a new initial state deduced from <£ a by interchanging the 
incident proton and the /th proton in the target. According to eq. (16.160), 
the transition matrix symmetrized in protons is then given by 

Tg? = K - ZTH (21.63) 

The symmetrization with respect to the neutron coordinates may be done in a 
similar way. If Jba* is the transition matrix which singles out the optical 
neutron with coordinates r 0 as the one to be found in the final deuteron, the 
transition matrix after neutron symmetrization is given by 

n n a> = JN + in 0 a>. (21.64) 

Thus, collecting the results (21.63) and (21.64) we obtain for the transition 
matrix fully symmetrized in neutrons and protons 

T ba = JN + l[l£ - ZTHl (21.65) 
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Further insight into the structure of eqs. (21.64)-(21.65) may be obtained 
if we use a nuclear shell model for the initial bound state wave function i/q. 
Let us display explicitly the neutron coordinates in the core wave function 
<Ac(0 as 

<M£) = 'I'ciTu S U ... r N , s N ). 

If we assume that the “optical” neutron is in a single orbital state il/„\r 0 , s 0 ) 
we may write 


1 f N 

<A i = -r <An i) (» , 0» So)^c(fl, S U ... r N , S N ) - £ 'I'nX'j, Sj ) 

V^v + 1L j = i 


X'/'c(»‘i> «i> • • • s y-i> >o> So, r j+l , S j+ 1> • • • r N9 S N >J (21.66) 

Thus we see that if i//^ is orthogonal to all the occupied states in ^ c , and if 
the core remains inert, only the first term in eq. (21.66) will contribute to 
Then, because of the factor {N + 1)" 1/2 in eq. (21.66), we find from 
eq. (21.64) that TbV = T ( h V in this case. Since in this model the core is com¬ 
pletely inert during the reaction it is also consistent to neglect the exchange 
contributions 7ba so that eq. (21.65) becomes simply 

T ba * TL (21.67) 

This last result is of course not surprising, since it corresponds to a pure 
three-body model of the pick-up reaction (21.29), in which the proton, the 
neutron and the inert core C are “elementary” particles. In what follows we 
shall therefore neglect the exchange terms 7ta and concentrate our attention 
on the direct transition matrix T g a . 

In order to evaluate 7£ a , we return to eqs. (21.60) and use the two-potential 
formalism of Chapter 17. We introduce the wave function 

xi +) = *a + s— tt-t/pc xi +) (21.68) 

£L — tl' x t 18 

which describes the scattering of a free proton by the core C (so that the 
distorting potential U t in the initial state is simply V pC ). Thus, writing 

V, = Uy + Wy (21.69) 

with U; = ^PC and W x = Fp n , we may use the Gell-Mann and Goldberger 
two-potential formula (17.42) together with the expression (21.58) of V t to 
write the direct transition matrix as 

n* = <Wc + Kc - V Pa \xi +) > + <^b _) |F pn |y ( a +) >. (21.70) 

The first matrix element on the right-hand side of this equation is easily 
seen to vanish. Indeed we first have 

F f <P b = (Kc + KcW* = (H- H t )$ b = {H~ E)<P b 
and since H = H, + V,, we may also write 

(F pC + F nc )d> b = (H t + Vy — E)<P b = (Hy + V pC + V pn - E)<P b . 



TOPICS IN MULTIPARTICLE COLLISIONS 


635 


Hence the first term on the right-hand side of eq. (21.70) becomes 

<*>\Vpc + V«c - V pn \xi +) y = + V P c - £|*i +) >. (21.71) 

However, from eq. (21.68) and the fact that (H { — E)<P A = 0, we deduce that 

(H t + V pC - E - k) x i +) = -is#, (21.72) 

and since <<P b IXa +) > and <0 b |0 a ) are non singular [19], we see from 
eqs. (21.71) and (21.72) that in the limit e -> 0 + we have 

<<Wc + V aC - V pn \xi +) y = 0. (21.73) 

We may therefore write the direct transition matrix for the pick-up process 
(21.29) as 

7& = <H _) |F pn |^ +) > (21.74) 

With the choice (21.68) for the wave function yi +) - corresponding to a 
distorting potential U l = V,c -the expression (21.74) of I g a is still exact. 
However, the objects ^i +) and are many-body wave functions which 
are very difficult to obtain. For this reason we now discuss various approxi¬ 
mation treatments whose starting point is the exact formula (21.74). 

In order to orient ourselves here, we need some reasonable model of the 
pick-up reaction mechanism. According to the direct nuclear reaction model, 
the transition from the initial channel to the final channel in a nuclear reaction 
proceeds in one step without the formation of an intermediate state. This is 
in contrast with the compound nucleus model of nuclear reactions, in which the 
target nucleus first captures the incident particle to form a long lived com¬ 
pound nucleus: this compound nucleus subsequently decays to yield the 
various reaction products. In what follows we shall adopt the direct reaction 
model, which seems to be particularly suitable to describe nuclear reactions 
such as pick-up, stripping or knock-out (exchange) processes at intermediate 
and high energies. Thus, in the case of the pick-up reaction considered here, 
we expect the proton to pass near (or within) the target nucleus, and suddenly 
pick-up a neutron in order to form a deuteron. Thus, very little momentum 
will be transferred to the proton, and we expect the angular distribution to be 
enhanced at small angles. Furthermore, if we want to avoid the appearance 
of compound nucleus states in our description of the collision process, it is 
natural to keep only in the wave functions %i +) and <Fb _) that part which 
corresponds to elastic scattering . We therefore write in that approximation 

TL - WWM'Vy (21.75) 

where xit ) ar| d > are respectively the elastic scattering parts of x ( a + > and 
According to the optical potential theory of Chapter 20, we find that 


X' + ) = + 


e - ^ - r, 


opt,i 


+ 18 




(21.76) 
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where i ^ optfi is the optical potential describing the elastic scattering of the 
proton by the core in the initial channel. Similarly we have 


viV = + 


E - H { - iT opt>f - ie 


r opu( <p b 


(21.77) 


where ^ OP t,fis the optical potential which describes the elastic scattering of 
the deuteron by the core in the final channel. We note the strong similarity 
between eq. (21.75) and the DWBA matrix element (17.54). However, in the 
usual formulation of the DWBA method the distorting potential £/? w is 
chosen slightly differently: it is the optical potential describing the elastic 
scattering of the incident proton by the target nucleus X. If we call %i +) the 
corresponding distorted wave such that 

(H { + = E ± +) (21-78) 


we may write the DWBA (direct) transition matrix element for the pick-up 
reaction (21.29) as [20] 

nr A = <nvw PC + v pn - ur\& +) >- (21.79) 

Returning now to eqs. (21.75)—(21.77), we recall that the optical potentials 
^T opt>i and i r Qptj f are diagonal in the deuteron and nuclear internal states. 



Fig. 21.4. The center of mass differential cross section for the pick-up reaction p + 12 C -> 
d + M C at an incident proton energy of 145 MeV. Solid curve: Optical model calculations 
of ref. [23] using eq. (21.75) and the eikonal approximation; Dashed curve: Plane wave 
calculations using eq. (21.98). The dots are the experimental points. 




TOPICS IN MULTIPARTICLE COLLISIONS 


637 


Thus, by writing [21] 

4 +) = I 'I'i.MtU ( 21 - 8 °) 

Vj£ 

and 

* 1 ? = I (21-81) 

V c 

we may follow the method of Section 20.1 [see eqs. (20.42)-(20.46)] to obtain 
for <^vU and (pk7X,v c “potential scattering” equations involving the 
potentials ^ optti and ^ opt>f . Hence the wave functions X ( C V and !Fcb ) and 
therefore the approximate expression (21.75) of the transition matrix, may 
be readily evaluated when a model has been chosen for the nuclear wave 
functions \J/ C and \// i9 the deuteron wave function [22] ij/ d and the optical 
potentials ^ OPt ,i and ^ OP t,f We note that when the eikonal approximation 
may be used the functions $ktX>vx and <Pi<7X,vc have the particularly simple 
form given by eq. (20.62). Such eikonal calculations have been performed 
by Greider [23]. We show in Fig. 21.4 a typical angular distribution obtained 
in this way (solid curve) for the reaction 

p + 12 C-d + n C (21.82) 

at an incident proton energy of 145 MeV. 

An even simpler approximation to the direct transition matrix element 
(21.74) may be obtained if we first write eq. (21.75) and then keep only the 
first term on the right-hand side of eqs. (21.76) and (21.77). That is, 

4 a +) s <P„ ^b ) * <*>„. (21.83) 

In this case we obtain the plane wave approximation to 7^ a , namely 

n P a W = <^b|FJ^ a > (21.84) 

which we expect to be valid at sufficiently high energies, so that distortion 
of the incident and outgoing waves may be neglected. We note that the expres¬ 
sion (21.84) differs from the first Born approximation to the matrix element 
(21.60b), namely 

^ba(Born) = <<MF pC + F pn |<f> a >. (21.85) 

By comparing eqs. (21.84) and (21.85) with the multiple scattering expansion 
(19.92) for a pick-up process (here V 3 = F pn , T 2 = T pC , etc.) we see that the 
plane wave approximation (21.84) yields the first term in the multiple 
scattering expansion, while the first Born approximation also attempts to 
reproduce the second term by assuming that T Pc * F pC . 

Let us now evaluate the expression (21.84). We shall neglect the D-wave 
component of the deuteron, thus assuming that the deuteron wave function 
^ d (r d , .s d ) is a pure 3 S t state. Hence we write 

*d) = <PdfaOXi.v, (21.86) 

where the spatial part (p d of the deuteron wave function is now a pure S-wave. 
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We then use eqs. (21.41) and (21.53) to write eq. (21.84) as 

= (2jt)" 3 <exp(i* f • lY^c^dOd^iJ Fpjexpfl*! • r,M(£, r 0 , s 0 )xn 2 ,v p > 

(21.87) 

or 

T ™ = (2tt) -3 J AS dr 0 di- d exp[— ife f * (r 0 - ir d )]t/^(0<p*(r d ) 

xrf,.W“p['‘,( M+ C M /. '< )] i(c> 1*0, s o)Zi/2,v p (21.88) 


where a matrix product in spin space is understood and we have used Fig. 
21.3 to deduce that 


M c 

r ‘ ~ M + M c r ° * d 

(21.89a) 

and 


r f =r 0 - }r d . 

(21.89b) 

We may also introduce the auxiliary vectors 


* 

II 

j** 

1 

(21.90a) 

and 


r , A4 c . w 

Ki ~ M + M c ki k( 

(21.90b) 


so that eq. (21.88) becomes 

T™ = (2tt)- 3 J AS di- 0 d#* d expC-i^ ■ r d )^(<0<p d (r d M >Vd 

x ^pnW exp(iJST 2 • r 0 )ij/;(S, r 0 , s 0 )x„ 2 , Vp - (21.91) 

Next, we eliminate the potential F pn by using the Schrodinger equation for 
(p d . Thus 

M r * 


Kn<Pd(fd) = ( w d + ~V 2 ra }(p d (r d ) 


(21.92) 


and we have 


J< 


>[** + s v --} 


T™ = (2 n) 3 | dr d exp(-ii?’ 1 -r d ) | w d + \(p*(r d )x\, 

x J AS Ar 0 ij/l(S) exp(ijf 2 • r 0 )^S, r 0 , s 0 )Xi/ 2 ,v p - (21.93) 

Introducing the Fourier transform cp d {q ) of the deuteron spatial wave 
function, namely 

0 d (q) = (2n)- 3 ' 2 J d»- d exp(if • r d ) <p d (r d ) (21.94) 
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we may write eq. (21.93) as 


rp PW __ 
1 ba — 


(2?r) —3/2 |w d | + h ~K\ cptiKJxl^jdZdroi/sm 


x exp(i/f 2 • roWtf, r 0 , s 0 )Xi/ 2 , v ,- (21.95) 

We may now perform the integrals on the variables £ and r 0 by choosing 
the shell model form (21.66) of the wave function \p- x . We assume again that 
^q) is orthogonal to the occupied states in ipciO and we find that the 
transition matrix (symmetrized in neutrons) is given by 


n? = - Kl + h ~K\ r d (K l Kxu^ ) (K 2 ,s 0 )x l/ 2,O- (21.96) 


Here we have used the fact that 


(2 n) 3/2 J d£ dr 0 exp(ijf 2 • r 0 )'l'UO'l'c(0<PX ) (r 0 , s 0 ) 


= (2 n) 3/2 | dr 0 exp(iA" 2 • r 0 )^\r 0 , s 0 ) = i K\K 2 , s 0 ) 


where is the Fourier transform of i/^ 0 . 

The differential cross section for the pick-up reaction, arising from the 
plane wave approximation (21.84), and neglecting the proton exchange terms, 
is then given by 


da 
d Q 


= (2 nr 


MjM f k ( 1 
¥ k[ 4 


z 

Vp,V d ,Vn 


|t£>| 


2 

av 


(21.97) 


where M x and AT f are given respectively by eqs. (21.33) and (21.46). In 
obtaining the result (21.97) we have averaged over the initial spin orientations 
of the optical neutron [24] and summed over the final spin orientations of the 
deuteron [25]. Furthermore, the subscript av implies an average over the 
orientations of the optical neutron orbital angular momentum. Hence, using 
eq. (21.96), we find that 


do- 

dQ 


= (2rc) 4 + h ^( k i - l<Pd(l*i - |fcfl)l 2 

: k ' ~ 


x i E 

Vp.Vd.Vn 


(21.98) 


which is essentially the result obtained by Chew and Goldberger [26]. A 
comparison of the results arising from the simple formula (21.98) with those 
of the eikonal optical model of Greider - based on eq. (21.75) - is given in 
Fig. 21.4. It may be seen that the optical model calculation, which takes into 
account the strong absorption of the incident protons and the outgoing 
deuterons in the nucleus yields a larger number of deuterons at large scattering 
angles. 

Since the pick-up and stripping reactions are related by time reversal, the 
differential cross section for the stripping reaction (21.27) may be obtained 
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from the corresponding pick-up cross section by applying the principle of 
detailed balance (see Section 16.7). 

We shall not give here a detailed account of pick-up and stripping reactions 
at lower energies [27]. We simply note that these processes yield angular 
distributions which depend strongly on the orbital angular momentum of 
the “optical” nucleon. They provide therefore an important tool in nuclear 
spectroscopy. 

21.3. Final state interactions 

21.3.1. Introduction 

We shall now consider a class of problems for which it is physically 
meaningful to separate the interactions acting during the collision into 

i) a primary interaction which may be considered as responsible for the 
process under investigation (i.e. without which the transition would not 
occur) and 

ii) initial and (or) final state interactions describing other interactions 
among the particles in the initial and final channels. 

The basic contributions to final state interaction theory are those of Fermi 
[28] and Watson [29]. 

As an example, consider the photoelectric effect in atoms, 

hv + A-A + + e“. (21.99) 

In this process a photon incident on a neutral atom A ejects an atomic 
electron, leaving an ion A + and a free electron in the final state. The primary 
interaction is clearly the photon-electron interaction, while the final state 
interaction is the Coulomb attraction between the electron and the ion A + . 
As we shall see below, this Coulomb interaction has a profound influence on 
the spectrum of the photoelectrons. 

The interest of separating the dynamics of the collision into a primary 
interaction and initial (final) state interactions is twofold. Firstly, if we want 
to investigate the nature of the primary interaction, it is important to eliminate 
as thoroughly as possible the effects of initial or (and) final state interactions, 
and therefore to know how to treat these interactions “exactly”. For example, in 
many nuclear reactions we want to eliminate the effects of the Coulomb inter¬ 
action which acts as a distorting potential in the initial and (or) final states. 

On the contrary, if we suppose that the primary interaction is known, we 
can try to determine the characteristic parameters of the initial or final state 
interactions. For example, we may obtain useful information about the 
pion-nucleon interaction by analyzing the influence of the final state inter¬ 
action between the pion and the nucleon in the photomeson production 
reaction y + N -> N + n (where y denotes a y-ray). Similarly, information 
about the nucleon-nucleon interaction may be extracted from the final state 
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interaction arising in the process y + d -► n + p, or from the initial state 
interaction occurring in the reaction N + N -> d + n. Final state interactions 
also play an important role in production experiments, where they may be 
used to study the forces acting between particles on which direct experiments 
are difficult to perform. For example the production reaction n + N -► 
n + n + N may serve to investigate the properties of the pion-pion system 
through their interaction in the final state. Quite generally, final state inter¬ 
actions occurring in production experiments may yield very useful results 
about the properties of short lived “elementary particles” (resonances) which 
are produced during the “primary interaction” step of the collision. 

In what follows we shall only treat some simple aspects of final (initial) 
state interactions. Although the methods of dispersion theory may be applied 
to final state interaction problems [30] we shall confine ourselves to the case 
of interactions which may be described by potentials. Hence, the two- 
potential formalism developed in Chapter 17 may be directly applied. 

To see how this may be done, let us first consider the simple case where the 
initial and final channels contain no bound states, so that there is only one 
arrangement channel. Let us call V the full interaction between the particles, 
and assume that we may separate it as V = U + W. Here W is the primary 
interaction responsible for the transition (i.e. such that if W = 0 the process 
does not occur) while the remaining potential U is responsible for initial 
or final state interactions. For example, in the production process 

p + n->7r° + p + n (21.100) 

the primary interaction W represents a phenomenological potential for pion 
production, while U describes the force acting between the two nucleons. 
Thus U is a phenomenological nucleon-nucleon potential, taking into account 
the effect of virtual mesons, but we assume that it cannot create real mesons. 

Let us recall the two-potential formulae (17.44)-(17.45) appropriate for 
this case [31]. The transition matrix on the energy shell is given by 

<b|^|a> = <xni/|tf a > + <z ( b - ) l^|^ +) > (21.101a) 

or 

<b|^|a> = <<Ml/|xi +) > + <^"Wl^ +) >- (21.101b) 

Here and 3> b are the initial and final free states such that 

H o 0 a = £ a <f> a (21.102) 

H 0 <P b = E b $ b ; E a = E b = E 

where the unperturbed Hamiltonian H 0 is simply the sum of the kinetic 
energies of the particles. The complete wave functions are given by 


yi +) = <*>,+ 


E — H 0 — U— W + ie 


—(U + W)<P a 


= zi +) + 


E-H a -U-W + is 


r-Wx, 


(+) 


(21.103a) 
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and 


n _) = <£„ + 


i 


= Xb ) + 


E-H 0 -U-W-ie 
1 


T-(U + W)0 b 


E-H 0 -U-W - ie 
while the waves *£ +) and Xb _) are such that 

1 


-W7& 


(-) 


J + ) - 


and 


= <*> a + 


xi ' = & b + 


E - H 0 - U + ie 




E - H 0 - U - ie 


U4> h . 


(21.103b) 


(21.104a) 

(21.104b) 


Now the wave functions <P b and xi~ ) contain a meson, while # a and 
do not. Since the potential U cannot create mesons, we see that the first 
term on the right-hand side of eqs. (21.101) vanishes and the transition 
matrix element is given by 

<b|^|a> = <Zb _) l^|^i +) > (21.105a) 

or 

<b|«T|a> = (21.105b) 

If we write approximately '?i +) ~ xi +) and 'F ( h ~ ) ^ /b _) and substitute 
these expressions in eqs. (21.105) we obtain the simple formula 

<b|^|a> ~ ixi^mxi^y (21.106) 

valid to first order in the primary interaction W , and to “all orders” in U. 

When bound states are present the discussion becomes more involved. 
We may use the more general two potential formulae (17.41)—(17.42) to 
write the transition matrix as 

<b|^|a> = <*n V, - W t \<P a > + <zn W< +) > (21.107a) 

or 

<b|ina> = <* b \v t - mxi +) > + <n _) witf +) > (21.107b) 

where the objects <P a , /a +) , 'F{ + \ <P b , xi~\ 7 /( b _) are defined in Section 17.1 
and we recall that the complete Hamiltonian H is decomposed in the initial 
arrangement channel as 

H= H t + V, = H, + U,+ fVi (21.108a) 

and in the final arrangement channel as 

H = H t + V ( = H ( + U( + W f . (21.108b) 

If the potentials 17, and U ( cannot produce the transition considered, eqs. 
(21.107) reduce to 


<b|<T|a> = 


(21.109a) 
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or 

<bma> = <n _ Wilzi +) >. (21.109b) 

Moreover, let us choose the distorting potentials £/j and U { as the optical 
potentials which generate the elastic scattering of the particles involved 
respectively in the initial and final channels. If we replace in eqs. (21.109) 
the unknown total wave functions *Pi +) and 'F b ~ ) respectively by the dis¬ 
torted waves xi +) and xi~ ) corresponding to the scattering by the potentials 
U { and U { we obtain the DWBA transition matrix element 

<b|^|a> DWBA = <zn^flzi +) > = (21.110) 

valid to first order in the primary interactions W { or W f9 and to “all orders” 
in U { and U { . 

An interesting example of the application of two-potential formulae to 
a process in which initial and final states contain bound states is the pick-up 
reaction which we have already analyzed in Section 21.2. In this case we can 
use the DWBA expression (21.110) or alternatively recast the T -matrix 
element into the form [see eq. (21.74)] 

<b|ina> = <yt" ) in»izi +) > (21.ni) 

which explicitly displays the role of the primary interaction V pn and incor¬ 
porates the interaction V pC into the functions l F b ~ ) and /i +) . 


21.3.2. Enhancement factors 

Let us analyze more closely the matrix element (21.105a), namely [32] 

<H5T|a> = </n^i +) >. ’ (21.H2) 

This expression plays a central role in final state interaction problems [33]. 
Since we expect that most of the final state effects are contained in #b -) 
it is reasonable to compare the matrix element (21.112) with the expression 
<b|^°|a> = <tf b |W< +) >. (21.113) 


Suppose that the wave function x b ~ ) is the incoming scattering wave 
describing the motion of two final particles C and D interacting through a 
strongly attractive potential U. If we let the reaction proceed in the time- 
reversed sense, we expect that the presence of the interaction U would enhance 
the probability that the particles C and D remain together to enter the region 
of primary interaction. Then, using time reversal invariance [29] we see 
that the transition matrix (21.112) will be enhanced with respect to that of 
eq. (21.113) because of the interaction U. Let us write 


<b|^|a> = #<b|^ 0 |a> (21.114) 

where # is a quantity to be determined. If we assume that the primary inter¬ 
action W takes place over a very small region of space, and that we are 
sufficiently close to threshold so that only S-waves must be considered, we 
may write 


* r *P*(Lr) - 

yS \S 2 l n y ,2 jo(k,r) J, = 0 


(21.115) 
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where and 3T% are respectively the S-wave parts of the matrix elements 
<b|^|a> and <b|^°|a>. Moreover, we have written 


Xl\k,r)=f j £ r)Yf m (fc)Y lm (t), 


1 = 0 m= —l 


and 


0 b (k, r) = (2n)~ 312 exp(i kr) = (2/tt) 1 ' 2 £ £ i‘j l (kr)Yt m (fi)Y lm (P) 

1 = 0 m= —l 


with 


Xo \K r) = (2In) 112 exp{-id 0 (/c)} 


Up(k,r) 
kr ' 


Here u 0 (k , r ) is the regular solution of the radial equation 
*2 


such that 

Hence 


[l 2 + k 2 - C/(r)jM 0 (fc, r) = 0 
u 0 (k, r) -v sin(Arr + <5 0 ). 

r-+ oo 

g = f~ exp{i^ 0 (fc)}« 0 (fc, r) ~| 

|_ sin kr J P=0 


(21.116) 


and by comparison with eq. (11.82), [in which we choose A(k) = 1] we see 
that 


# = 3F exp{i<5 0 (/c)} = 


exp{ic5 0 (fc)} 

l/(fc)l 


(21.117) 


where /(&) is the Jost function introduced in Section 11.1. Using eq. (11.79) 
and the definition D(E ) = /(— k) we also have 

(2U18 > 

with D(E) = |D(ZO|exp{ —idoC^)}, [see eq. (11.252)]. Hence, using eq. 
(21.115) and the above relations, we have 




1 


D(E) 


eri 


or 


y ~ exp{i^o(£)} ^ o 


(21.119) 


( 21 . 120 ) 


\D(E)\ 

We remark that the quantity obtained by neglecting final state effects, 
represents a “first Born” value which is nearly energy independent because 
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of the short range of the primary interactions. Hence the energy dependence 
of S' s is governed by the factor [£>(£')] ~~ 1 • Moreover, we note that S' % = 
l^sl exp[i<5 0 CE)], an important result to which we shall return below in 
connection with the Fermi-Watson theorem. 

Returning to eq. (21.114) we see that the cross section obtained from the 
transition matrix element <b|^|a) is given by 

*ba = l^lMa (21.121) 

where 0 $ is the cross section corresponding to the transition matrix (21.113) 
and the enhancement factor \S'\ 1 = |#| 2 measures the probability of finding 
the two particles (interacting through the potential U) at the origin, relative 
to that when there is no interaction. 

21.3.3. Unitarity and the Fermi-Watson theorem 

Let us investigate the role played by the unitarity relations in initial and 
final state interactions. Starting from eq. (15.168a) and assuming time- 
reversal invariance (so that ^ba — ^ ab ) we obtain 

Im T ba = -* £ S(E n - E)8(P„ - P a )T b „T*. (21.122) 

n 

In what follows we shall focus our attention on two-body reactions of the 
type A + B -> C + D. We may then analyze eq. (21.122) in partial waves 
by following essentially the method used in Section 18.1. The result is 

Im T ba = -nMAME - EJ + T l bb T l *p b G(E - E b ) 

+ Z T‘ bn T l *Pn&(E - £„)] (21.123) 

n ^=a,b 

where we have isolated the contributions of the initial and final channels. 
Here the p’s are phase space factors (i.e. the density of states in the various 
channels), E = E a = E h is the total energy available in the C.M. system and 
£ a , E b , E„ are the energies necessary to reach the thresholds for the channels 
a, b, n. The function 0 is the step function such that 

0(x) =1, * > 0 

= 0, x <0. (21.124) 

Let us assume that we may neglect the “indirect” reactions which proceed 
from the initial channel a to the final channel b via an intermediate channel 
n. We then obtain the approximate equation [34] 

Im TL = - n[T l ha Pa 0(E - E a ) + T l hh T l * p h 0 (£-E b )]. (21.125) 

In the presence of inelastic scattering the diagonal elements of T may be 
parametrized as [compare with eq. (18.36)] 

TL = - rr-—[exp(2i<5“) - 1], (21.126a) 

2l7ip a 

T‘ bb = - rr-—[exp(2it5f) - 1], (21.126b) 

Zl7Cp b 
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where <5? and St are complex phase shifts. If we write 


S\ = Re S\ + i Im <5J, i = a, b 

(21.127) 

and define the “inelasticity factors” 


r\\ = exp(—2 Im S\) 

(21.128) 

we may also write eqs. (21.126) as 


T L = - ~ W exp(2i Re Sf) - 1], 

(21.129a) 

n„ = - r-‘-[^ b exp(2iRe <5 b ) - 1], 

2l7Tp b 

(21.129b) 


Substituting eqs. (21.129) into eq. (21.125), we deduce that 
Im T' ba = - exp(-2i Re 5?) - l]T' b a 

+ i[^exp(2iRe5, b )- 1]T{*. 


Thus 


rit exp(—2i Re St)T l ha = rfi exp(2i Re St)T l *. 

(21.130) 

Let us write the complex numbers TL in the form 


TL = \TL\ ^ 

(21.131) 

Then eq. (21.130) becomes 


rji e 2i ^ = rji exp{2i(Re St + Re df)} 

(21.132) 

from which we deduce that 


nt = 

(21.133) 

and [35] 


4> = Re St + Re S?. 

(21.134) 


Hence, we conclude that the partial wave T matrix T l ba is given by 


TL = IT'al exp{i(Re 5? + Re <5 b )}. (21.135) 

This remarkable relation, called the Fermi-Watson theorem , implies that the 
phase of the partial-wave transition matrix for a reaction A + B -► C + D 
is determined by the (real part of the) phase shifts for elastic scattering in 
the initial and final channels. We recall that the Fermi-Watson theorem is a 
direct consequence of the unitarity relations, time-reversal invariance and the 
neglect of “intermediate” channels in eq. (21.123). 

Two important particular cases follow directly from eq. (21.135). If final 
state interactions dominate the scattering, we may write 

T [ a 2£ 17’Ll exp(i Re <5, b ). 


(21.136) 
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This bears a strong resemblance to the result (21.120) which we derived 
above for S-wave scattering. Of course, if initial state interactions are 
predominant, we have 

T l ba — |T{J exp(i Re <5f). (21.137) 


As an application of the Fermi-Watson theorem, let us look at the reaction 
of photoproduction of pions from nucleons, namely 


y + N -► N + n 

(21.138) 

which we consider together with the elastic processes 


y + N -> y + N 

(21.139) 

and 


N + n -> N + n. 

(21.140) 


Thus the reaction of photoproduction (21.138) corresponds to the transition 
a -► b, while the Compton scattering on nucleons (21.139) corresponds to 
a -> a and pion-nucleon scattering (21.140) to b -► b. Because of the weakness 
of electromagnetic interactions with respect to strong interactions we see that 
the reaction (21.138) is an example of final state interactions. We may there¬ 
fore apply the form (21.136) of the Fermi-Watson theorem to relate the 
phases of the photoproduction transition matrix elements to the phase 
shifts for pion-nucleon scattering. This result has been very useful in the 
analysis of the experimental data on the photoproduction of pions [36, 37]. 

21.3.4. The photoelectric effect 

As an illustration of the theory of final state interactions, we shall now 
analyze the photoelectric effect in atoms. 

Consider a photon of energy E = hv = ho incident on an atom which we 
assume to be in the ground state. If the photon is sufficiently energetic it may 
eject one or several electrons from the atom. This process of ionization by 
photon impact is called the photoelectric effect [38]. We shall consider here 
a particular (single) ionization process, in which the electron is ejected from 
an hydrogenic atom of atomic number Z. 

Let r be the coordinate of the electron, w 0 the ground state energy of the 
hydrogenic atom and ^ 0 (r) its ground state wave function. The atomic 
nucleus is considered here as a structureless object [39] of charge Ze. Further¬ 
more, we assume its mass to be infinitely large with respect to that of the 
electron, so that we neglect the recoil motion of the nucleus. We also assume 
that the free electron in the final state is non-relativistic. Then, if k { denotes 
the wave vector of the ejected electron, its kinetic energy in the final state is 
h 2 kfl2m 9 where m is the electron mass. Conservation of energy then yields 

hco + w 0 = h 2 k\\2m (21.141) 

valid in the non-relativistic regime, for which 

hco (or h 2 kf/2m) <4 me 2 . (21.142) 
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Two interactions are clearly at work in the photoelectric effect: the primary 
interaction is the photon-electron interaction, responsible for the effect, while 
the final state interaction is the Coulomb attraction between the ejected elec¬ 
tron and the residual ion. 

Let us first neglect the final state interaction. We expect this approximation 
to be most reliable when the kinetic energy of the ejected electron is large, 
i.e. when 

hco (or h 2 kf/2m) > \w 0 \ (21.143) 

and when the nuclear charge Ze is small. Moreover, we may take advantage 
of the smallness of the fine structure constant a ~ 1/137 to treat the photon- 
electron coupling to first order. This calculation can be done by evaluating 
the first order S matrix element of quantum electrodynamics corresponding 
to photon absorption [40]. Another, less rigorous approach is to treat the 
interaction between the electron and the electromagnetic field in a semi- 
classical way [41], using first order time-dependent perturbation theory. The 
two methods lead to identical results in the case which we consider. The 
relevant transition matrix, neglecting final state interactions , is given by 

i eh f 

<b|T°|a> = — dr <P*(r) exp(i*• r)A 0 • V r ^ 0 (r) (21.144) 

me J 

where k is the incident photon wave vector (with k = |Ar| = c oje) and 

<P b (r) = (2ny 3/2 exp(i/r f . r ) (21.145) 

is a plane wave describing the final state of the free electron in the absence 
of final state interactions. The external electromagnetic field is represented 
here by the vector potential 

A(r, t) = A 0 exp{i (kr — art)} + A* exp{ —i(A>r — cot)} 


where A 0 is a constant complex vector. The factor exp(i& • r ) is called the 
retardation factor. Because of the presence of the bound state wave function 
^o(r) we see that when kd < 1, where d is a typical atomic length [42], we 
may set exp(iA>r) ~ 1 in eq. (21.144) so that 

• t 

<b|T°|a> ~ — A 0 • dr ^(r)V> 0 W. (21.146) 

me J 

This is known as the dipole approximation to the matrix element (21.144). We 
shall return to this approximation below. For the moment, however, we 
analyze the more accurate expression (21.144). Assuming the radiation to 
be incident along the z-axis and polarized with its electric vector along the 
x-axis, we have 


<b|T°|a> = (27c) 3/2 —A 0 fdrexp(- ik ( r) exp/i-z VV 0 (r). (21.147) 

me J \ c Jox 
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Integration by parts (or acting with the operator d/8 x on the left) then yields 

ofa A Is (* 

<b|T°|a> = - (2ity 312 -^ dr exp(i K r) (21.148) 

me J 

where k Ux is the component of the electron wave vector k { along the x-axis 
and 


K=-£-k ( (21.149) 

c 

is the wave vector transferred to the atom. 

The incident photon flux F { is obtained by dividing the incident intensity 
a> 2 \A Q \ 2 /2nc by hco. Thus 


F> = 


(O 

2nch 


\A 0 1 : 


(21.150) 


The density of final states, corresponding to the normalization adopted in 
(21.145) is simply 

p b = mkf/h 2 . (21.151) 


Hence the differential cross section dcr°/d Q for the ejection of the electron 
by photons polarized along the x-axis (neglecting final state interactions) 
is given by 


d(7° 

dQ 


~ j 0 b |<b|r°|a>| 2 


or 

d gt°(0, (/>) e 2 k f k 2 x 
d Q 2nmc(o 

where (9, 4 >) are the polar angles of the vector k u so that k Ux = k { sin 6 cos (j). 

For an hydrogenic atom of nuclear charge Ze the ground state wave 
function \l/ 0 (r) is given by 


I 


dr i p 0 {r) exp(ijf- r) 


(21.152) 


so that 



d<r°(0, 4>) _ 32 e 2 Z 5 a 3 0 k t kl x 

d Q mca}(Z 2 + K 2 al ) 4 


(21.153) 


(21.154) 


For an unpolarized photon beam an average must be made over the polar¬ 
izations of the photon, so that kt, x is replaced by 4(Af, x + kt, y ). The differ¬ 
ential cross section becomes in this case 


d<r (0) (fl) _ 16 e 2 Z 5 a 3 0 kf sin 2 6 
dQ mc(o(Z 2 + K 2 alY ' 


(21.155) 
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We note that the factor sin 2 6 favours the ejection of electrons at right 
angles to the incident photon beam, while the presence of the quantity K in 
the denominator enhances the scattering at small angles since K is smallest 
in the forward direction. Now, at high incident photon energies such that 
the relation (21.143) is verified, we may neglect w 0 in eq. (21.141) to infer that 

h 2 kf/2m ~ hco (21.156) 

and therefore the velocity of the outgoing electron is simply 

v { = hkf/m ~ 2a>lk { . 

The quantity K 2 is then given by 

~ ,,, ^ (o 2 

K 2 = k] — 2-kc cos 6 + — 
c c 

= k 2 (l - v j cos d + ~ k?(l - V -! cos ej 

where we have neglected terms of order (v f /c) 2 because the outgoing electron 
is non-relativistic. Moreover, since 

w 0 = - Z 2 (21.157) 

2a o 

for an hydrogenic atom, we deduce from the relations (21.143) and (21.157) 
that 

fcfflo 2 > j£\w 0 \al = Z 2 . 


Therefore the expression (Z 2 + K 2 a 2 Q ) which appears in the denominator of 
eq. (21.155) may be written approximately as 

Z 2 + K 2 a\ ~ k 2 al^l — ^ cos 0^ 

so that, dropping again terms of order ( v f /c ) 2 , we may write 


(Z 2 + K 2 a 2 0 y 4 = k f - 8 a 0 ~ 8 ( 1 + ^ cos 0 

c 


(21.158) 


Hence the factor (Z 2 + K 2 a 2 ,)~ 4 influences the angular distribution only at 
rather high energies. 

Returning to eq. (21.155), we have with the help of eq. (21.158) 
d<r (o) (0) 16e 2 Z 5 


d Q mc(o{k f a 0 ) 1 


sin 2 0 


^1 + ^cos 0^ 


(21.159) 


or, by using eqs. (21.156) and (21.157) 

(21160) 



TOPICS IN MULTIPARTICLE COLLISIONS 


651 


The total cross section at high energies, neglecting final state interactions, is 
then 


<7 


(°) = 
tot 


25671 a\ 
~T*7} 



Hi 


(21.161) 


and is proportional to (hcD)~ 7/2 and to Z 5 . It is worth noting that the 
dipole approximation [obtained by setting exp(io>z/c) = 1 in eq. (21.147)] 
yields the leading term in the differential cross section (such that corrections 
of order v f /c are neglected). Calling dcg/d Q this term, we have 


d<r ( d °X0) 

d Q 



(21.162) 


We also note that the dipole approximation yields the complete result (21.161) 
for the total cross section trSt. 

We have obtained the total cross section cr t ( ot by using high-energy approxi¬ 
mations in the expression (21.155) of the differential cross section and by 
integrating the resulting expression (21.160) over the angles. For further 
reference it is also interesting to integrate directly the differential cross 
section (21.155) over the angles. The result is 


= 256ft ao/Kiy pica - lw 0 l | 3/2 

3 a Z 2 \hco J l |w„| J 


(21.163) 


and represents therefore the total cross section which one obtains at all 
energies when final state interactions are neglected. Of course 

-> < (2U64) 

. h(o > | coo I 

but we note that dto* vanishes at threshold, in contrast to <7t ( ot. 

We now include final state interaction effects while treating always the 
primary electron-photon interaction to first order. To this end we simply 
replace in eq. (21.144) the plane wave <P b by a distorted wave ^b _) which takes 
into account the Coulomb attraction between the electron and the ion. 
Thus x ( b -) is a Coulomb wave which exhibits the asymptotic behaviour of a 
“plane” wave (with a distorted phase) plus an incoming spherical wave, and 
the transition matrix element, including final state interactions, is given’by 

<b|T|a> = — f dr / b _) *(r) Qxp(ik ■ r)A„ ■ V r i/r 0 (r). (21.165) 

me J 

If we are interested in the region of low energies , in particular near the 
threshold of the reaction (where we expect final state interactions to be 
important), we may use the dipole approximation and write exp(ik • r) ^ 1. 
Then eq. (21.165) yields 

<b|T|a> ~ -A 0 ■ f dr (r). (21.166) 

me J 
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We recall that the dipole approximation is valid when 

ka 4 1, a = a 0 /Z 

or [using eq. (21.157) and the fact that k = co/c\ 9 when 

hco 4 |w 0 |/Za, <x ~ 1/137 (21.167) 

so that its range of validity extends to the intermediate energy region . 

We shall not carry out the detailed calculation of the matrix element 
(21.166). The result is [43] 


d<7 _ dv ( d 0) c 
d Q d Q 


(21.168) 


where da^/dQ is the dipole differential cross section (21.162) and 


- 2«P?! 

hco 


f 1/2 exp( — 4ri cot 1 n') 
1 — exp(—27m') 


(21.169) 


with n' = Z/(k f a 0 ). We first note that for large values of k { (i.e. small values 
of «') we may expand C about n' = 0 and obtain 

C ^ [\w 0 \lh(o] 1,2 ln'. 


However, by using eqs. (21.156) and (21.157), we have also 

T 

so that 

lim C(n') = lim C(fc f ) = 1 (21.170) 

n '->0 fcf -> 00 

and we verify (within the dipole approximation) that final state interactions 
are unimportant at high energies. It should be noted, however, that because 
of the infinite range of the Coulomb interaction the quantity C reaches its 
asymptotic value very slowly. 

Let us now look at the behaviour of the cross section (21.168) near 
threshold. In this case we have 

c = 2*[ fe f e- 4 (l + 3 (e = 2.71828). (21.171) 

But 

jKl'l 1/2 f. _ hco - |w 0 i y /2 f hco - |w 0 | ] 1/2 
(ftooj ( hco J " ( |w 0 | J 

~ . _ yhco^M 
2 kol * 

Moreover, from eqs. (21.141) and (21.157) we deduce that 
1 kfal 2 m . ,.a 0 2 hco - \w 0 \ 


(21.172) 
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and therefore 


4 _ 4 hco — |w 0 | 

+ 3 n' 2 + 3 |wo| 


(21.173) 


Hence, by substituting the expressions (21.172) and (21.173) into eq. 
(21.171), we find that 


C ~2it e" 4 - 


.[ 1 hco - KIK 4 hco - |w 0 |] 

i 2 |w 0 | Jl + 3 K| J 


~ 2 n e 


1 


5 hco — | w 0 | 

6 |wo| " 


-}• 


(21.174) 


Using eqs. (21.162) and (21.168) we then obtain the differential cross 
section near threshold as 


d Q 


or 


d<<0) -4 fl o • 2 a fi 7 hco - IwolU 

Z 2 (2 |w 0 | J( 

a 2 - 8 

“? Sm 0 {‘-3 


5 hco — |w, 

+ 6 |w 0 | 


1 


dcr(d) 

~dQ~ 


= 647C e 4 a 


fico - | w 0 [ 


|w 0 | 


}• 


(21.175) 


The total cross section cr to t, including final state interactions, is obtained 
by integrating the expression (21.168) over the angles. This yields 

tftot = *£? c (21.176) 


where <7$ and C are given respectively by eqs. (21.161) and (21.169). Since 
we want to isolate final state effects over the whole range of (non-relativistic) 
energies, we must actually compare cr to t to the cross section atot obtained in 
eq. (21.163). This gives 


where 


*tot — tftot D 


(21.177) 



(21.178) 


The two cross sections (7 to t and dS? are illustrated in Fig. 21.5 for the case of 
the photoelectric effect in atomic hydrogen. At high energies the quantity 
D approaches unity from below, so that <7 to t is reduced with respect to &iS 
(or (Ttot). On the contrary, at low energies the cross section <r t ot is enhanced 
with respect to 6 t ( ot. In particular by using eqs. (21.163), (21.174) and (21.178) 
we see that in contrast with o^ot which vanishes at threshold we find for 
a finite threshold value 


°tot(thr) = 



(21.179) 
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We note from Fig. 21.5 that (j tot actually reaches its maximum value at 
threshold. This enhancement of the low-energy cross section is a striking 
illustration of final state interaction effects. 



Fig. 21.5. The total cross section for the photoelectric effect in atomic hydrogen (in atomic 
units tfo), as a function of the incident photon energy (in atomic units e 2 la 0 ). Dashed curve: 
the quantity of the text (no final state interactions included); Solid curve: the quantity 
<7 t ot (including final state interaction effects). The total cross section at threshold is <7 to t(thr) 

= 0.225 a% [see eq. (21.179)]. 
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Appendix A 

Principles of Quantum Mechanics 


It is postulated in the usual formulation of quantum mechanics that all the 
information about a physical system at a given time can be derived from the 
knowledge of the state vector or wave function W of the system. This wave 
function is a vector in Hilbert space , i.e. a linear vector space with an infinite 
number of dimensions and a metric [1]. Using Dirac’s notation [2], we shall 
denote this vector by the ket \ W >. The linear character of the space, which 
expresses the superposition principle , states that if \W t y and |*P 2 > represent 
two possible physical states, while and a 2 are two arbitrary complex 
numbers, then the ket 

|^> = + a 2 |^ 2 > (A.l) 

represents a new state vector in the same space. 

The metric is introduced by defining a complex number, called the inner 
product or scalar product [3] of two vectors 1^) and |!P 2 >, such that 

<^ 2 > = <Wi>*. (A.2a) 

The object <*F| is called the conjugate bra of the ket |!F>. If a is a complex 
number and \ W 3 } a third vector, we also have 

<^|a^ 2 > = a<W 2 >, (A. 2b) 

<a^ 1 |^ 2 > = a*<^ 1 |^ 2 >, (A.2c) 

< Wl + ^2> = + <^3l^2> (A. 2d) 

where the asterisk denotes the complex conjugation. 

The same physical state is represented by the vectors | ¥*> or oc| !P), i.e. by a 
ray (or direction) in Hilbert space. It is customary to describe the state by a 
vector \ normalized to one, i.e. such that 

< W = 1. (A. 3) 
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In this way only a constant phase factor (i.e. a multiplicative factor of modulus 
one) is left undetermined. It is worth noting that not all the rays of Hilbert 
space correspond to physical states. In fact, physically allowed rays must 
satisfy certain conditions which are called superselection rules [4]; these 
constraints arise from the requirement that certain physical quantities (such 
as the total electric charge) must keep definite and constant values for a 
closed physical system. 

Before we proceed further with the principles of quantum mechanics, let 
us recall a few definitions concerning operators in (linear) vector spaces. Let 
|^!> and |^ 2 > be two vectors in a given vector space, while cc 1 and a 2 are 
complex numbers. An operator A is called linear if 

A[a il^i) + a 2 |^ 2 >] = Ml^i) + * 2 A\V 2 y (A.4) 

and antilinear if 

A[a i|^i> + a 2 \V 2 >] = aXA\W,} + a * 2 A\V 2 >. (A.5) 

A linear operator is bounded if there exists a positive number C such that 

(A.6) 

where \\x\\ = «*|jc» 1/2 is called the norm of the vector \x >. 

Let us now consider a set | Xi) of vectors of the space which are orthonormal , 
i.e. 

<xhj> = or 5(i - j). (A.7) 

In other words, these vectors are orthogonal and normalized. The object <5 l7 
appearing in eq. (A.7) is called the Kronecker symbol. It is such that 

**-{£ <% <A8) 
If the vectors are labelled by continuous indices, then we must use on the 
right-hand side of eq. (A.7) the Dirac ^-function, such that 

J /(*) <5(* ~ y)dx = f(y). (A.9) 

We shall also assume that the set of vectors | Xi> is complete , so that any 
vector |!F> in the space may be expressed in terms of the vectors lx,) as 

m = (A. 10) 

i 

The set {/J of vectors |/*> is then called a basis of the vector space. The 
complex coefficients c t are the components of the vector \*Fy in the basis 
{/»}• We note that once a given basis - also called a representation - has 
been chosen, a vector | ¥*> is completely specified by its components c t . 
Furthermore, we have 




(A. 11) 



APPENDIX A 


659 


The action of an operator A on a given vector \W} may be specified in 
terms of its effect on the components c t in a given representation. Indeed, 
starting from eq. (A. 10), we have, for a linear operator A , 

A\ T> = A Z Ci | Xi > = Z C'Al Xi >. (A.12) 

i i 

Let us express the new vectors | %■) = A\'/j) in our basis as 


I Xt> = ^IX;> = Z AjilXj) 

j 

where the complex numbers A jt are given by 

Aji = <Xj\A\Xi>- 

Then, if we write 

\ry = a\v> = Z d Mj> 

j 

so that the coefficients dj are the components of the vector 
we have from eqs. (A.12)-(A.15) 


(A.13) 

(A. 14) 

(A.15) 
!F'> in our basis, 


\ry = A\vy = ZZ^I;o> = IW 

* j J 

and therefore 

dj = Z^<V (A. 16) 

i 

This is a matrix equation which relates the components {cj of and {rfy} 
of by means of the matrix elements A jt of the linear operator A. 

Given a linear, bounded, operator ^4, it is possible to define several new 
operators which are related to it. These are 
i) The adjoint or Hermitian conjugate operator A f such that 

(A% = At. (A.17) 

Hence, using eq. (A. 14), we have 

Ajt = <Xj\A\xi> = = <A'xj\xi>■ (A. 18) 


We note that if then the conjugate bra of the vector l^') is 

given by 

<!P'| = <!P| A f . (A. 19) 


An operator A is called Hermitian if it is equal to its Hermitian conjugate. 
That is, 

A = A\ (A.20) 

The corresponding Hermitian matrix is therefore such that 

Atj = A% (A.21) 

or explicitly 

<Xt\A\Xjy = <Xj\A\Xi>*- 

In particular, we note that for an Hermitian operator 

<Xi\A\Xi> = <Xi\A\xi>* (A.22) 

so that the quantity (.Xt\A\xiy is real. 
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ii) The transpose of A is denoted by A and is defined by the relation 

4 = 4 - ' ( A - 23 > 

iii) The inverse operator A' 1 of A is such that 

A~ l A = AA- 1 = I (A.24) 

where / is the identity operator such that, for any vector |!F> in the space, 
we have 

/|y> = \vy. (a.25) 

An Hermitian operator A is called a projection operator if 

A 2 = A • A = A. (A.26) 

For example, let us consider a set of basis vectors {/J in a finite w-dimen- 
sional vector space. Then, using the unit operator /, we may write 

= t toXXiH*). (A.27) 

1=1 

Introducing the operators 

A, = IXiXZil (A.28) 

we see that 

1= t A h (A.29) 

1=1 

and we verify that Aj = A h A? = A t and A x Aj = 0 if i # j. Hence the 
operator A x = \Xl>(Xi\ projects any vector into the one-dimensional sub¬ 
space corresponding to the vector 
Finally, we define the commutator of two operators as 

[A, B] = AB - BA (A.30) 

while their anticommutator is given by 

{A,B} = AB + BA. (A.31) 

Two operators are said to commute when [A, B] = 0; they anticommute if 
{■ A , B} = 0. 

We now return to the principles of quantum mechanics. A fundamental 
postulate of quantum theory is that to every measureable property, i.e. to 
every observable $0 (such as the position, momentum, energy, angular 
momentum, spin, etc.) of a system there corresponds an Hermitian operator. 
Let us call A the operator associated with the observable j/. We denote by 
ot n the eigenvalues (or the elements of the spectrum) of this operator A , while 
|# n > are the corresponding eigenvectors. Thus we write 

A\$ n > = *„{&„>. (A.32) 

We observe that the eigenvalues a„ of an Hermitian operator A are real 
Indeed, we have from eq. (A.32) 

<^n\A\0 n } 

<*.!*■> ’ 


a, 


(A.33) 
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Moreover, the eigenvectors of A corresponding to distinct eigenvalues are 
orthogonal, since 

(a» - a„0<< Pn'\<Pn> = <<Pn'\A\&„> - <A$ n '\*n> = 0 (A.34) 

and therefore <#„'!#„> = 0 if a„ ^ When all the eigenvalues are distinct 
they are said to be non-degenerate. On the contrary, they are degenerate 
when a„ = a„' for n ^ n'. In that case the various eigenvectors $ ( „ r) which 
correspond to a given eigenvalue a„ may be combined linearly so that they 
are orthogonal among themselves. Moreover, from eq. (A.34) we know that 
they are also orthogonal to the eigenvectors corresponding to other eigen¬ 
values. We may thus choose all the eigenvectors |3>„> of the Hermitian oper¬ 
ator A to be mutually orthogonal. We shall also normalize them in such a way 
that 

or 5(n - ri) (A.35) 

and assume that they form a complete set. That is, 

Z l<P.X<P.I = 1 (A.36) 

n 

where the sum on n includes an integration over continuous variables, if 
necessary. We observe that in the orthonormal basis of its eigenvectors the 
operator A takes on the simple diagonal form 

A = £ (A.37) 

n 

and we note that the operator 

A n = | <*>„><<*>„! (A.38) 

is a projection operator onto the state <P n . When there is no possible ambiguity 
it is convenient to use a simplified notation such that = |«>, = <«|, 

A n = |«><«|, etc. 

Functions of an observable lead to functions F(A) of an operator A. 
These may be defined with the help of the projection operators A„ as 

F(A) = X FMA„ = Z ln>F(<x„Xnl (A.39) 

n n 

provided that F( a„) exists for all eigenvalues a„ of A. 

Another basic postulate of quantum mechanics is that the only possible 
results of measurements performed on the system to determine the observable 
sd are the eigenvalues of the operator A. Furthermore, the probability that 
the system, described by the state vector |!F>, gives the value a„ for the 
observable stf is given by 

Pn = K^nl^>l 2 (A.40) 

provided that the eigenvalue a„ is non-degenerate. In other words, if we expand 
the state vector |!P> in the basis {<£„} as 

m = Z c »i^> (A.4i) 
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then the coefficients 

c n = <<P„|!F> (A.42) 

are the probability amplitudes of finding the value a n for the observable s/. 
Immediately after a measurement which has given the value a„ for the 
observable s/, we know that the state vector of the system is proportional 
to the eigenfunction |<£„> of A. Hence the measurement acts as a filter, it 
prepares the system in the state |#„>. 

If the eigenvalue is degenerate , the probability P n of obtaining the value 
a„ for the observable $4 is now given by 

P* = El<^ r) \V>\ 2 (A.43) 

r 

where the sum runs over all values of the index r corresponding to the eigen¬ 
vectors <P ( „ r) which belong to the degenerate eigenvalue a„. Before the measure¬ 
ment, the state vector may be written as 


n r 

(A.44) 

c (r) = <<P W|^ > . 

(A.45) 


After a measurement leading to the value a„, the system is described by the 
vector 

ISO = Etf>ie ) > (A.46) 

r 

so that additional measurements must be carried out to ascertain the state of 
the system. It is another postulate of quantum mechanics that it is always 
possible to perform a set of simultaneous measurements which do not perturb 
each other and which specify uniquely the state of the system. Such measure¬ 
ments are said to form a complete set of compatible measurements. Two 
observables whose corresponding (Hermitian) operators commute can always 
be measured simultaneously (and vice-versa). A collection of commuting 
observables such that the simultaneous measurement of these observables 
specifies uniquely the state vector of the system is called a complete set of 
(commuting) observables. Hence a complete set of compatible measurements 
“prepares” the system (after the measurements) in a definite state [5]. Two 
observables described by non-commuting operators cannot be measured 
simultaneously (except for special states on which their commutator vanishes). 
For example, the position operator x and momentum operator p x , which 
satisfy the commutation relation [x, p x ] = ift, cannot be measured simul¬ 
taneously. In fact, two canonically conjugate observables s/ and & whose 
corresponding operators A and B are such that 

[A, B] = i h 


(A.47) 
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satisfy the Heisenberg uncertainty relation 

A A A B ^ ift (A.48) 

where 

(A A) 2 = {(A - <A)) 2 ) = (A 2 } - (A} 2 (A.49) 

is the mean square deviation about the expectation value of the observable 
for the system described by the state vector !F, namely 

(A) = <y|i4|y>. (A. 50) 

Similarly, we have 

(A B) 2 = {B 2 } - {B> 2 . (A.51) 

Particular cases of the relation (A.48) are the position-momentum uncertainty 
relation 

Ax Ap x ^ih (A.52) 

and the time-energy uncertainty relation 

AtAE^\h. (A. 53) 

Let us now return to eq. (A. 10). Having adopted a given representation 
(i.e. a complete orthonormal set of basis vectors {% J), we have developed in 
it the state vector |!F>. Likewise, the operator A is “represented” in this basis 
by its matrix elements (A. 14). We may also develop the same vector | Wy in 
the same space but in terms of another set of basis vectors {x\} (i.e. in another 
representation) as 

ljd>- (A.54) 

X 

In particular, any “old” basis vector may be expressed in the “new” basis as 

lx«> = I U Xi \x'*> (A.55) 

X 

and therefore, since 

l^> = Z c.-IXi) = ZI e t V u \£> = Z cilzi> (A.56) 

i i X X 

we find that 

4 = Z Vr,Ci- (A.57) 

i 

Moreover, we note that because {xj\Xi> = and <Za*Iza> = eq. (A.55) 
yields 

UW = U'U = I (A. 58) 

so that the operator U is unitary. Therefore the passage from one representa¬ 
tion of quantum mechanics to another one is effected by a unitary trans¬ 
formation. Important representations of quantum mechanics are the co¬ 
ordinate or position representation (in which the coordinates of a particle are 
diagonal) and the momentum representation (in which the components of the 
momentum are diagonal). 
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Instead of changing the representation by means of a unitary transforma¬ 
tion, we may also apply unitary transformations directly on the vectors and 
operators of Hilbert space. For example, let |^> and |/> be two vectors 
such that 

= \x>. (A. 59) 

If we write 

\m = um , 

lx'> = u\x> (A. 60) 

and 

A'\ry = | Z '> 

we find that A’U\Vy = U\x> = UA\Vy and therefore 

A = U f A'U; A' = UAW (A.61) 

where we have used eq. (A. 58). We note that such a unitary transformation 
leaves the system unchanged since 

i) The operator A ' has the same eigenvalue spectrum as A , 

ii) Operator equations remain unchanged, 

iii) The expectation values {W\A\ l F} remain unchanged. 

Of particular importance are the infinitesimal unitary transformations. 
Such transformations may be written in the form 

U = I+ieF (A. 62) 

where e is a real, arbitrarily small parameter and the operator F must be 
Hermitian. Indeed, from eqs. (A.58) and (A.62) we deduce that to first order 
in e, 

/ = (/ - ifiF t )(/ + isF) ~ / - ieF f + ieF (A.63) 

so that e(F — F f ) = 0 and 

F = F f . (A.64) 

We now consider the time development of the system. Let us imagine that 
the basis set which we have chosen in Hilbert space is fixed in time, so that 
the time evolution of the system is described by a time dependent state 
vector t ). Such a description is said to be made in the Schrodinger picture 

[6]. It is then postulated that there exists an Hermitian operator H , called the 
Hamiltonian, which determines the time-development of the state vector W 
according to the (time-dependent) Schrodinger equation 

\h 8 -^p = HT(t). (A.65) 

We note that since eq. (A.65) is a first order differential equation in the time 
variable, the state vector ¥(t) is determined for all values of t if it is given at 
one time t 0 . 

This ends our short survey of basic quantum mechanics. Detailed treat¬ 
ments of this subject may be found for example in the references [2, 7-9] 
listed at the end of this appendix. 
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Legendre Polynomials, Associated 
Legendre Functions and Spherical 
Harmonics 


1. Legendre polynomials 

Let us consider the real variable x such that — 1 ^ x < +1. We may also 
set x = cos 6, where 6 is a real number. The polynomials of degree l 
0 = 0 , 1 , 2 ,...) 

P,(x) = ¥u^ x2 ~ 1)1 (B1) 

are known as the Legendre polynomials. They satisfy the differential equation 

[ (1 “ x2) ^?~ 2x tx + Kl + 1) ] P,(X) = °- (B - 2) 

Furthermore, P t (x) has the parity (—) l and has / zeros in the interval 
(— 1, +1). A generating function for the Legendre polynomials is 

(1 - 2xt + t 2 ) 112 = | 0 P,{x)tl ’ 1,1 < L (B ' 3) 

One also has the recurrence relations 

(21 + 1 )xP, - (l + l)P i+1 - lP l _ l = 0, (B.4a) 

(x 2 - 1) ~ = l(xP t - P,. t ) = ~y(P i+1 - P|—i) (B.4b) 

(also valid for / = 0 if one defines P- x = 0). The orthogonality relations read 

| t P,(x)P r (x) dx = 


(B.5) 
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One also has the closure relation 

i f (21 + 1) Pj(cos 6) P,(cos O') = <5(cos 0 - cos 0'). (B.6) 

1 = 0 

Important particular values of the Legendre polynomials are 

i>,(l)=l, J P i (-l) = (-l)'. (B.7) 

For the lowest values of / one has explicitly 
Po(x) = 1, 
iV*) = 

P 2 (x) = K3* 2 - 1) (B.8) 

Pi(x) = i(5* 3 - 3x) 

P 4 (x) = j(35x 4 - 30x 2 + 3). 


2 . Associated Legendre functions 

These functions are defined by the relations 

d m 

P?(x) = (1 - x 2 T 12 — P^x), m = 0,1, 2,... 1, (B.9) 

and we see that they are the product of the quantity (1 — x 2 ) m ' 2 and of a 
polynomial of degree (/ — m) and parity having (/ — m) zeros in the 

interval ( — 1, +1). The functions Pj" satisfy the differential equation 


[(> - * ! > £ - 2 * L + + » - r??] p ' w - 0 <B10) 

and they are given from a generating function as 

(2m - 1)!!(1 - x 2 r 2 (1 _ ^ ti -- + - l T2 = |r| < 1 

with 

(2m - 1)1! = 1*3*5* “(2 m - 1). (B.ll) 

In particular, one has 

P?(x) = P,(x), (B.12) 

P\(x) = (21 - 1)! !(1 - x 2 ) 112 . (B.13) 

The functions Pf satisfy the recurrence relations 

(21 + 1 )xPT — (l — m + 1)JT +1 - (/ + m)P1 = 0, (B.14) 

dP m 

(x 2 — 1) —L = —(/ + l)xPT + (l — m + 1 )PT +l 


= IxP - (/ + m)PT- u 0 < m < / - 1, (B.15) 
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PT +2 - 2(m + 1) _* 2 1/2 iT +1 + (l- m)(Z + m + 1)PT = 0, 

0 m < Z - 2, (B.16) 

pr-i -pr+i = ~(2i + i)(i - x 2 y /2 pr l , (B.n) 

and the orthonormality relations 

(bi8> 

Important particular values are 

Pf( 1) = />?*(-1) = 0, m * 0 (B.19) 

[for m = 0, see eq. (B.7)] 


mo> 


(2s + 2m)! 

^ 2 z s !(s + m)! ’ 


0 , 


if l — m = 2s 
if l — m = 2s + 1. 


(B.20) 


The first few associated Legendre functions are given explicitly by 

P}(*) = (1 - X 2 ) 1 ' 2 , 

P\(x) = 3(1 - x 2 ) l ' 2 x, 

P\(x) = 3(1 - X 2 ), 

P&x) = f(l - * 2 ) 1/2 (5x 2 - 1), (B.21) 

P\(x) = 1 5jc(1 — x 2 ), 

P\(x) = 15(1 - x 2 ) 312 . 
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One has [1] 

Ydfi, 0) = (- l) m ^ ^; ] 1/2 -Pr(cos 0) e im * m ^ 0 (B.28) 

Y,.-je, 0) = (-1 r W, *)• (B.29) 

The functions have the parity (—)*. Thus, in a reflection about the 
origin such that (0, 0) -» (71 — 0, 0 + rc), one has 

- 0,0 + 7T) = (-) z 7 im (0, 0). (B.30) 

We also note that for w = 0 and m = / the spherical harmonics are given 
respectively by the simple expressions 


Y,, o (0) = 

C':') 

(B31) 



(B.32) 


The spherical harmonics satisfy the recurrence relations 
L ± Y lm = h[l(l + 1) - m(m ± l)] 1/2 y,, m±1 , 

L+ Y, tl = 0 

Z-_ Y t '-i = 0 (B.33) 

with 

L ± =L X ± iL y = h e ±! * + i cot 0 . (B.34) 

The orthonormality relations are 

| yf,. (0, <P)Y lm (6, <t>) di2 = d0 d0 sin 0 Yf, m ,(0, 0)Y Im (0, 0) 

= 5 u .d mm ', (dfl = sin 0 d0 d0) (B.35) 

while the closure relation reads 


t £ Yttfl, 0) Y, m (0',0') = «5(fi - O) 


1 = 0 m=-l 


with 


5(Q - Q') = 


5(0 - 003(0 - 0Q 
sin 0 


The first few spherical harmonics are given by 

Y 0 , o = (4^)- 1/2 , 

v 1/2 

y, 


■ (s) 

/ 3 \ 1/2 

--(sj sin0e ' 


cos 0, 
, 1/2 


(B.36) 

(B.37) 
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*2.0 

*2.1 

Y 2 ,2 

* 3,0 

* 3,1 

* 3,2 

* 3,3 


/ 5 \U2 

(i 6i) (3COs!fl - 1) ' 

/15\ 1/2 

— I — ) sinflcosfle 10 , 

w 

{MiY*** 

/ 7 \ 1/2 

( — j (5 cos 3 0 — 3 cos 0), 

/ 21 \ 1/2 

—I —— ) sin 0 (5 cos 2 0 — 1) e' 4 ’, 
\647t/ 

/ 105 V /2 . , „ „ 21 , 

(is) S'" 9 ™ 6 '*' 

Jl 

\64nJ 


(B.38) 


4. Some useful formulae 


If i*i and r 2 are two vectors having polar angles (9 U (f)^ and (0 2 > <t> 2 )> and if 
we denote by 9 the angle between these two vectors, the “addition theorem” 
of spherical harmonics states that 

47 z 

PjCcos 0) = —— Z YU9i,<h)YU6 2 ,<h) (B.39a) 

+ 1 m = -Z 

or 

47E + * 

P,(c° s 0) = zy—j I *f m (^)* Im (^) (B.39b) 

+ 1 m = -Z 

where Jc denotes the polar angles of a vector x. 

Other useful relations are 


or 


1 


47T 


+1 


(r<y 


n (?i)* (m (r 2 ) (B.41) 


* _ y y v V' 

ki-r 2 | ,= 0 2Z + 1 m = (r > ) !+1 

where r< is the smaller and r> the larger of r, and r 2 ■ One also has 

explifclrt - r 2 |} = jfe £ (2/ + i)^) *{«(fcr > ) P,(cos 0) (B.42) 

l r l _ r 2\ 1 = 0 
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or 


= 4nik X X Ji( kr <) M 1) (fc'">) Yfjf t ) Y, m (P 2 ) (B.43) 

where and h\ l) are respectively the spherical Bessel function and the 
spherical Hankel function of the first kind (see Appendix C). 

The development in spherical harmonics of a plane wave exp(iA>r) of wave 
vector k is given by 

exp(ifc -r) = 4n £ X i'ttkr) Yf m (fc) Y lm (f). (B.44) 

1 = 0 m = -l 

Using the addition theorem (B.39), we may also write 

exp(ik-r) = Y, + 1) i l j t (kr) P,(cos 6) (B.45) 

1 = 0 

where 0 is the angle between the directions of the vectors k and r. In particu¬ 
lar, if we choose the z-axis to coincide with the direction of k , we have 


exp(ik • r) = e ifcz 


X (2/ + 1) i‘jt(kr) P ; (cos 0). 
1 = 0 


Finally, we quote the relation 


(B.46) 


J Y lumi (9, <t>)Y h , m £0, (f>)Y h m3 (d, 4>) d Q 

R2/ t + l)(2/ z + l)(2/ 3 + l) ] 1/2 /*i h h\(h h h\ (B4?) 
L 4 n J \0 0 0 J\m l m 2 m 3 ) 


where we have introduced the Wigner 3 -j symbols (see Appendix E). From 
eq. (B.47) one also finds that 


h+h 

Y lumi (0, </>)Y him >(0, 4>) = X 

L=|/l-i2| M=-L\_ 


L r (2 h + 1)(2? 2 + 1) T /2 

.1 A-nnT 4. n 


4tt( 2L + 1) 
x </ 1 / 2 OO|LO></ 1 / 2 m 1 m 2 |LM>y L , JW (0, <£) 


(B.48) 


where we have used vector addition coefficients (see Appendix E). This last 
equation may also be written in terms of Wigner 3 -j symbols as 


Z1+Z2 +L 

Y lumi (0,4>)Y h , mi (0, <t>) = X I (-‘) M 

L=\h-l 2 \ M= -L 


f(21i + l)(2/ 2 + 1)(2L + If] 1 ' 2 fh l 2 I 

A/^i h l\ 

1- 

"cT 

O 

r-i 

1 J\m ! m 2 Mj 


(B.49) 


Additional useful formulae involving the Legendre polynomials, associated 
Legendre functions and spherical harmonics may be found in the references 
[2-5]. We have followed here the conventions used in ref. [5]. 
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Spherical Bessel Functions 


Let us consider the differential equation (4.20), namely 

with / = 0, 1, 2,.. . Particular solutions of this equation are: 

i) The (genuine) spherical Bessel functions (or spherical Bessel functions 
of the first kind) 

r \ 1/2 


Jl(z) 


= (— 
\2z 


J 


Jl+ l/2( z ) 


(C.2) 


where J v (z ) is an ordinary Bessel function of order v. The functions j t (z) are 
regular at the origin [see eq. (C.l la)]. 

ii) The spherical Neumann functions 

vl/2 


»iO) 




-i/2( z ) 


which are irregular solutions of eq. (C.l) 
iii) The spherical Hankel functions of the first and second kind 
h\ l \z) =j t (z ) + i«/(z) 

and 

h\ 2 \z) = j t (z) - i«,(z) 

which are irregular solutions of eq. (C.l). Thus 
;'/(z) = iCM^Cz) + /i t (2) (z)] 


(C.3) 


(C.4) 


(C.5) 


(C.6) 
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and 


«iOO = 2j[^ (1) ( z ) ~ M 2) ( z )]> 


(C.7) 


The pairs {^(z), «j(z)} and {h\ x \z\ h\ 2 \z)} are linearly independent solutions 
of eq. (C.l) for every /. 

The first three functions j t and are given explicitly by 


joO) = 


sm z 


and 


. . sin z cos z 

7i(z) = ^2-— • 


j 2 ( 2 ) 


-(H 


sin z-cos z 

Z z 


ttoO) = - 


cos z 


(C.8) 


. . cos z sin z 

»lO) =-2-— : 


n 2 (z) 


--(H) 


cos z-jsin z. 

z 


(C.9) 


The functions y'oOt), j\(x), j 2 (x) and n 0 (x), n 2 (x), n 2 (x), where x is real, are 
plotted in Figs. C.l and C.2. 

The functions y,(z) and n,(z) may be represented by the ascending series 
[1-3] 

iz 2 , ttz 2 ) 2 


i/(z) = 


(2Z + 1)!!|_ 1! 


!(2/ + 3) 21(2/ + 3X2/ + 5) 

2 /- 1 » 2\2 


-•] 

n( * = ( 2 /- Dn r _ iz 2 qz 2 ) 2 _.. i 

z ,+ 1 L 1!(1 — 2/) 2!(1 — 20(3 — 2/) _f’ 

where 

(21 + 1)!! = 1 • 3 • 5 • • • (2/ + 1). 

We see from eqs. (C.10) that for z -> 0 one has 


(C.lOa) 
10b) 


Z Jl(Z \Z(2l + !)!!’ 

ii(z) 

: ,+1 n,(z) - -(21 - 1)!!; 

z-* 0 

n,(z) 


z-o (2Z + 1)!! ’ 
(21 - 1 )!! 

/*** — 
z~* 0 


,1+1 


(C.l la) 
(C.l lb) 
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For real x somewhat larger than /(/ + 1) one may use the asymptotic 
formulae 


7 /(x) -> - sin(x — 

(C.12a) 

X~* 00 X 


n l( x ) - COS (X — \l7l), 

co % 

(C.12b) 

„ _ i , 

X-+00 

(C.12c) 

“Pi 

JC-> no X 

(C.12d) 
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Some important properties of the spherical Bessel functions /, [with 
f l : j h n u h\ l \ h\ 2) ] are the recurrence relations (we assume that / > 0) 


fl - 1 (z) + /(+ l(z) = 21 * V i(z), (C. 13a) 

^ /,(z) = 2TTl c//i - l(z) " (/ + 1)/i+l(z) ] ( C13b ) 

/. -i(z) = —/i(z) + f m (C.13C) 

z dz 

/;+i( z ) = -/iO) - /j(z). (C.13d) 

Z QZ 

One also has the differentiation formulae 

^[z' +1 /i(z)] = z' +1 /i-i(z), (C.14a) 

^[z"7i(z)] = -z _ 7/+i(z) (C.14b) 

and the analytic continuations (with l, m = 0, 1, 2 ,.. .) 

j,(z e m * ! ) = e mM j,(z), (C.15a) 

n,(z e mni ) = (- l) m e w, * , «,(z), (C.15b) 

/jf 1) (ze (2m+1 >” i ) = (— l) , /; / (2) (z), (C.15c) 

h\ 2 \z e< 2m+1 )" i ) = (-l)'^°(z), (C.15d) 

h\ k \zt 2m « i ) = h\ k \z), k =1,2. (C.15e) 

In particular, we see that 

ji(~ z ) = (—l)!/"j(z)» (C.16a) 

n,(-z) = (-iy +1 n,(z), (C.16b) 

/>{°(-z) = (-l)'M 2) (z), (C.16c) 

/?i 2 >(-z) = (-1)7^). (C.16d) 

Additional useful properties of the functions y, and are 

jF*(z) n/_i(z) - ;,-i(z) «/(z) = z- 2 , / > 0 (C.17a) 

JF,(z) ^ «|(z) - «,(z) 1 j ( (z) = z- 2 (C.17b) 

J y'o(x) x 2 dx = ix 3 jj2(x) + »o(*) JiW] (C.17c) 

J «o(*) x 2 dx = ix 3 0|(x) - i 0 (x) n t (x)] (C.17d) 

J j,(x) dx = —; 0 (x) (C.17e) 

J 7o(x) x 2 dx = x 2 j i(x) (C.17f) 


J jf(x) x 2 dx = ix 3 [j', 2 (x) - ,(x)J, +1 (x)], / > 0. (C.17g) 
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The last three formulae are equally valid with the/s replaced by the corre¬ 
sponding rf s. 

Let us also quote a few definite integrals [4] involving the functions./* and 
which are often used in scattering theory calculations, namely 


f: 


e ax ji(bx)x 11 1 dx = 


y/nb'ri/i + Z) 


2 ,+ V + T(Z + f) 
r ft* + l V + l + l. i 3 . ~b 2 \ 
2 ’ +I ’ 

(Re(a + ib) > 0, Re(a — iZ>) > 0, Re(n + /) > 0), 


(C.18a) 


e-«j,(6x) x' +1 dx = (Re fl > |Im b\), (C.18b) 

c~ ax j t (bx) x‘ +2 dx = * (Re a > |Im b\). (C.18c) 

Similar integrals involving higher powers of x may be obtained by differentiat¬ 
ing with respect to the quantity a. 

Finally, we note that 


j: 


ji(kr) ji(k'r) r 2 dr = — 2 


5(k - k'). 


(C.19) 
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Appendix D 


Dalitz Integrals 


Let us consider Dalitz integrals [1] of the type 

1 1 

J m >, P; k„ fc f ; k) = j dK - 2 _ - 2 - , g (a 2 + jK _ k-mp 2 + |k - fc r | 2 )" 

(m, n = 1,2,.. .)• (D.l) 


We first set 

a = a 2 + |k - Aril 2 
b = P 2 + |k - * f | 2 ’ 
and use the Feynman integral representations [2] 

1 - f 1 df 

ah Jo [at + h( 1 - t)] 2 

f 1 t 

a 2 h J o [«* + K1 - 0] 3 


(D.2) 


(D.3) 


1 _ (m + n-1)! f 1 r-‘(l _ t)' ,_1 

tfV ~ (m - 1 )!(n - 1)! J 0 [at + h( 1 - t)] m+n * 

to write 

ft *> - (i-oV-l) ! j] d ‘“ (1 ‘ 

* J dK (k ! - k 2 - i«xr ! + |k - Apr" (D,4) 

where we have set 

r 2 = a 2 t + /? 2 (1 - t) + <(1 - t)\ki - k t I 2 (D.5) 
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and 

A = tki + (1 - t)k f . (D.6) 

Apart from a one-dimensional integral on the t variable, the calculation of 
ft; k \, /:) therefore reduces to the evaluation of integrals of the type 

Uk, r. A) = JdK — 2 _ k2 _ ie)(r2 + , K _ A|2)S • 

Let us start from the simple case S = 1 for which 

L,{k, r, A) = JdK — 2 _ k2 _ , g)(r2 - ^ _ A)2) . (D.7) 

We take A as the z-axis of spherical coordinates (k 9 0 K9 (p K ) in k space. Per¬ 
forming the integration over the azimuthal angle (p K9 we find that 

Lj = 2n J* sin d K dd K 

f 00 k 2 

X Jo (x 2 — k 2 — ie)(r 2 + k 2 + A 2 — 2k A cos 0 K ) ^ Km 

Changing the variables of integration in eq. (D.8) to 0' K = n — 0 K and 
k! = — k 9 we can also write 


L t 


=2 ”f. 


sin 0* d0* 


1-00 ( k ' 2 - k 2 - is 


2 


is)(r 2 + k' 2 + A 2 — 2k' A cos 0*) 
Therefore, from eqs. (D.8) and (D.9), we deduce that 


-dK'. (D.9) 


L , 




sin 0 K dO K 


r- k 2 

J (k 2 - k 2 - ie)(r 2 + K 2 + A 2 - 2k A cos 0 K ) K ’ 


Let us perform the integral on the variable k by closing the contour with 
a semi-circle of infinite radius in the upper-half complex k plane. The poles 
of the denominator in this upper-half plane occur at 


K t = k + ie and k 2 = A cos 0 K + ifr 2 + A 2 sin 2 0 K . 
Hence, using the residue theorem, we find that 

r _ _2: i. r dm 

1 71 1 J-iT 2 + k 2 + A 2 - 2kAco 

, * 2 i C ir+A *2 J 
A J ir-A k 2 — k 2 — ie * 2 


(D.l 1) 


(D.12) 
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where we have set co = cos d K in the first integral. Therefore, 
T - n 2 i t (k + A + ir\ 


L,(fcr,^),-io ^— TTVr ). 

By successive differentiations with respect to r, we see that 


(D.13) 


L 2 (k,r,A) = - 


r(k 2 - r 2 - a 2 + 2 i kr) 


(D.14) 


With the quantities L s obtained in this way, we may now return to eq. (D.4) 


which reads 


Im,n(<*,P;k h k f ; k.) = 


(m + n — 1)! 




(1 - t) n ~ i L m+n (k, r, A)dt 


m ’ ny ’' ’ ” ” ' (m - l)!(n - 1)! J o v 7 ’ ' 

(D.15) 

where the objects r and A depend on t via the relations (D.5) and (D.6), 
respectively. 

In certain cases simple closed form expressions may be obtained for the 
integration on the variable t. For example, if we consider the expression 
(8.95) which gives the quantity / B2 for a simple Yukawa potential of the form 
(8.81), we see that 

hi = (2rc 2 ) -1 f/o/ 1(1 ( a > a; k„ kr, k ) (D.16) 


/„-<2.V^d«JdK K - r -i r ^ 


Jo J K 2 - fc 2 - is [r 2 + |k - A | 2 ] 2 

Since \k\\ = |Ar f | = k and a = /? in this case, we have 

r 2 + A 2 = k 2 + a 2 

so that, using the first of eqs. (D.14), we have 

.... r dt 


(D.17) 


(D.18) 


(D,9) 

Because F 2 is a simple algebraic function of t 9 the integral (D.19) can be done 
in closed form to yield 

JJ 2 

? B2(k ’ 6) = 2k sin i0[« 4 + 4fcV + k 2 sin 2 ±6)f^ 

^ _ x a k sin 

X { tan [a 4 + 4fe 2 (a 2 + k 2 sin 2 m il2 

... f[a 4 + 4fc 2 (a 2 + k 2 sin 2 i0)] 1/2 + 2 k 2 sin 
+i! iog ^ a4 + 4fc2(a2 + k i sin2 i0)]1/2 _ 2fc2 sjn 

where 0 is the angle between the vectors and & f . This is precisely the result 
quoted in eq. (8.98). 


x < tan" 


(D.20) 
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Appendix E 


Vector Addition Coefficients and 3-j 
Symbols 


Let us consider two quantum systems having angular momenta J t and h, 
respectively. We denote by | j i9 m x y the eigenvectors of the system 1 common 
to the operators J\ and J lz (the z-component of J t ). Thus 

•fil7i>™i> = jiiji + 

= m t h\ j u mA> 

where 

= ~ju -jt + !,••• ,7i- 

Similarly, we have 

JWh.m^ =j 2 (j 2 + ^)h 2 \j 2 ,m 2 }, 

J 2 ,z\h> m i> = m 2 h\j 2 ,m 2 y 

with 

m 2 = j 2 y ~h + U • • • Ji- 

Simultaneous eigenvectors of the operators J \, / l2 , J\ and J 2z are then 
given by the tensor product 

\hmthmi> = \ ju nt x y\j 2 , m 2 >. (E.3) 

We now consider the total angular momentum 

/ = J t + J 2 (E.4) 

with components J x , J y , J z . Since the operators J\ and J\ commute with /, 
the eigenvectors of J 2 and J z may be found among those of J\ and /§. They 
will therefore be denoted as \ j\j 2 jm> , and one has [1, 2] 

•J 2 |7i 727"*> =7(7 + l)ft 2 |7i727W> 


(E.1) 


(E.2) 


and 


Jz\j x hfin> = mh\j 1 j 2 jm} 


(E.5) 
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with 

j = \ji -j\ I.IA - h I + + ji 

and ' (E.6) 

m = -j, -j + 1,..., + j. 

The (2/, + 1)(2 \j 2 + 1) eigenvectors \j\j 2 jmy common to the operators 
J 2 , J\, J 2 ,J Z are related to the (2 ,j 1 + 1 )(2y 2 + 1) eigenvectors \jymy j 2 m 2 y 
common to the operators J\, J lz , J\, J\ z by the unitary transformation 

\jJ 2 im} = X (E.7) 

mi,m2 

The coefficients {j\j 2 rn 1 m 2 \jm'} of this transformation are called vector 
addition coefficients , Wigner coefficients [3] or Clebsch-Gordan coefficients. 
To define these coefficients unambiguously, the relative phases of the eigen¬ 
vectors \j\m x j 2 m 2 ) and \j\hjmy must be specified. The most frequently used 
convention is that of Condon and Shortley [4], namely 
i) If J ± = J x ± i J y , then 

JiljijiMy = h[j(j+ 1) - m{m ± l)] l,2 \jj 2 jm ± 1> (E.8) 

with similar relationships for | j u m{y and \j 2 , m 2 >. 

*0 0\j2j\(j\ -j)\jjy is real and positive. (E.9) 

We note that the vector addition coefficients vanish unless | j t — j 2 \ ^ j ^ 
j\ + 7*2 and m = m t + m 2 . Moreover, with the phase conventions adopted 
above, the vector addition coefficients are real. Some important properties 


of these coefficients are 

1) Orthogonality relations 

£ <-/j 2 'M 1 m 2 |jm><jJ 2 m,m 2 |/m'> = d jT d mm . (E.10) 

mi»i2 

£ <Jij 2 m,m 2 |jm>0\j 2 m;m 2 |jm> = ^miml^mi' (E.ll) 

j,m 

2) Symmetry properties 

<jij 2 mim 2 \jmy = (-) Jl+h ~ j <J 2 jim 2 m t \jmy (E.12) 

= {-) h+h ~ J <Jd2 - my - m 2 \j - m> (E.13) 

= <J 2 j t - m 2 - my\j - m> (E.14) 


/ 2 ; + 1 \ 1/2 

= (-) 71 m \ 2 j ~ 2 + I J ~ m 2 > ( R15 ) 

(2 i + 1 V /2 

= (~) j2+m2 ( — — - J <Jj 2 - m m 2 \jy - my}. (E.16) 

The symmetry properties can be expressed in a particularly simple way 
by using the Wigner 3 -j symbols defined by 

t t) = (-) jW2 " m3 (2/ 3 + l)- i,2 <jj2m t m 2 \j 3 - m 3 >. (E.17) 
\my m 2 m 3 J 
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Indeed, the 3 -j symbol is invariant for an even number of permutations of 
the columns; it is multiplied by (—) J1 t J2+J3 for an odd number of permuta¬ 
tions or when one changes the sign of the three numbers m u m l9 m 3 . Thus 



and 


73 \ fj 2 h 7 1 \ 3 7 i Ji \ 

m 3 J \m 2 m 3 m l J \m 3 m t m 2 J 

_ ^ )J1+J2 + J3|* J* *^ 2 | 

\m 1 m 3 m 2 J 


( 7 1 J 2 7 3 \ = ,y 1+j2+ j 3 {ji h J 3 

— in 1 — m 2 — m 3 J \m l m 2 m 3 

The orthogonality relations for the 3-j symbols read [5] 


(E.18) 

(E.19) 



7*2 7*3 Vji 

m 2 mj\m l 


7*2 

m 2 


“ fi (7l7273)(273 + 1) 1 8j 3 j$m 3 m’ 3 9 

m 3 ) 

(E.20) 


z 

j3,m 3 


(27*3 + 1) 


7i 

K m i 


7*2 7*3 y/i 

m 2 m 3 J\m' l 


7*2 7*3 \ 

m' 2 m 3 ) 


&(J 1 j l3 2 )^ 

(E.21) 


I ('■ Y 7 ' h 

rn.Z.mXmi m 2 WJ3/\ m l m 2 »*3/ 


(E.22) 


where 




X if IA -aKA +y - 2 

0, otherwise. 


Details concerning the explicit computation of the vector addition co¬ 
efficients and the 3-j symbols, together with recursion relations and tables, 
are given for example in Ref. [6]. 
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Appendix F 


The Wigner Simplified Rotation Matrices 


The Wigner simplified rotation matrices c ) are given by [1] 
dSi-M 08) - l(J + M)I(J - M)!(J + M')!(J - M')!] 1/2 

x y__ 

x (J — M' — k)\(J + M — k)\(k + M' - M)\k\ 
x(cos ^P) 2J+M ~ M ~ 2K ( — sin ^P) m '- m + 2k 


where the sum runs over values of the integer k such that the arguments in 
the factorials are non-negative. Eq. (F.l) may also be written as [2] 


- KwImT ( “ s vf "‘ r 


x p(M-M',«+M') (CQS ^ 


(F.2) 


Here P^’ y) are Jacobi polynomials [3] which are particular cases of the 
hypergeometric function. That is, 


Pl*' y Xx) = 



2 F l (-n, n + a + y + 1; a + 1; i — -£x) 


where 


(F.3) 


CD- 


(n + a )(n + a — 1) • • • (a + 1) 
1-2 • • • n 


and 

ab z a(a + 1 )b(b + 1) z 2 
2 F l( a, b; c, z) = 1 + 2! + 


(F.4) 


(F.5) 
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Some important properties of the functions c1m'm(P) 

are the symmetry 

relations 



(F.6) 

d J uM = 

(F.7) 

One also has 


d J M'M(P ) — d J MM '( — p) 

(F.8) 

and 


dJriitf) = (- ) J+M 'd J M ',- M (n - 

(F.9) 

In particular, for /? = n, we have 


d J M'M( n ) = (~Y 

(F.10) 


Useful recursion relations are given by [4] 

(J + = (J + M') 1/2 ^-i / 1 2 /2>M -i/ 2 (J?)cosij? 

+(J ~ M0 1/2 4^%,m-, / 2 (/0sin ip (F.ll) 

and 

2[(J + M)(J + M - 1 )T ,2 d J M . M (p) 

= [(J + M')(J + M' - 1)] 1/2 (1 + cos 
+2(J 2 - M' 2 ) 1/2 sin 

+ [(/ - M')(J - M' - l)] i/2 (l - cosp)d J M ~.U, M -m. (F.12) 
A few important particular values of the functions dlrM are [4] 


1) For J = l integer, 

/ 4n V /2 

dUP) = (-) m dUP) = (xTi) e ~ im * Y,m(p ’ ^ (F,13) 

d l 00 (P) = PKcos/D, (F.14) 

4oOS) = -[/(/ + D]" 1/2 sin p Pl (cos /?), (F.l5) 

d‘ 20 (P) = [(/ - 1)1(1 + IX/ + 2)]" 1/2 

x [2P,'_ 1 (cos p) — 1(1 — l)P,(cos /?)], (F.16) 

di.,00 = [/(/ + l)]- 1/2 [-m( 1 -^- 0 )^oW 


-[(/ - m)(l + m + l)] 1/2 4 + i,o(/?)J. (F.17) 

where P/(cos /?) = dP,(cos /?)/d(cos /?). 

2) For J = l + i half integer, 

dJ /2 ,i/2(/0 = (/ + D _1 cos i/?[P,' +1 (cos p) - PR.cos /?)], (F.l8) 

d J -i/ 2 ,i /2 (/?) = (/+ 1) _1 Sin i/?[P ( ' +1 (cos P) + P,'(cos j?)], (F.19) 
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d\, 2 , 3 / 2 ( 0 ) = (/ + 1) _1 sin \p ^( r ^) I/2 p; +1 (cos p) 

+ (~^~) 1/2p ' (cos ’ (R20) 
d J - n 2 . m (P) = (/ + 1)- 1 cos W [-(^) 1/2 , +1 (cos p) 

+ (F.21) 

Finally, we note that 

J* dO sin 6 d J M , M (6)d J M ' M (0) = ^ — ^5jj> . (F.22) 
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first Born, for scattering by a Yukawa 
potential, 174 

for electron scattering by atomic hydro¬ 
gen, 540-541 

for electron scattering by helium, 624 
for hadron-deuteron scattering, 567 
for hard sphere scattering, 92 
for nuclear pick-up reaction, 639 
for photoelectric effect, 649-653 
for potential scattering, 52, 61, 119 
for scattering by a Coulomb potential, 
139 

for scattering by a modified Coulomb 
field, 146 

for scattering of identical particles, 
153-155, 157-158 

for spin 0-spin £ scattering, 494-501 
for two-body reactions, 475-483 
for two-body scattering with central 
forces, 466 

for two-body scattering with non-central 
forces, 470 
Glauber, 533 

impulse approximation, 601, 620 
laboratory, 10, 20-21, 28-29 
low-energy behaviour of, 83-84 
Rutherford, 139 

Diffraction scattering, by a black sphere, 
199 

Dipole approximation, 648 
Dipole atomic polarizability, 611 
Dirac bra and ket notation, 657 
Dirac delta function, 658 
Dirac picture, see Interaction picture 
Direct collisions, see Collisions 
Direct nuclear reaction model, 635 
Direct scattering amplitude, see Scattering 
amplitude 

Direct transition matrix element, see 
Transition matrix elements 
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Dispersion relations, 
and microcausality, 271-274 
and the Mandelstam representation, 284 
double, 284 

for the Jost function, 284-286 
forward, for electron-atom scattering, 
627-629 

forward, in potential scattering, 278-282 
Kramers-Kronig, 273 
nonforward, in potential scattering, 
282-284 

subtracted, 275-276 
Distorted wave Born approximation 
(DWBA), 449-450 
Distorted wave Born series, 449 
Distorted waves, and two-potential scatter¬ 
ing, 443-451 
defined, 443 

Double scattering experiment, and the 
detection of polarizations in spin 0- 
spin i scattering, 499-500 
Double scattering term, in hadron- 
deuteron collisions, 565-571 
in Glauber multiple scattering series, 534 
in Watson multiple scattering series for 
the optical potential, 591 
Dyson perturbation expansion for the 
evolution operator, 340 

Effective range 
defined, 290 

expansion, for short range potentials, 
287, 290 

expansion, for the scattering of a charged 
particle by a neutral atom, 292 
expansion, for a polarization potential, 
292, 326-327 

formula, for short range potentials, 290 
theory, 286-292 
Eigenphase shifts, 485 
Eigenvalue, 660 
degenerate, 661 
non-degenerate, 661 
Eigenvector, 660 
Eikonal approximation, 188-210 
and the optical potential, 587 
and the optical theorem, 196-197 
for cross sections, 196-197 
for scattering amplitude, 193-199 
for scattering by a complex square well, 
197-199 

for scattering wave function, 189-193 
relationship with the Born series, 199-209 
relationship with the partial wave method, 
195 

relationship with the WKB method, 210, 
218-219 

Eikonal-Born series (EBS) method, for 
elastic electron-atomic hydrogen scat¬ 
tering, 558-561 

for elastic electron-helium scattering, 
625-627 

Eikonal phase shift function, defined, 
194-195 


relation to phase shift, 195, 218 
Elastic scattering (see also Collisions, 
Scattering) 

and the optical potential, 577-588 
and the partial wave method, 106 
defined, 4 

of charged particles by atoms, 607-618 
of electrons by atomic hydrogen, 543-545, 
555-564 

of electrons by helium, 624-627 
of hadrons by deuterons, 566-567, 
570-571 

of hadrons by nuclei, 599-607 
of positrons by atomic hydrogen, 560, 
561 

Electron scattering, see Collisions, Elastic 
scattering, Inelastic scattering, Scatter¬ 
ing 

Energy, conservation of, and invariance 
with respect to time translations, 334, 
430 

Endothermic collision, 19 
Enhancement factor, 254, 643-645 
Ensemble, statistical, 395, 402 
Entire function, 244 
Euler angles, 477 

Euler-Lagrange equations, and variational 
methods, 225 

Evolution operator, defined, 332 
Dyson’s perturbation expansion for, 
340-342 

for infinite times, 347-349 
in interaction picture, 338-342 
in Schrodinger picture, 331-334 
relationship with the Moller operators, 
349, 352 

relationship with the S-matrix, 355 
Exchange collisions, see Collisions 
Exchange scattering amplitude, see Scatter¬ 
ing amplitude 

Exchange transition matrix element, see 
Transition matrix elements 
Excitation, of atomic hydrogen by electron 
impact, 545-552 

of helium by electron impact, 624 
Exclusive experiment, 5 
Exothermic collision, 19 
Expectation values, and unitary trans¬ 
formations, 664 
in the Heisenberg picture, 336 
in the interaction picture, 338 
in the Schrodinger picture, 332 
Exponential potential, 203, 258, 317, 322- 
325 

Extremum principles, see Minimum prin¬ 
ciples 

Factorable potential, see Separable poten¬ 
tial 

Faddeev equations, 519-528 
Faddeev-Lovelace equations, 527-528 
Faddeev-Watson multiple scattering series, 
528-531 

Fermi-Dirac statistics, 151 
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Fermi-Watson theorem, 645-647 
Fermion, 151 

Feshbach projection operator formalism, 
594-599 

applied to low-energy electron-atomic 
hydrogen resonance scattering, 615-618 
Feshbach resonance, 596 
Feynman integral representations, 678 
Final state interactions, and the Fermi- 
Watson theorem, 645-647 
and two-potential formalism, 641-643 
defined, 640-641 

enhancement factors due to, 643-645 
in photoelectric effect, 651-654 
First Born approximation, see Born 
approximation, first 
Flux, 6-7, 50-54, 379, 384 
Form factor, 566, 601 
Format scattering theory, 331-451 
Formation experiment, and resonances, 621 
Forward dispersion relations, for electron- 
atom scattering, 627-629 
in potential scattering, 278-282 
Fraunhofer diffraction scattering, by a 
black sphere, 199 
Fredholm determinant, 125 
Fredholm method, and the Lippmann- 
Schwinger equation, 125-130 
Fredholm minor, 125 

Free particle, eigenfunctions, 66-67, 537— 
538, 577-579, 581-582, 623, 631-632, 
648 

Green’s function, 114-117, 364 
Green’s operator, 120, 362 
radial equations, 65 
radial functions, 65-67 
time-dependent Green’s function, 298-301 
wave packet, 55 
Free state vectors, 345 
Furry picture, 442-444 

Galilean transformations, 14 
Gamow factor, 140, 320 
Gaussian potential, 223, 322, 323 
Gell-Mann-Goldberger limiting procedure 
for the evolution operator, 347 
Gell-Mann-Goldberger two-potential 
formulae, 448 

Generalized optical theorem, 401 
Generalized oscillator strength, 574 
Glauber, multiple scattering expansion, 534 
optical model theory, 591-593 
optical model theory, applied to high- 
energy elastic hadron-nucleus scatter¬ 
ing, 599-607 
phase shift function, 533 
scattering amplitude, 533 
series, 536 

theory, and the eikonal approximation, 
531-536 

theory, applied to electron-atom scatter¬ 
ing, 537 

theory, applied to hadron-deuteron 
scattering, 564-571 


Glory scattering, 221 
Golden Rule, 312 

Green’s function (see also Green’s operator, 
Propagator, Resolvent) 
analyticity of, 279 
bilinear form of, 279 
causal, 301 
channel, 365-366 

expansion in partial waves, 122-123, 
670-671 
free, 114-117 

in momentum (wave vector) space, 117 
Lippmann-Schwinger equation for, 120- 
121 

time-advanced, 301 
time-retarded, 301 
total, 119 

Green’s operator {see also Green’s function, 
Propagator, Resolvent) 
and multiple scattering expansions, 529- 
530 

and three-body problems, 513 
and the optical potential, 588-591 
and two-potential scattering, 443 
arrangement channel, 362 
Faddeev equations for, 523 
free, 120, 362, 513 

Lippmann-Schwinger equation for, 120, 
121, 367 

total, 120, 361, 513 
Group, symmetric, 149 

Hadron, 12 

Hadron-deuteron scattering, 564-571 
Hadron-nucleus elastic scattering, 599- 
607 

Hadronic collisions at high energies, 503- 
509 

Hamiltonian, 664 
arrangement channel, 344 
Hamilton’s canonical equations, and 
Heisenberg equations of motion, 336 
Hamilton-Jacobi equation, 211 
Hankel functions, spherical, 673-676 
Hard sphere potential, 91, 316 
Hartree-Fock ground state wave function 
for helium, 624 

Heisenberg equation of motion for an 
operator, 336 
Heisenberg operator, 335 
Heisenberg picture, 334-337 
Heisenberg uncertainty relations, 99, 221, 
311,663 

and lifetime of a resonance, 99 
and time-dependent potential scattering, 
311 

and uncertainty on the scattering angle, 
221 

Heitler integral equations {see also K - 
matrix) 

and general collision theory, 416-421 
for two-body scattering, 459-462 
in partial waves, 460-462 
Helicity, amplitudes, 482-483 
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amplitudes, and invariance principles, 
486-487 

amplitudes, and the generalized partial 
wave expansion of the 5-matrix, 482 
defined, 476 
states, 481 

Helium, collisions of electrons with, 622-629 
elastic scattering of electrons by, and 
forward dispersion relations, 627-629 
elastic scattering of fast electrons by, 
624-627 

Hartree-Fock ground state wave function 
for, 624 

Hermitian, conjugate, 659 
matrix, 659 
operator, 659 

High-energy collisions, and multiple scatter¬ 
ing expansions, 528-536 
and the Born series, 169, 410-411 
and the eikonat approximation, 189 
and the eikonal-Born series method, 
556-561, 624-627 
and the Glauber method, 533-536 
and the optical potential, 590-593 
and variational methods, 235, 413 
of electrons with atomic hydrogen, 
542-561 

of electrons with complex atoms, 612-615 
of electrons with helium, 624-629 
of hadrons with deuterons, 564-571 
of hadrons with hadrons, 503-508 
of hadrons with nuclei, elastic, 599-607 
of photons with atoms, 651 

High-energy behaviour, of the Born series, 
169, 410 

of the cross section for the photoelectric 
effect, 651 

of the eikonal scattering amplitude, 
199-210 

of the exchange (Ochkur) scattering 
amplitude for elastic electron-atomic 
hydrogen scattering, 554 
of the exchange (Ochkur) scattering 
amplitude for inelastic electron-atomic 
hydrogen scattering, 555 
of the first Born cross section, for a 
Yukawa potential, 174-175 
of the first Born cross section, for central 
potentials, 166 

of the first Born cross section, for 
electron-atomic hydrogen elastic scat¬ 
tering, 545 

of the first Born cross section, for 
electron-atomic hydrogen inelastic 
scattering, 549, 552, 574 
of the Jost functions, 247, 251 
of the phase shifts, 85-86, 89, 91 
of the 5-matrix elements, 253 
of the scattering amplitude, and disper¬ 
sion relations, 281-282 
of the scattering amplitude, for a 
Yamaguchi potential, 186 
of the scattering amplitude, for two-body 
hadronic collisions, 506-508 


of the second Born term, for a super¬ 
position of Yukawa potentials, 181 
of the second Bom term, for a Yamaguchi 
potential, 184, 186 

of the second Bom term, for a Yukawa 
potential, 176 

of the second Born term, for electron- 
atomic hydrogen elastic scattering, 
556-557 

of the second Born term, for electron- 
atomic hydrogen inelastic scattering, 
547, 551, 573 

Hilbert-Schmidt kernel, 125-126 
Hilbert space, 657 
Hilbert transform, 295 
Hulthen-Kohn variational principle, for 
electron-atomic hydrogen scattering, 
561-564 

for phase shifts, in potential scattering, 
226-232 

for the scattering amplitude, in potential 
scattering, 232-233 

for the scattering length, and variational 
bounds, 240-241 

Hydrogen atoms, collisions of electrons 
with, 536-564 

elastic scattering of fast electrons by, 
542-545, 552-561 

elastic scattering of fast positrons by, 

560- 561 

elastic scattering of slow electrons by, 

561- 564, 615-618 

inelastic scattering of fast electrons by, 
545-552, 554-555, 561 

Identical particles 

collisions involving, general theory, 421— 
429 

Coulomb scattering of, 154-156, 158-159 
scattering of two, 148-159 
Impact parameter, 58, 74, 194, 223 
Impulse approximation, 531, 534, 565, 590, 
600-601, 620 

In and out operators, 360-361 
Inclusive experiment, 5 
Incoming wave, 69, 121, 252, 405 
Index of refraction, and dispersion relations 
271 

and the optical potential, 586, 603 
Indistinguishable particles, 148 
Inelasticity factor, 106, 493 
Inelastic scattering {see also Collisions, 
Cross section, Scattering) 
defined, 4 

of electrons by atomic hydrogen, 536-543, 
545-552, 554-555, 561 
of electrons by helium, 622-624 
of hadrons by deuterons, 567-568 
Initial state interactions, 641, 647 
Integral equation {see also Faddeev equa¬ 
tions, Lippmann-Schwinger equations) 
Abel, and the optical potential, 593 
and the Fredholm method, 125-130 
for potential scattering, 117 
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Integral equation— contd. 
for scattering by non-local potentials, 130 
for the eikonal wave function, 192 
for the Green’s function, 120-121 
for the Jost function, 247 
time-dependent, 302-305 
Volterra, 245, 339 
Interaction picture, 337-342 
Interaction (see also Coulomb potential, 
Potential) 

absorptive, 108, 198, 586-587, 603-604, 
613-615 

arrangement channel, 345 
central, 62, 456, 490 

complex, 108, 198, 586-587, 603-604, 
613-615 

Coulomb, 133-144 

final state, 641,646 

initial state, 641, 647 

modified Coulomb, 144-146 

non-central, 467-502 

non-local, 130-131, 183-186, 611-613 

spin-orbit, 467, 490 

strong, 274, 292 

tensor, 467 

time-dependent, 297, 332 
weak, 441 

Interference current, and the optical 
theorem, 54 

Interference scattering, 221 
Intermediate coupling, and the eikonal 
approximation, 207-209 
Intermediate states, and the second order 
optical potential, 609-613 
and the second order term of the Born 
series for electron-atomic hydrogen 
elastic scattering, 555-556 
Interpolation, of partial-wave amplitudes 
(or S-matrix elements) and complex 
angular momenta, 265, 294 
Invariance principles, and the collision 
matrix, 429-439, 483-490 
Invariant transition matrix, see Moller 
invariant transition matrix 
Inverse of an operator, 660 
Ionization, 5 

and three-body problems, 529 
multiple scattering expansion for, 530 
of an hydrogenic atom by photon impact 
(photoelectric effect), 647-654 
Irregular solutions, of spherical Bessel 
equation, 673 

of Kummer-Laplace equation, 136 
of radial Schrodinger equation, 66, 70, 
244-247, 250, 260-261 
of radial Schrodinger equation for 
Coulomb potential, 143-144 
Isometric operator, 351 
Isotopic spin (or Isospin), 345, 365, 484 

Jacobi polynomials, 685 
Jacobian, 30, 126, 386 
Jost functions, analytic properties of, 247, 
251 


and effective range theory, 286-287 
and enhancement factors, 254, 644 
and the Levinson theorem, 258-260 
defined, 247, 250 
dispersion relations for, 284-286 
high-energy behaviour of, 247, 251 
integral equation for, 247 
for square well potential, 251-252 
low-energy behaviour of, 248, 251, 293 
relation to the S-matrix, 253, 256 
zeros of, and analytic properties of the 
^-matrix, 254-258 

zeros of, and bound states, 247-252, 293 
zeros of, and Regge poles, 261 
JWKB approximation, see WKB approxi¬ 
mation 

K-matrix, defined, 419 
Heitler integral equations for, 420, 459 
hermiticity of, 419 

in partial waves, for two-body collisions 
460-462 

partial wave Heitler equations for, 
460-462 

relation to T-matrix, 420 
K-matrix elements, defined, 419 
Heitler integral equations for, 420-421, 
459-462 

off the energy shell, 419-420 
on the energy shell, 419 
on the energy-momentum shell, 420 
^-operator, see ^-matrix 
Kato identity, 239 

Kernel, compact (or completely continuous), 
518-519 

Hilbert-Schmidt (* 2 ), 125-126 
Kinematics, non-relativistic, 13-21 
relativistic, 22-35 

Kohn variational principle, see Hulthen- 
Kohn variational principle 
Kramers-Kronig dispersion relations, 273 
Kronecker symbol, 366, 574, 658 
Kummer-Laplace equation, 135, 141 

& 2 function, 125 
x 2 kernel, 125-126 

Laboratory (L.) coordinate system, 9,13, 24 
relation to center of mass system, 10-11, 
13-30 

Left-hand cut, 258 

Left-right asymmetry, in spin ff-spin \ 
scattering, 495, 498, 500 
Legendre polynomials, 666-667 
Levinson theorem, 89-90, 258-260 
Lifetime, and decay processes, 383-384, 
387-388 

of a metastable scattering state (reson¬ 
ance), 99, 103 
Linear operator, 658 

Liouville-Neumann series for integral 
equations, 168-169, 343 
Lippmann-Schwinger equation, and the 
Bom series, 161-162, 305-307,409-410 
and the eikonal approximation, 189 
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and the Fredholm method, 125-130 
and the optical potential, 580-584, 
588-590 

and the Schwinger variational principle, 
234,412 

compact solutions of (see also formal 
solutions of), 119-121, 304-305 
difficulties with, for three-body problems, 
517-519 

for Green’s functions, 120-121, 304 
for Green’s operators, 120-121, 367, 513, 
517 

for non-local potentials, 130-131 
for potential scattering, 112-119 
for radial wave functions, 124 
for T-operator, 406-409, 458, 513, 517 
for three-body scattering, 517-519 
for time-dependent potential scattering, 
302-305 

for two-body scattering, 458 
for. two-potential scattering, 445-446 
formal solutions of, 354, 403 
in formal scattering theory, 403-409 
in one dimension, 319 
Lorentz-Fitzgerald contraction of lengths, 
385, 401 

Lorentz invariance, 384-388 
and cross sections, 384-387 
and lifetimes, 387-388 
and the Moller invariant transition 
matrix, 387 

Lorentz invariant phase space (Lips), 387— 
389, 402 

Lorentz shape of resonance, 97-98 
Lorentz transformations, 23-30, 384-388 
inhomogeneous (Poincare transforma¬ 
tions), 36 

Lovelace equations, 527 
Lovelace operators, 369, 527 
Low-energy behaviour, of cross sections in 
potential scattering, 83-84, 92 
of the cross section for the photoelectric 
effect, 652-654 

of the Jost functions, 248, 251 
of the partial wave amplitudes, 83, 84 
of the phase shifts, 82, 87-92 
of the phase shifts, and resonances, 95-101 
of the 5-matrix elements, 83-84 
of the scattering amplitude, 83-84 
Low energy scattering 
by a hard sphere potential, 91-92 
by a square well potential, 86-91 
by a strongly attractive square well, and 
resonances, 95-101 

of electrons by atomic hydrogen, 561-564 
of electrons by atomic hydrogen, and 
resonances, 615-618 

of nucleons by nucleons, and effective 
range theory, 290-292 
Low equations, 414-416 

Mandelstam diagram, 33 
Mandelstam representation, 284 
Mandelstam variables, 30, 40 


Mass, reduced, 17 
Meromorphic function, 294 
Microreversibility relation, 438 
Minimum principles, 238-241 
and the Kato identity, 238-239 
for scattering length, 239-241 
Minkowski space-time, 22 
Mixed states, and the density matrix, 389-398 
defined, 389 
Mixing parameter, 485 
Modulo t r, ambiguity in phase shifts, 79 
Moller invariant transition matrix, 387, 402 
Moller operators, and the evolution operator 
in the interaction picture, 344-354 
and the 5-matrix, 355-361 
and the Schwinger variational principle, 
411-412 

in the Furry picture, 444 
Momentum, conservation of, and invariance 
with respect to spatial translations, 430, 
483 

conversation of, and the collision matrix, 
371, 429-430 
operator, 371, 430 
relative, 17, 18, 28, 514 
Momentum space (see also Wave vector 
space), Born series in, 166-167 
Green’s function in, 117 
potential in, 166, 183 
wave functions in, 433-434 
Momentum transfer (see also Wave vector 
transfer), 164, 186 

Mott formula, for the Coulomb scattering 
of two identical spinless bosons, 155 
for the Coulomb scattering of two 
identical spin £ fermions, 158 
Multiparticle collisions, 622-654 
Multiple scattering, and the Born series for 
potential scattering, 167 
and the eikonal approximation, 199-210 
and the Faddeev-Lovelace equations, 
528-531 

and the Glauber approximation, 534-536 
and the optical potential, 588-593 
expansions, for three-body scattering 
problems, 528-536 

treatment of elastic hadron-nucleus 
scattering, 599-607 

treatment of electron collisions with 
hydrogen atoms, 555-561 
treatment of hadron-deuteron collisions, 
564-571 

treatment of the elastic scattering of 
charged particles by atoms, 608-615 
Watson theory of, for the optical 
potential, 588-591 

Multiple scattering series, eikonal, 199 
Faddeev-Watson, for three-body scatter¬ 
ing problems, 528-531 
for the optical potential, in terms of the 
full interaction (Bom series), 589 
for the optical potential, in terms of two- 
body j-operators, 591 
Glauber, 536, 557-559 
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Neumann functions, spherical, 673-676 
Neumann series, see Liouville-Neumann 
series 

Neutron-proton scattering (see also 

Nucleon-nucleon scattering) 
at low energies, and effective range theory, 
291-292 

Newton equations of motion, 433 
Non-local potential, 130-131, 183-186, 235, 
611-613 

and the optical potential, 611-613 
separable (factorable), 131, 183, 235, 
525-526 

Yamaguchi separable, 183-186 
Norm, of a vector, 658 
of a kernel, 125 

Normalization, of plane waves, 113, 402 
of radial wave functions, 75-76, 474 
of state vector, 657 
of wave packet, 55 

Nucleon-nucleon scattering, and invariance 
principles, 484-486 

and the scattering of identical particles 
(see also Proton-proton scattering), 484 
and the Schwinger variational principle, 
235-236 

at low-energies, and effective range 
theory, 290-292 

Observable, 660 

Ochkur approximation, for elastic ex¬ 
change electron-atomic hydrogen 
scattering, 553-554, 558-559 
for elastic exchange electron-helium 
scattering, 625-626 

for inelastic exchange scattering, 554-555 
Off-shell extensions, of /^-matrix, 419-420 
of r-matrix, 369-371 
On-shell, ^-matrix, 419 
5-matrix, 359, 464, 469 
r-matrix, 368-371 
Open channel, 6 
Operator, adjoint, 659 
antilinear, 441 

antisymmetrization, 422-423 
anti-unitary, 441 
bounded, 362, 374 
evolution, 332 
Hermitian, 659 
Hermitian conjugate, 659 
identity, 660 
interchange, 149 
inverse, 660 
isometric, 351 
linear, 658 
parity, 432 
permutation, 149 
projection, 660 
symmetrization, 422-423 
time-reversal, 434 
transpose of, 660 
unitary, 663 

Optical model theory (see also Optical 
potential), 576-618 


applied to elastic scattering of charged 
particles by atoms, 607-618 
applied to high-energy elastic scattering 
of hadrons by nuclei, 599-607 
of Feshbach, 594-599 
of Glauber, 591-593 
of Watson, 588-591 

Optical potential (see also Optical model 
theory), 108, 196-199, 493, 576-618 
and the eikonal approximation, 196-199, 
587-588 

and the elastic scattering of a particle 
from a complex target, 577-588 
and the many-body problem, 588-599 
and the optical theorem, 584-588 
derived in Feshbach projection operator 
formalism, 594-599 

derived in Glauber eikonal theory, 
591-593 

derived in Watson multiple scattering 
theory, 588-591 

for high-energy elastic scattering of 
hadrons by nuclei, 599-607 
for the elastic scattering of charged 
particles by atoms, 607-618 
introduced, 108, 577-584 
Optical theorem (see also Unitarity), 53-54, 
76, 108, 167-168, 196-197, 282, 401, 
566, 584-588, 628 
and dispersion relations, 282, 628 
and hadron-deuteron collisions, 566 
and the Born series, 167-168 
and the eikonal approximation, 196-197 
and the optical potential, 584-588 
and the partial wave method, 76 
and the unitarity relations, 78, 399-401 
generalized, 108, 401 
for potential scattering, 53-54, 76 
Orbital angular momentum operator, 63,456 
Orthogonal vectors, 658 
Orthonormal vectors, 658 
Oscillator strength, generalized, 574 
Outgoing wave, 49-50, 69, 114, 252, 405 

Pade approximant, 242 
Parabolic coordinates, 134 
Parity, conservation of, and reflection 
invariance, 432-433, 489-490 
defined, 432 
intrinsic, 433 

of Legendre polynomials, 666 
of spherical harmonics, 669 
operator, 432 

Partial wave amplitudes, analytic properties 
of, 258, 262-264 
and Regge poles, 262-264 
and unitarity, 78, 465 
defined, 72 

low-energy behaviour of, 83-84 
Partial wave analysis, for potential scatter¬ 
ing, 62-108 

for spin 0-spin J scattering, 488, 491-493 
for two-body collisions involving central 
forces, 460-466 
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generalized, for two-body collisions 
involving non-central forces, 467-483 
of Green’s function, 122-123, 670-671 
of /^-matrix, 460 

of Li ppmann-Sch winger equation, 121— 
124 

of plane wave, 67, 122, 468-469, 671 
of 5-matrix, 463-464,469-470,475,482 
of scattering amplitude, 71-72, 106, 461 — 
462, 483, 493 

of scattering wave function, 64, 71, 75, 
122,472,491 

of F-matrix, 460, 470, 482 
Partial wave Born series, 171-172 
Partial wave cross section, 72, 106-108, 502 
Particles, composite, 4 
elementary, 4 
identical, 148 

Pauli exclusion principle (see also Col¬ 
lisions involving identical particles, 
Exchange collisions), 151 
and electron-atomic hydrogen collisions, 
541 

and electron-helium collisions, 623-624 
and hadron-nucleus collisions, 606 
and nuclear stripping and pick-up 
reactions, 633 

and the elastic scattering of charged 
particles by atoms, 611, 614 
and the optical potential, 591, 594 
generalized, 484 

Pauli spin matrices, 393, 441, 489 
Penetration, of centrifugal barrier, 73, 100 
Permutation operator, 149 
Perturbation theory, and Dyson’s expansion 
for the evolution operator, 340-342 
and electron collisions with atomic 
hydrogen, 542-561 

and electron collisions with helium, 
624-627 

and the Born series, 161-172, 305-313, 
409-411 

and the distorted wave Born series, 
449-451 

and theeikonal approximation, 199-210 
and the Schwinger variational principle, 
235-238,413-414 
time-dependent, 305-309 
Phase shifts, absolute definition of, 79 
and Jost functions, 253 
and /^-matrix elements, 461 
and Levinson theorem, 258-260 
and partial wave amplitudes, 72 
and partial wave cross sections, 72, 106- 
108, 502 

and radial wave functions, 69, 80-81, 105 
and 5-matrix elements, 69, 105, 464, 486, 
488 

and scattering amplitude, 71-72, 106, 493 

and F-matrix elements, 461, 488 

and the Ramsauer-Townsend effect, 81 

at a resonance, 95-105 

at high energies, 85-86 

at low energies, 82-84 


behaviour for large /, 84-85 
Born approximation for, 85, 171 
calculation of, 81-82 
complex, 105 
Coulomb, 142 
defined, 69 

derivative with respect to /, and classical 
angle of deflection, 217 
derivative with respect to the wave 
number, 103 
difference between, 79 
effective range expansion for, 287-292 
for a Coulomb plus short range potential, 
145 

for a hard sphere potential, 91-93 
for a square well potential, 86-91 
for low-energy electron-atomic hydrogen 
scattering, 563 

for spin 0-spin £ scattering, 488, 493 
Hulthen-Kohn variational principle for, 
226-232, 562-564 
integral representation for, 124 
Kato identity for, 239 
modulo 7 t ambiguity, 79 
physical interpretation of, 69, 73, 80-81 
relation to the eikonal phase shift 
function, 195, 218 
relation to the potential, 78-81 
Schwinger variational principle for, 
235-238 
sign of, 79-80 

variational principles for, 226-232, 235- 
238, 562-564 
WKB, 216-217 

Wigner causality condition for, 103 
Phase shift function, eikonal, 194-195 
Glauber, 533 

Phase space (see also Lorentz invariant 
phase space), 379, 388-389 
Photoelectric effect, 647-654 
Photoproduction of pions from nucleons, 
647 

Physical region, and dispersion relations, 
278, 283 

Physical sheet, 127, 256 
Pick-up reaction, 528 
nuclear, 629-640 
Picture, Furry, 442-444 
Heisenberg, 334-337 
interaction, 337-339 
Schrodinger, 331-334 

Pion-deuteron scattering, see Hadron- 
deuteron scattering 
Pi on-nucleon scattering, 488 
Pion-nucleus elastic scattering, see Hadron- 
nucleus elastic scattering 
Plane wave, 49, 67, 113 
expansion in generalized spherical 
harmonics, 469 

expansion in Legendre polynomials, 67, 
671 

expansion in spherical harmonics, 67,122, 
468, 671 

normalization of, 113, 402 
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Poincare theorem, 244, 250 
Poincare transformations, 36 
Polarizability, atomic dipole, 611 
Polarization, and the density matrix. 393-398 
degree of, 395 

determination of, and double scattering 
experiments, 499-500 
phenomena in spin O-spin i scattering, 
494-501 
vector, 393 

Polarization effects, in elastic scattering of 
charged particles by atoms, 544, 599, 
609-615 

Polarization potential (see also Buckingham 
polarization potential), 208, 209, 218, 
219, 223, 292, 317, 322-327, 611, 
613-615 

and the elastic scattering of charged 
particles by atoms, 611-615 
Polarized orbitals method, 564 
Poles, of Green’s function, 279 
of partial wave amplitude, 258 
of scattering amplitude, 279-283 
of 5-matrix, and bound states, 254-256 
of 5-matrix, and resonances, 257 
Regge, 260-271, 503-509 
Positron scattering (.see also Collisions, 
Scattering) 

elastic, from atomic hydrogen, 560-561 
Positronium, 5 
Potential, barrier, 316 
Buckingham polarization, 611 
central, 62, 456, 490 

q nnpl 'X A A 

complex, 108, 196-199, 493, 576-618 
Coulomb, 133 

Coulomb plus short range, 144, 321 
delta function, 319, 320 
delta shell, 320, 322, 325, 327 
direct, 410, 428-429, 535, 538, 580, 623 
exchange (see also space-exchange), 429, 
539, 611, 614, 623 
exponential, 203, 258, 317, 322-325 
factorable, see separable 
falling off like r~ n when r -> co, 139, 317, 
324 

finite range, 67, 109 
gaussian, 223, 322, 323 
hard sphere, 91, 316 
in momentum space, 166, 183 
matrix, 473 

modified Coulomb, 144, 321 
non-local, 130-131,183-186,235,611 -613 
of the form V(r) = Ajr 2 , 315, 324 
of the form V(r) = A\r 4 , 317 
optical, 108, 196-199, 493, 576-618 
polarization, 208, 209, 218, 219, 223, 292, 
317, 322-327, 611,613-615 
screened Coulomb, 133, 140-141, 170- 
171 175 320 322 323 
separable, 131,183-186,235,327,525-526 
singular, 70 
space-exchange, 268 
spin-orbit, 467, 490 


square well, 86-91, 95-101,170,197-199, 
229-230, 237-238, 251-252, 316-319, 
322-324, 326, 587-588 
superposition of Yukawas, 180-183, 
201-207, 258, 260 
time-dependent, 297-313, 327, 332 
Yamaguchi non-local separable, 183-186 
Yukawa, 85, 170-180, 200-210, 258, 317, 
322, 323, 325, 326 
Principal value, 295 

Production experiment, and resonances, 621 
Projection operator, 660 
Propagator (see also Green’s function, 
Green’s operator), 167, 298 
Proton-deuteron scattering, see Hadron- 
deuteron scattering 

Proton-neutron scattering, see Neutron- 
proton scattering, Nucleon-nucleon 
scattering 

Proton-nucleus scattering, see Hadron- 
nucleus elastic scattering 
Proton-proton scattering (see also Hadronic 
collisions at high energies, Identical 
particles, Nucleon-nucleon scattering), 
158, 321-322 

Pseudopotential, see Optical potential 
Pure state, 389 

Quantum mechanics, principles of, 657- 
665 

Radial Schrodinger equations, and Jost 
functions, 243-252 
and Regge poles, 260-264, 269-271 
and the partial wave analysis for scatter¬ 
ing by a central potential, 65-70 
and the WKB method, 214-219 
coupled, for scattering by non-central 
forces, 474 

for Coulomb potential, 141 
for modified Coulomb potential, 145 
for spin O-spin \ scattering, 491-492 
Radial wave functions, and the partial 
wave analysis for scattering by a central 
potential, 64-71, 121-124 
behaviour at large r, 67-69, 473-474 
behaviour at the origin, 69-70 
Born series for, 171-172 
boundary conditions for, 67-70 
Coulomb, 142-144 

for scattering by non-central forces, 
472-474 

for spin 0-spin \ scattering, 491-492 
free, 65-67 

modified Coulomb, 144-146 
normalization of, 75-76, 109, 474 
Radiation damping, 416 
Rainbow scattering, 221 
Ramsauer-Townsend effect, 81, 317 
Range, 67, 109 
Ray, in Hilbert space, 657 
Rayleigh-Ritz variational method, and 
electron-atomic hydrogen resonance 
scattering, 618 
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Reaction, cross section, 8, 107, 196, 502, 
585-588, 593 
defined, 4 
endothermic, 19 
exothermic, 19 
kinematics, 17-21, 24-35 
matrix, see ^-matrix 
nuclear pick-up and stripping, 629-640 
two-body, 474-483 

Rearrangement collisions, and exchange 
scattering in electron-atomic hydrogen 
collisions, 552 

and the excitation of triplet states of 
helium by electron impact, 624 
binary, 4 

Born series for, 409-411 
defined, 4 

distorted wave Bom series for, 449-451 
multiple scattering expansions for, 528- 
531 

variational principles for, 411-414 
Reciprocity theorem, 438 
Reduced potential, 49 
Redundant zero, and 5-matrix, 255 
Reflection, 432, 479-480 
invariance, and parity conservation, 
432-433, 489-490 

Refractive index, and the optical potential, 
586, 603 

Regge poles, and exchange forces, 268-271 
and hadronic collisions at high energies, 
503-509 

and 5-matrix elements, 261 
defined, 261 
signature of, 270 

Regge-Sommerfeld-Watson (RSW) repre¬ 
sentation of the scattering amplitude, 
defined, 267 

for high-energy hadronic collisions, 503, 
506-508 

for potential scattering, 267-271 
Regge trajectories, and bound states, 263 
and exchange forces, 268-271 
and hadronic collisions at high energies, 
503-509 

and resonances, 263 
defined, 261 

for Coulomb potential, 326 
signature of, 270 

Regular solutions, of spherical Bessel 
equation, 673 

of Kummer-Laplace equation, 135-136 
of radial Schrodinger equation, 66, 70, 
244-247, 250, 260 

of radial Schrodinger equation for 
Coulomb potential, 141-143 
of radial Schrodinger equation for 
modified Coulomb potential, 145 
Representations of quantum theory, 663 
Residues, at Regge poles, and the Regge- 
Sommerfeld-Watson representation of 
the scattering amplitude, 267 
of partial wave amplitudes at Regge 
poles, 262-263 


of 5-matrix element at bound state poles, 
255 

of scattering amplitude, and dispersion 
relations, 280-283 

Resolvent (see also Green’s function, 
Green’s operator), 362 
Resonances, and Argand diagrams, 104-105 
and bound states, 100, 257-258, 615-616 
and formation experiments, 621 
and metastable states, 103, 616 
and poles of the 5-matrix, 257-258 
and production experiments, 621 
and Regge trajectories, 263 
and the optical potential, 594-599 
and time delays, 101-104 
and Wigner causality condition, 103 
behaviour of cross section at, 97-101 
behaviour of phase shifts at, 93-105 
behaviour of scattering amplitude at, 97 
Breit-Wigner, 97 

Feshbach projection operator formalism 
for, 594-599, 617-618 
in low-energy electron-atomic hydrogen 
scattering, 615-618 

in low-energy scattering by a strongly 
attractive square well, 95-101 
Lorentz shape of pure, 97-98 
position of, 97 
width of, 97 

width of, and lifetime of metastable state, 
99 

zero energy, 84, 101 

Retardation factor, and the photoelectric 
effect, 648 

Riemann sheet, 127, 256, 526 
Right-hand cut, 127, 258 
Rotation matrices, defined, 479 
orthogonality relations for, 481 
Wigner simplified, 479, 685-687 
Rotation operator, 430 
Rotational invariance, and angular mo¬ 
mentum conservation, 430-431 
and the collision matrix, 431, 483, 489 
Rotations, 430, 477 
and Euler angles, 477-479 
Russell-Saunders notation, 484, 510 
Rutherford formula for Coulomb scattering, 
139 

5-matrix, and invariance principles, 429- 
439, 483-487 

and Lorentz invariance of cross sections, 
384-388 

and Moller operators, 355-358 
and the evolution operator, 355 
defined, 355, 357 
diagonalization of, 464, 485-487 
eigenvalues, see 5-matrix elements 
generalized partial-wave expansion of, 
469-470, 482 

in terms of the eigenphase shifts, 485 
in the Heisenberg picture, 360-361 
in the interaction picture, 355-359 
in the Schrodinger picture, 359-360 
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S-matri x— contd. 

partial-wave expansion of, 462-464 
relation to 7-matrix, 368 
unitarity of, 355-358 

5-matrix elements, analytic properties of, 
252-258, 260-264 
and Jost functions, 253-258, 261 
and Regge poles, 261 
defined, 69, 252, 355, 357, 464, 469, 475, 
476, 482 

for collisions involving identical particles, 
426-427 

for Coulomb scattering, 142 
in angular momentum representation, 69, 
252, 462-464 
in helicity basis, 482 
in {/, 5, /, M) representation, 469 
low-energy behaviour of, 83-84 
on the energy-momentum shell, 464, 475 
poles of, and bound states, 254-256 
poles of, and resonances, 257-258 
5-operator, see 5-matrix 
Scattering {see also Collisions, Cross 
section, Differential cross section, 
Reaction, Rearrangement collisions) 
by a central potential, 62-108, 121-124 
by a complex (optical) potential, 108, 
196-199,493,576-618 
by a Coulomb potential, 133-144 
by a delta function potential, 319, 320 
by a delta shell potential, 320, 322, 325, 
327 

by a gaussian potential, 223, 322, 323 
by a hard sphere potential, 91—93 
by a modified Coulomb potential, 144- 
146 

by a non-local potential, 130-131, 183— 
186, 235, 611-613 

by a polarization potential, 208, 209, 218, 
219, 223, 292, 317, 322-327, 611, 613- 
615 

by a potential barrier, 316 
by a potential falling off like r~ n when 
r-> oo, 139, 317, 324 
by a potential of the form V(r) = Ajr 2 , 
315, 324 

by a potential of the form V(r) = A\r 4 , 
317 

by a screened Coulomb potential, 133, 
140-141, 170-171, 175, 320, 322, 323 
by a separable potential, 131, 183-186, 
235, 327, 525-526 

by a square well potential, 86-91, 95-101, 
170, 197-199, 229-230, 237-238, 251- 
252, 316-319, 322-324, 326, 587-588 
by a superposition of Yukawa potentials, 
180-183, 201-207, 258, 260 
by a time-dependent potential, 297-313 
by a Yamaguchi non-local separable 
potential, 183-186 

by a Yukawa potential, 85, 170-180, 
200-210, 258, 317, 322, 323, 325, 326 
by an exponential potential, 203,258,317, 
322-325 


by an optical potential, 108,196-199,493, 
576-618 

by two potentials, 442-451 
classical, see Classical scattering 
direct, 410, 428-429, 535, 538 
double, in hadron-deuteron collisions, 
565 

elastic, see Elastic scattering 
exchange, 429, 539, 552-555, 558-559 
high-energy, see High-energy collisions 
inelastic, see Inelastic scattering 
involving systems in mixed states, 389-398 
low-energy, see Low-energy scattering 
multiparticle, 622-654 
multiple, see Multiple scattering 
nucleon-nucleon, see Nucleon-nucleon 
scattering 

of charged particles by atoms, elastic, 
607-618 

of electrons by atomic hydrogen, 536-564 
of electrons by complex atoms, elastic, 
613-615 

of electrons by helium, 622-629 
of hadrons by deuterons, 564-571 
of hadrons by hadrons, at high energies, 
503-509 

of hadrons by nuclei, elastic, 599-607 
of identical particles, 148-159, 421-429 
of positrons by atomic hydrogen, 560-561 
of spin 0 by spin £ particles, 488-502 
phase shifts, see Phase shifts 
resonant, see Resonances 
Rutherford, 139 
semi-classical, 188-222 
single, 534, 565, 600, 604 
three-body, 512-571 
two-body, with central forces, 455-466 
two-body, with non-central forces, 467-502 
Scattering amplitude (see also Partial wave 
amplitudes, Transition matrix elements) 
analytic properties of, 243-292 
at a resonance, 97 

Bom approximation for, in electron- 
atomic hydrogen direct scattering, 542- 
552 

Bom approximation for, in potential 
scattering, 164-166 

Born series for, in potential scattering, 
163, 166-171 

defined, 52, 382-383, 483 
direct (see also Transition matrix elements, 
direct), 541 

dispersion relations for, 271-286,627-629 
eikonal approximation for, 193-195 
exchange (see also Transition matrix 
elements, exchange), 541 
for a central potential, in partial waves, 
71-72 

for a complex (optical) central potential, 
in partial waves, 106 
for a Coulomb potential, 138 
for a Coulomb plus short range potential, 
146 

for a non-local potential, 131 
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for a screened Coulomb potential, 140 
for a separable non-local potential, 131 
for identical particles (see also Transition 
matrix elements), 153-159 
for two-body scattering with central 
forces, 461-462 

for two-body scattering with non-central 
forces, 471, 483 

for spin 0-spin £ scattering, 489-501 
generalized, 471 

high-energy behaviour of, see High- 
energy behaviour 

imaginary part of forward elastic, and 
the optical theorem, 54, 76, 108, 
167-168, 196-197, 401, 566, 585, 628 
integral representation for, 118-119,131 
low-energy behaviour of, see Low-energy 
behaviour 

partial wave, see Partial wave amplitudes 
partial-wave expansion of, 71-72, 106, 
461-462, 483 

relation to transition matrix element, 119, 
383, 483 
spin-flip, 490 

unitarity relations for (see also Transition 
matrix elements), 77-78, 465 
variational principles for (see also 
Transition matrix elements), 232-235 
WKB, 219-222 

Scattering cross-section, see Cross section. 
Differential cross section, Total cross 
section 

Scattering length, and effective range 
theory, 288-292 
defined, 83, 288 

divergence of, and “zero-energy reso¬ 
nance”, 84 

for electron-atomic hydrogen scattering, 
563 

for hard sphere potential, 92 
for square well potential, 87 
geometrical interpretation of, 288-289 
Hulthen-Kohn variational principle for, 
229, 240 

minimum principles for, 239-241 
Schwinger variational principle for, 237- 
238 

Scattering phase shifts, see Phase shifts 

Scattering theory, formal, 331-451 

Scattering wave function, asymptotic be¬ 
haviour of, 49-50, 70-71, 75-76, 
105-106, 118,471-472,492 
Bom series for, 162, 409 
Coulomb, 134-144 
eikonal approximation for, 189-193 
Faddeev equations for, 524 
Lippmann-Schwinger equation for, 112- 
119, 130-131, 319, 403-409, 517-519 
partial wave expansion of, 64, 71,75,122, 
472, 491 

Schmidt kernel, see Hilbert-Schmidt kernel 

Schrodinger equation (see also Radial 
Schrodinger equations) 
and the evolution operator, 331-334 


and time-reversal invariance, 433-436 
classical limit of, 211-213 
symmetries of, and invariance principles, 
429 

time-dependent, 46, 298, 331, 664 
time-independent, 47, 63, 112 
Schrodinger picture, 331-334 
Schwarz reflection principle, 293 
Schwinger variational principle, and effec¬ 
tive range theory, 291 
for phase shifts, in potential scattering, 
235-237 

for the scattering amplitude, in potential 
scattering, 233-235 
for scattering length, 237-238 
for the transition matrix element, in 
general scattering theory, 411-414 
Second Born approximation, see Bom 
approximation, second 
Self-adjoint operator, see Hermitian 
operator 

Semi-classical approximations (see also 
Eikonal approximation, WKB approxi¬ 
mation), 188-222 

Semi-classical description of polarization 
phenomena in spin 0-spin \ scattering, 
496-499 

Separable potential, 131, 183-186, 235, 327, 
525-526 

Short wavelength approximations, see 
Semi-classical approximations 
Single scattering, 534, 565, 600, 604 
Slater determinant, 151 
Sommerfeld-Watson representation of the 
scattering amplitude (see also Regge- 
Sommerfeld-Watson representation of 
the scattering amplitude), 264 
Sommerfeld-Watson transform, 264 
Sphere, scattering by a black, 199 
scattering by a hard, 91-93 
Spherical Bessel functions, 673-677 
Spherical Hankel functions, 673-676 
Spherical harmonics, 668-671 
Spherical Neumann functions, 673-676 
Spin, 149 
and statistics, 151 
and the density matrix, 392-395 
Spin-flip amplitude, in spin 0-spin \ 
scattering, 490 

Spin-flip process, in electron-atomic hydro¬ 
gen collisions, 540 
Spin-orbit potential, 467, 490 
Square well potential, and the first Born 
approximation, 170, 322 
and the Hulth6n-Kohn variational 
principle, 229-230 

and the Schwinger variational principle, 
237-238 

complex, and the eikonal approximation, 
197-199, 587-588 
Jost function for, 251-252 
phase shifts for, 86-91 
scattering length for, 87 
strongly attractive, and resonances, 95-101 
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Standing waves, and the K-matrix, 419 
defined, 417 

State vector, defined, 657 
in the Heisenberg picture, 335 
in the interaction picture, 338 
in the Schrodinger picture, 331 
Static potential, and the optical potential, 
589, 609 

for the elastic scattering of charged 
particles by atoms, 609 
for the elastic scattering of electrons by 
atomic hydrogen, 543 

Stationary formulae, see Hulthen-Kohn 
variational principle, Schwinger varia¬ 
tional principle 

Stationary scattering wave function, see 
Scattering wave function 
Statistical ensemble, 395, 402 
Statistical weight factor, 390 
Strength parameter of a potential, 87, 189 
Stripping reaction, nuclear, 629-630, 639- 
640 

Strong coupling, and the eikonal approxi¬ 
mation, 209-210 

and the WKB approximation, 215, 217 
Subtractions, in dispersion relations, 274- 
276, 278-283 

Superposition of Yukawa potentials, 
analyticity properties of partial wave 
amplitudes for, 260 
and Regge poles, 260 
and the eikonal approximation, 201-210 
and the first Born approxi mat ion, 180-183 
and the second Bom approximation, 
180-183 

defined, 180, 258 

Symmetric group, and the scattering of 
identical particles, 149 
Symmetric wave functions, 150 
Symmetrization, of wave functions, 423-426 
operators, 422 
postulate, 151 

Symmetries, invariance principles and the 
collision matrix, 429-440, 483-487 

T-matrix, and invariance principles, 429-439 
and Lorentz invariance of cross sections, 
384-388 
defined, 368 

Faddeev equations for, 519-526 
Faddeev-Lovelace equations for, 527-528 
Faddeev-Watson multiple scattering 
series for, 528-531 

generalized partial wave expansion of, 
470, 482 

Lippmann-Schwinger equations for, 406- 
407 

multiple scattering expansions for, 528- 
536 

partial wave expansion of, 460-461 
relation to /^-matrix, 420 
relation to Lovelace operators, 369 
relation to 5-matrix, 368 
unitarity of, 399-401 


T-matrix elements, see Transition matrix 
elements 

T-operator, see 7-matrix 
Target, 3-4 
Tensor force, 467 
Thompson amplitude, 274 
Three-body problems (see also Collisions of 
electrons with atomic hydrogen, Col¬ 
lisions of hadrons with deuterons), 
512-571 

definitions and notations for, 512-519 
eikonal multiple scattering expansions 
for, 531-536 

Faddeev equations for, 519-526 
Faddeev-Lovelace equations for, 527-528 
Faddeev-Watson multiple scattering 
series for, 528-531 
kinematics of, 514-515 
multiple scattering expansions for, 528- 
536 

Threshold of a reaction, 19-20, 27-28 
Time delay, and resonances, 101-104 
and the Wigner causality condition, 103 
Time-dependent potential, 297-313, 327, 
332 

Time-dependent scattering theory, for 
potential scattering, 55-61, 298-313 
general, 331-451 

Time development operator, see Evolution 
operator 

Time-independent scattering theory, for 
potential scattering, 45-54, 62-292 
Time reversal invariance, 433-439, 484,487, 
490 

and the collision matrix, 438-439, 484, 
487, 490 

and the microreversibility relation, 438 
and the principle of detailed balance, 439 
and the reciprocity theorem, 438 
in classical mechanics, 433 
Time reversal operator, 434 
Tomonaga-Schwinger equation, in the 
Furry picture, 444 
in the interaction picture, 338 
Total angular momentum, 430, 456 
Total cross section (see also Cross section) 
absorption (see also Reaction cross 
section), 568 

and the effective range theory, 291 
and the optical theorem, 53-54, 76, 108, 
167-168, 196-197, 282, 401, 566, 
584-588, 628 

and the partial wave method, 72,106-108, 
466, 502 

and “zero-energy resonance”, 84 
at a resonance, 97-99 
Bethe-Bom, for ls-2p excitation of 
atomic hydrogen by fast electrons, 552, 
574 

Breit-Wigner, for pure resonance, 97 
classical, 139 
defined, 7-9, 379-387 
eikonal, 196-197 

elastic, 8,106,196-197, 501-502, 585, 593 
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first Born, for electron-atomic hydrogen 
elastic scattering, 545 
first Born, for electron-atomic hydrogen 
inelastic scattering, 549, 552, 574 
first Born, for potential scattering, 165— 
166 

first Bom, for scattering by a screened 
Coulomb potential, 175 
first Born, for scattering by a Yukawa 
potential, 174 

for hadron-deuteron collisions, 566-570 
for hard-sphere scattering, 92-93 
for photoelectric effect, 651-654 
for potential scattering, 52-53 
for scattering of identical particles, 153 
for spin 0-spin | scattering, 501-502 
for two-body scattering, 466, 501-502 
low-energy behaviour of, 83-84, 291, 
653-654 

non-elastic, see reaction 
reaction, 8,107,196, 502, 585-588, 593 
Trajectory, classical, 73-74,193-194,221-222 
Regge pole, 261 

Transition matrix elements, analytic pro¬ 
perties of, see 5-matrix elements, 
Scattering amplitude 
Bom approximation for, 409 
Born approximation for, in electron- 
atomic hydrogen direct scattering, 
542-552 

Bom series for, 409-411 
defined, 368 

direct, 428-429, 538-539 
eikonal approximation for, 535 
exchange, 429, 539, 552-555, 625 
for collisions involving identical particles, 
427-429 

for three-body collisions, 516-527 
for two-body scattering with central 
forces, 457-461 

for two-body scattering with non-central 
forces, 470-483 

Heitler integral equations for, 420-421, 

459- 462 

in angular momentum representation, 

460- 462 

in helicity basis, 482 
in {/, 5, /, M) representation, 470 
Lippmann-Schwinger equations for, 407- 
409, 458 

Low equations for, 414-416 
off the energy shell, 369-371 
on the energy shell, 368 
on the energy-momentum shell, 371 
relation to scattering amplitude, 119, 383, 
483 

unitarity relations for, 399-401, 464-465 
variational principles for, 411-414 
Transition probabilities, and cross sections, 
11,312-313,379 

and general time-dependent collision 
theory, 375-378 
and lifetimes, 383-384 
and the Golden Rule, 312 


and time-dependent potential scattering, 
310-313 

Translation operator, 430 
Translational invariance, and linear mo¬ 
mentum conservation, 430 
Trial function, 225 

Triton binding energy, and the Faddeev- 
Lovelace equations, 528 
Turning point, 213 

Two-particle collisions (see also Hadronic 
collisions at high energies, Scattering 
of spin 0 by spin i particles), 455-509 
with central forces, 455-466 
with non-central forces, 467-487 
Two-potential formulae of Gell-Mann and 
Goldberger, 448 

Two-potential scattering, 442-451 

Uncertainty principle, see Heisenberg un¬ 
certainty relations 
Unitarity (see also Optical theorem) 
and dispersion relations, 284 
and the Born series, 167-168 
and the eikonal approximation, 196-197 
and the Faddeev equations, 522 
and the Heitler equations, 421 
and the Low equations, 416 
and the optical theorem, 78, 399-401 
of 5-matrix, 355-358 
relations for the partial wave amplitudes, 
78, 465 

relation for the scattering amplitude, in 
potential scattering, 77-78 
relations for the T-matrix elements, 
399-401 

Unitary, matrix, 663 
operator, 663 
transformation, 663 
transformation, infinitesimal, 664 
Unphysical region, and dispersion relations, 
283 

Unphysical sheet, 127, 256-258 
Unpolarized system, 394, 396 
Unstable states, see Resonances 

Variable phase method, 110 
Variation of the constants method, 307-309 
Variational method (see also Hulthen- 
Kohn variational principle, Schwinger 
variational principle), 225-241, 411— 
414, 561-564 

and minimum principles, 238-241 
of Hulthen and Kohn, 226-233, 561-564 
of Schwinger, 233-238, 411-414 
Vector addition coefficients and 3-y symbols, 
682-684 

Virtual state, 88, 101 

Watson multiple scattering equations for 
the optical potential, 589 
Watson theorem, and two potential scatter¬ 
ing, 448 

Wave function (see also Scattering wave 
function, State vector) 
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Wave function— contd. 
antisymmetric, 151, 154 
free, 66-67, 345 
symmetric, 150 

Wave operators, see Moller operators 
Wave packet, free, 55-59 
scattering of, in potential scattering, 55- 
61 

Wave vector space (see also Momentum 
space), 55 

and “normalization” of plane waves, 113 
and wave packets, 55 
Born series in, 166-167 
Green’s function in, 117 
potential in, 166, 183 

Wave vector transfer (see also Momentum 
transfer), 164, 186 
Width of a resonance, 97 
and lifetime of a metastable state, 99 
Wigner causality condition, 103 
Wigner R-matrix theory, 417 
Wigner simplified rotation matrices, 685- 
687 

Wentzel-Kramers-Brillouin (WKB) ap¬ 
proximation, 210-222 
and the classical limit of the Schrodinger 
equation, 211-213 

and the scattering amplitude, in the 
quasi-classical limit, 219-222 
for the phase shifts, 214-219 
in one dimension, 213-214 


Wronskian, 78 

Yamaguchi non-local separable potential, 
183-186, 327 
Bom series for, 184-186 
defined, 183-184 
Yukawa cut, 258 

Yukawa potential, analyticity properties of 
partial wave amplitudes for, 258 
and Regge poles, 260 
and the convergence of the Bom series, 
170-171 

and the eikonal approximation, 200-210 
and the first Bom approximation, 173— 
180 

and the second Born approximation, 
175-179 

defined, 85, 172 
“range” of, 109 

Zero-energy bound states, and zeros of the 
Jost functions, 248, 251, 293 
Zero-energy limit, of cross sections, 83-84 
of partial-wave amplitudes, 83-84 
of phase shifts, 83-84 
of 5-matrix elements, 83-84 
of scattering amplitude, 83-84 
Zero-energy resonance, 84, 88, 101 
Zeros of Jost functions, and bound states, 
247-252, 293 
and Regge poles, 261 



